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Abstract. Today, many studies use the nonparametric methods for estimating objects
abundance, for the simplicity, the parametric methods are widely used by biometricians. This
paper is designed to present the proposed model for estimating of population abundance using
line transect technique. The proposed model is appealing because it is strictly monotonically
decreasing with perpendicular distance and it satisfies the shoulder conditions. The statistical
properties and inference of the proposed model are discussed. In the presented detection
function, theoretically, the proposed model is satisfied the line transect assumption, that leads us
to study the performance of this model. We use this model as a reference for the future research
of density estimation. In this paper we also study the assumption of the detection function and
introduce the corresponding model in order to apply the simulation in future work.

1. Introduction
Line transect method is an important procedure for estimating the population abundance or
density (D) of objects in a study area. It is the simplest, most practical and least expensive
method among other methods of population abundance estimation. The principle of this method
is as follows:- An observer traverses a line and perpendicular measurements Xi are taken from
the line to each observed object. Let g(x) be a detection function, it is defined as

g(x) = P(an object is detected given its perpendicular distances x from line).

The logical assumption on g(x) is that g(x) is monotonically decreasing in X and g(0) = 1.
These two assumptions indicate that the probability of detection decreases as the perpendicular
distance increases and the probability of detecting an object on the line center (i.e. x = 0 ) will
never be missed respectively. Let f(x) be the probability density function (pdf) from which the
perpendicular distances X1, ..., Xn are drawn. Burnham and Anderson [4] showed that

f(x) =
g(x)∫ w

0 g(t)dt
; 0 ≤ x ≤ w (1)

where w is a truncated distance which is the perpendicular distance beyond w will not be
considered. Burnham et al [5] suggested that the detection function g(x) should have a shoulder

http://creativecommons.org/licenses/by/3.0
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at the origin, which means the detection in a very narrow distance from the line transect
center should remain very close to one. This can be expressed mathematically as g′(0) = 0

or equivalently f ′(0) = 0 see also, [3]. Let f̂ (0) be the estimator of f(0) which is evaluated
based on n observed perpendicular distances X1, ..., Xn. Burnham and Anderson [4] introduced
the general estimator for D, which is given as

D̂ =
nf̂ (0)

2L
(2)

This formula shows that the estimation of D is equivalent to estimate f(0). The estimator D
can be obtained by using a parametric or a nonparametric approach. Normally, in parametric
approach, f(x, θ) will take parametric families with unknown parameter θ. However, the f(x, θ)
depends on unknown parameter θ, where θ be vector of unknown parameters should be estimated
based on the perpendicular distances X1, ..., Xn. Gates [6] suggested the negative exponential
detection function,

g(x; θ) = e−x/θ;x ≥ 0, θ > 0 (3)

with pdf,

f(x; θ) =
1

θ
e−x/θ;x ≥ 0, θ > 0 (4)

The MLE method indicates that the MLE of f(0) is f̂MLE(0) = 1/X̄, where X̄ is the sample
mean. The detection function g(x) does not satisfy the shoulder condition, which less importance
the utilization of this model in line transect sampling.
In contrast, the half normal model, which suggested by Hemingway [7] satisfies the shoulder
condition assumption. The half normal detection function is given by

g(x;σ2) = e−x
2/2σ2

;x ≥ 0, σ2 > 0 (5)

with pdf,

f(x;σ2) =
2

σ
√

2π
e−x

2/2σ2
;x ≥ 0, σ2 > 0 (6)

satisfies the shoulder condition because g′(x;σ2) = − x
σ2 e
−x2/2σ2

, which gives g′(0;σ2) = 0.

The MLE of f(0;σ2) is f̂MLE(0) =
√

2
πT , where T =

∑n
i=1 x

2
i /n. Quinn and Gallucci [9] derived

the minimum variance unbiased estimator (MVUE) for the half-normal model in equation (6)
given by,

f̂MV (0) =
1

β(n)

√
2

πT
where, β(n) =

Γ((n− 1)/2)

Γ(n/2)

Based on half-normal model in equation (6), Zhang [10] proposed the shrinkage estimator(SH)to
estimate f(0) given as

f̂SH(0) =
n− 2

n
β(n)

√
2

πT
.

However, the estimator f̂SH(0) is biased for f(0), it achieves the smallest mean square error.

There exist a relationship between the estimators f̂SH(0), f̂MV (0) and f̂MLE as

f̂SH(0) =
n− 2

n
β2(n)f̂MV (0) =

n− 2

n
β(n)f̂MLE(0)

The function β(n)→ 1 [8] and n−2
n → 1 as n→∞, then the three estimators are asymptotically

equivalent, that means
f̂SH(0) = f̂MV (0) = f̂MLE(0).
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Al-ababned and Eidous [1] suggested detection function defined as

g(x; θ) = e−θx
(

2− e−θx
)

;x ≥ 0, θ > 0 (7)

The model in equation (7) satisfies the shoulder condition. The corresponding pdf is

f(x; θ) =
2θ

3
e−θx

(
2− e−θx

)
;x ≥ 0, θ > 0. (8)

Since g(0; θ) = 1 then f(0; θ) = 2θ
3 . The model in equation (8) can be expressed in term of f(0)

as
f(x; θ) = f(0)e−3f(0)x/2

(
2− e−3f(0)x/2

)
;x ≥ 0, θ > 0 (9)

Based on the model in equation (9), Al-ababned and Eidous [1] derived the expected value of

x which is 7/9f(0). This leads to f̂MME(0) = 7/9X̄ as the moments estimator for f(0). They

also gave the result f̂MLE(0) ∼ N
(
f(0), σ2f(0)

)
, where σ2f(0) = f2(0)

0.80153n and f̂MLE(0) is the MLE

of f(0). Saeed [11] proposed the weighted exponential model for grouped and ungrouped line
transect data with the detection function

g(x; θ, β) = e−θx
(

2− e−θx/β
)β

;x ≥ 0, θ, β > 0 (10)

The corresponding pdf given as

f(x; θ, β) =
2θΓ(β + 1/2)√

πΓ(β + 1) + Γ(β + 1/2)
e−θx

(
2− e−θx/β

)β
;x ≥ 0, θ, β > 0. (11)

The parametric model in equation (11) is proposed to estimate the population density based
on line transect data. g(0; θ, β) = 1 and g′(0; θ, β) = 0, so that the g(x; θ, β) satisfies the
shoulder condition assumption for any values of θ. A simulation study is conducted to study
the performances of the proposed model. The results show the good statistical properties of
the model compared to some other models that exist in the literature. Based on equation (11)
where the model in equation (8) is considered special case of the model in equation (11) where
β = 1. Al Eibood and Eidous [2] studied the model in equation (8) and the data was assumed
to be a grouped data, the MLE for f(0) and the population abundance D which are given as

f̂G(0) =
2θ̂

3
and D̂G(0) =

nf̂G(0)

2L
.

The MLE is calculated numerically with respect to θ by solving the equation

n∑
i=1

ni

[
cie
−θci

(
e−θci − 2

)
− ci−1e−θci−1

(
2− e−θci−1

)
e−2θci − e−2θci−1 + 4e−θci−1 − 4e−θci

]
= 0.

The MLE of θ which leads to estimate the f(0) and D is shown in Table 1. In addition, the
proposed estimator for grouped data is closed to the proposed estimator for ungrouped data [1]

which gives f̂(0) = 0.12647 and D̂ = 0.0043 stakes/m2 = 43 stakes/hectare.
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Table 1. The summary of proposed estimator for ungrouped data [2].

Interval Number θ̂ f̂G(0) D̂G

6 0.203346 0.135564 0.004609 stakes/m2

8 0.189965 0.126643 0.004306 stakes/m2

10 0.127708 0.127708 0.004342 stakes/m2

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

x

g(
x)

1
1.5
2
3

Figure 1. The shape of detection function g(x) of the suggested model; σ2 = 1, 1.5, 2, 3.

2. The Proposed Model
Let X1, ..., Xn be perpendicular distances (assumed to be independent and identically
distributed), g(x;σ2) is the detection function in the equation (12), where σ2 is an unknown
parameter. The detection function g(x;σ2) is proposed to be

g(x;σ2) = e−x
2/2σ2

(
2− e−x2/2σ2

)
;x ≥ 0, σ2 > 0 (12)

The shape of this detection function for σ2 = 1, 1.5, 2, 3 is presented in Figure 1.
Based on this detection function, the probability of detecting an object given that its
perpendicular distance on the transect line is one (i.e. g(0;σ2) = 1 ), which indicates that
the probability of detection on the line transect center is certain. The first derivative of the
detection function g(x;σ2) with respect to x is,

ǵ(x;σ2) =
2

σ2
xe−x

2/2σ2
(
e−x

2/2σ2 − 1
)
,

which gives g′(0;σ2) = 0 and the g(x;σ2) satisfies the shoulder condition assumption for any
values of σ2. The pdf of g(x;σ2) can be obtained by normalizing the detection function as
f(x;σ2) = 1

µg(x;σ2) where µ =
∫∞
0 g(x;σ2)dx. Then the pdf is given by,

f(x;σ2) =
2

(2
√

2− 1)σ
√
π
e−x

2/2σ2
(

2− e−x2/2σ2
)

;x ≥ 0, σ2 > 0. (13)
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Since g(0;σ2) = 1, the parameter f(0;σ2) is given by

f(0;σ2) =
2

(2
√

2− 1)σ
√
π

The detection function g(x;σ2) in equation (12) is monotonically decreasing. The g′(0;σ2) = 0.
Now, g(x;σ2) is monotonically decreasing for x ∈ (0,∞), if and only if,

g′(x;σ2) =
2

σ2
xe−x

2/2σ2
(
e−x

2/2σ2 − 1
)
< 0,

since 0 ≤ e−x
2/2σ2 ≤ 1,∀x ∈ (0,∞), then e−x

2/2σ2 − 1 ≤ 0, which is true for all x > 0 and σ2.
Accordingly f(x;σ2) is monotonically decreasing for x ∈ (0,∞). We can introduce the model in
equation (13) as term of f(0) as

f(x;σ2) = f(0)e−((2
√
2−1)

√
πf(0))2x2/8

(
2− e−((2

√
2−1)

√
πf(0))2x2/8

)
;x ≥ 0. (14)

3. Statistical Properties
In this section, We obtain the 1st and 2nd moments for the model in equation (12) to derive
some properties for the proposed model as.

E(x) =
3σ

(2
√

2− 1)
√
π
, and E(x2)

(
4
√

2− 1

2(2
√

2− 1)

)
σ2.

The variance of x is form as

V ar(x) =

(
(17− 6

√
2)π − 18

2(2
√

2− 1)2π

)
σ2

4. Statistical Inference
In this section, the statistical inference about the parameter f(0) to be considered, the
method of moment estimator (MME), maximum likelihood estimator (MLE) and the asymptotic
distribution are discussed. The moments method can be applied to estimate the parameter f(0)
as closed form while the maximum likelihood estimator for f(0) must be calculated numerically.

4.1. Moments Estimators for f(0)
According to the model in equation (14) the first moment is given as,

E(x) =
6

(2
√

2− 1)2πf(0)
, which leads to estimate f(0) as f̂(0) =

6

(2
√

2− 1)2πX̄
,

where f̂(0) is MME for f(0).

4.2. Maximum Likelihood Estimators for f(0)
The MLE of f(0) can be calculated using the MLE of σ2 which in equation (13) or can be
obtained directly using the log maximum likelihood function for the model in equation (14).
The log maximum likelihood function for the model in equation (14) is given by

lnL(f(0)) = n ln (f(0))− (2
√

2− 1)2πf2(0)

8

n∑
i=1

x2i +

n∑
i=1

ln
(

2− e−(2
√
2−1)2πf2(0)x2i /8

)
. (15)
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We obtain the MLE of f(0) by solving the equation,

n

f(0)
− (2
√

2− 1)2πf(0)

4

n∑
i=1

x2i +
(2
√

2− 1)2πf(0)

4

n∑
i=1

x2i(
2e(2

√
2−1)2πf2(0)x2i /8 − 1

) = 0. (16)

We can solve equation (16) using numerical methods such as the Newton-Raphson method. The
MLE of f(0) is consistent estimator and asymptotically normal to N

(
f(0), I−1 (f(0))

)
, where

I(f(0)) is called fisher information. The fisher information can be computed and is given by

I(f(0)) = −E
(
∂2 lnL(f)

∂f2

)
=

4.88758n

f2(0)

Therefore, the MLE for f(0) is a consistent estimator and asymptotically normal with mean

f(0) and variance f2(0)
4.88758n .

5. Conclusion
This paper shows a primary results for the proposed model. Under the detection function
assumption, the proposed model is monotonically decreasing with the perpendicular distance X
and it satisfies the shoulder condition. The primary results lead us to make the simulation to
examine the performance of the proposed model . In order to use this model for estimating the
population density.
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