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Abstract The thermal and velocity slips of boundary layer of Williamson nanofluid over a
stretching sheet are studied numerically. Buongiorno model is used to explore the heat transfer
phenomena caused by Brownian motion and thermophoresis. Using similarity transformations,
the governing equations are reduced to a set of nonlinear ordinary differential equations
(ODEs). These equations are solved numerically by using Shooting method. The effects of
non-Newtonian Williamson parameter, velocity and thermal slip parameters, Prandtl number,
Brownian parameter, Schmidt number, Lewis number, Brownian motion parameter, thermo-
phoresis parameter on velocity, temperature and concentration fields are shown graphically
and discussed. The results found that the thickness of boundary layer decreases as the slip
and thermal factor parameter increases. Further, present results indicate that the nanofluid
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Nomenclature

a; b positive constant for stre
B thermal slip parameter
C nanoparticle volume frac
Cp effective heat capacity o
Cw nanoparticle volume frac
CN nanoparticle volume frac
DB Brownian diffusion coeffi
DT thermophoresis diffusion
f dimensionless stream fun
Le Lewis number
Nbt diffusivity ratio paramete
Nc heat capacities ratio para
Pr Prandtl number
Re Reynolds number
Sc Schmidt number
Sh Shearwood number
temperature and concentration are enhanced with a rise of Williamson parameter. The Nusselt
number is reduced with an increase of the Lewis and Prandtl numbers.
ª 2019 Beihang University. Production and hosting by Elsevier B.V. on behalf of KeAi. This is an open

access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
tching rate

tion
f nanoparticle
tion at the sheet
tion far from the sheet
cient
coefficient
ction

r
meter

T fluid temperature
Tw temperature of fluid near sheet
TN ambient temperature
u velocity component along x direction
v velocity component along y direction

Greek letters
a nanofluid thermal diffusivity
q dimensionless temperature
r density of nanofluid
rp nanoparticles density
m dynamic viscosity
n kinematic viscosity
l non-Newtonian Williamson parameter
d velocity slip parameter
f dimensionless nanoparticle volume fraction
G time constant
1. Introduction

Nanofluid has been discovered and discussed by many
researchers due to its unique properties and well known as
the suspended colloidal liquid with nano-size metallic or
non-metallic particles. Buongiorno [1] noted that the
nanoparticle absolute velocity can be viewed as the sum of
the base fluid velocity and a relative velocity. He considered
in turn seven slip mechanisms: inertia, Brownian diffusion,
thermophoresis, diffusiophoresis, Magnus effect, fluid
drainage, and gravity settling. After examining each of these
in turn, he concluded that in the absence of turbulent effects
it is the Brownian diffusion and the thermophoresis that will
be important. Adding nanoparticles to a base fluid enhances
the thermal conductivity of the traditional heat transfer
fluids like water, kerosene mineral oils and ethylene glycol.
Thus, nanofluids can potentially be used as heat transfer
fluids for cooling of electronics, vehicles engine cooling,
solar water heating, nuclear reactors, heat exchanger, laser
diodes, oscillating heat pipes. Corcione et al. [2] investi-
gated nanofluids natural convection flow inside a differen-
tially heated cavity using Buongiorno’s model and found
that the two phase mixture method is more accurate than the
single phase model. A numerical study was conducted by
Garoosi et al. [3] using Buongiorno’s model. They analyzed
natural and mixed convection heat transfer of a nanofluid
(Al2O3-water) in a laterally heated square cavity. Eiamsa-ard
et al. [4] study the heat transfer enhancement of TiO2-water
nanofluid in a heat exchanger tube equipped with over-
lapped dual twisted-tapes. Results of the following papers
indicated that the thermophoresis force is important for
Al2O3-water and specially TiO2-water nanofluids. In fact for
nanoparticles with low thermal conductivity like TiO2, this
force is very important. Some researchers like Turkyilma-
zoglu [5], Qasim et al. [6], Hussanan et al. [7], Swalmeh
et al. [8] and Afridi et al. [9] who studied the heat transfer
flow with nanofluids, stated that even in the presence of low
concentration of nanoparticles, the suspensions can enhance
thermal conductivity up to 20%. The enhancement of ther-
mal conductivity mainly depends on some factors like the
material of particles, shape/size of particles, temperature of
the fluid material, and so on. The purpose of heat transfer
coefficient is to determine the factor in forced convection
cooling or heating application, like the heat exchange pro-
cess involved in electrical engine systems.

In the work of Krishnamurthy et al. [10], Williamson
nanofluid is categorized as visco-inelastic fluids. Blasius
[11] initially studied the problem of velocity boundary layer
on a flat plat followed by Sakiadis [12] who investigated the
theoretical aspect of approximate and exact method for
performance of boundary layer flow through a flat surface.
Next, Ramesh et al. [13] had studied the convective
boundary condition on Blasius and Sakiadis flows with
Williamson fluid. Prior to that, Khan and Khan [14] carried

http://creativecommons.org/licenses/by-nc-nd/4.0/


Figure 1 The physical model.

Table 1 Comparison of temperature gradient �q0ð0Þ for Prandtl
number in viscous case.

Pr Ishak et al. [26]
Keller box
method

Hayat et al. [27]
exact solutions

Present study
shooting method

0.72 0.8086 0.808631 0.808834
1 1.0000 1.000000 1.000008
3 1.9237 1.923682 1.923678
10 3.7207 3.720673 3.720671
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out the investigation on boundary layer flows of Williamson
fluid by using homotopy analysis method (HAM). He found
that the thickness of boundary layer decreases as Wil-
liamson parameter increases. Later, Nadeem and Hussain
[15] analyzed the problem on Williamson nanofluid with
magnetohydrodynamic (MHD) flow over a heated surface
and found out that the thermal conductivity of Williamson
fluid is lower than the MHD Williamson nanofluid.

Thermal energy happens when there is a temperature
difference between objects. Heat transfers in non-Newtonian
fluids have become common and important in some fields
such as reactor cooling systems, electronic packing and so
on. Kurtcebe and Erim [16] studied the problem of turbine
cooling application with heat transfer in non-Newtonian
visco-inelastic fluid and concluded that the upper limit of
visco-inelastic parameter depends to the Reynolds number.
The heat transfer analysis flow in nanofluids over a
stretching sheet is important and crucial for the optimum
quality of the final product especially in polymer extrusion
production. Ibrahim and Shankar [17] studied the heat
transfer and MHD boundary layer flow in nanofluid past
over a stretching sheet. Krishnamurthy et al. [18] investi-
gated the effect of chemical reaction on melting heat transfer
and MHD boundary layer flow of Williamson nanofluid.
Meanwhile, the flow features and convective heat transfer of
Cu-water nanofluids were investigated by Xuan and Li [19].
According to their findings, the heat transfer feature in-
creases as the volume fraction of nanoparticles increases.
With the same Reynolds number, the suspended nano-
particles show higher heat transfer coefficient and remark-
ably enhance heat transfer process compared to the base
fluid. Heris et al. [20] carried out the experiment on
convective heat transfer laminar flow over oxide nanofluid
with boundary condition of constant wall temperature. They
concluded that there are several factors to enhance the heat
transfer for nanofluid, as well as increase the chaotic
movements of nanoparticles, thermal conductivity, in-
teractions and fluctuations.

Slip condition is considered since the presence of nano-
particles causes the interface of slip velocity between fluid
and solid boundary. Yang [21] had presented the viscous
flow over a solid surface with slip boundary condition. The
interfacial interaction between fluid and solid is reflected by
slip condition contributed by the interaction of intermolec-
ular and roughness of wall surface. Noghrehabadi et al. [22]
studied the problem of the partial slip boundary condition
effect on nanofluids with prescribed wall temperature over a
stretching sheet. The Nusselt and Sherwood number de-
creases as the velocity slip parameter increases. Malvandi
et al. [23] conducted an examination on the slip effects of
nanofluids in unsteady stagnation point over a stretching
sheet. In their work, an increase in the values of slip
parameter caused the values of skin coefficient to drop. The
slip and no slip conditions on the laminar nanofluids by
forced convection were numerically studied by Raisi et al.
[24]. They found out that only higher Reynolds number
affects the rate of heat transfer as slip velocity coefficient
increases.

Motivated by above analysis, our aim is to study the slip
conditions and heat transfer analysis on Williamson nano-
fluid over a stretching sheet is studied.

2. Mathematical formulation

This assumed that the flow of Williamson nanofluid over
a stretching sheet on two-dimension is steady state and
incompressible. The physical model is shown in Figure 1.
The linear velocity on the sheet surface can be defined as
UwðxÞZbx while the b and x represent the constant and the
coordinate measured along the stretching sheet respectively.
y is the coordinate measured normal to stretching sheet at
y Z 0. The wall temperature as Tw Zax2 þ TN and the
constant during the stretching surface is illustrated as the
fraction of nanoparticles Cw. The nanoparticle fraction
ambient values of temperature are denoted as CN when y
continuous tends to infinity.

The two dimensional boundary layer governing equa-
tions of non-Newtonian Williamson nanofluid flow are as
follows:



Figure 2 Velocity profiles for velocity slip parameter, when l Z
0:5; BZ 1; NcZ 2:5; NbtZ 2; LeZ 10; ScZ 5 and PrZ 7:

Figure 3 Temperature profiles for velocity slip parameter, when
l Z 0:5; BZ 1; NcZ 2:5; NbtZ 2; LeZ 10; ScZ 5 and PrZ7:

Figure 4 Concentration profiles for velocity slip parameter, when
l Z 0:5; BZ 1; NcZ 2:5; NbtZ 2; LeZ 10; ScZ 5 and PrZ7:

Figure 5 Temperature profiles for thermal slip parameter, when l Z
0:5; dZ 0:5; NcZ 2:5; NbtZ 2; LeZ 10; ScZ 5 and PrZ 7:
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Then subjected to the appropriated boundary conditions
are as below:

uZuwþd�m

�
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u/0; T/TN; CZCN as y/N
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Following Yasin et al. [25], the similarity transformations
are as below:

uZbxf 0ðhÞ; vZ� ðbnÞ12f ðhÞ; hZ

ffiffiffi
b
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y
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By using similarity transformations, the ordinary differ-
ential equations are formed as follow:

f
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and f , q and f are functions of h and prime denotes de-
rivatives with respect to h. The corresponding boundary
conditions take the form:

f ð0ÞZ0; f 0ð0ÞZ1þ df 00ð0Þ; qð0ÞZ1þ bq0ð0Þ;
fð0ÞZ1 at yZ0

f 0ðNÞZ0; qðNÞZ0;

fðNÞZ0 as y/0

ð10Þ

The skin friction Cf , local Nusselt number Nu and
Sherwood number Sh are defined as

Cf Z
tw

rU 2
w
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xqw
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xqw

DBðCw �CNÞ ð11Þ

where tw is the skin friction or shear stress at the surface of
the plate, qw is the heat flux from the surface and qm is the
mass flux of the nanoparticle volume fraction from the sur-
face, and are given by
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where ReZb
nx

2 is the Reynold’s number.

3. Numerical results

The non-linear partial differential equations are solved
with similarity transformations and transform to ordinary
differential equations based on the given boundary condi-
tions. After that, the derived equations are solved by using
Shooting method. Thus, we may obtain unknown initial
conditions hZ0 by using Shooting method and assumed the
initial values for boundary value problem. In this study,
there is no consideration of variation in temperature, ve-
locity and concentration where we took large infinity con-
dition but finite value for h. We chose h � 6 for the
considered parameters value since it is sufficient to achieve
asymptotic boundary conditions for all. Based on the com-
parison with previous results of other researchers (in Table
1), we concluded that this technique work efficiently and
the results presented here are accurate and reliable.

4. Results and discussion

This section included the graphical results for velocity,
temperature and concentration profiles for the involved
variables such as velocity slip parameter, thermal slip
parameter, non-Newtonian, Williamson parameter, Prandtl
number, heat capacities ratio parameter, diffusivity ratio
parameter, Lewis number and Schmidt number. Respec-
tively. Figures 2e4 depicted the various values of velocity
slip factor parameter for velocity, temperature and concen-
tration profile respectively. The graphical results showed
that the value of velocity profiles is reducing as the velocity
slip factor parameter increases. On the other hand, the wall
temperature also decrease as the velocity slip factor
parameter increases. However, the nanoparticles volume
fraction increase as the velocity slip factor parameter in-
creases. Figures 5 and 6 illustrated the temperature and
concentration profile on thermal slip parameter. It is found
that the wall temperature and volume fraction of nano-
particles decrease due to increase of thermal slip parameter.
Figures 7e9 presented the several values of non-Newtonian
Williamson parameter on velocity, temperature and con-
centration profile, respectively. The value of velocity pro-
files decreases and temperature and concentration profiles
increase at the same time when the Williamson parameter
increases. Also, the skin friction coefficient for Williamson
nanofluid is getting low as the non-Newtonian Williamson



Figure 6 Concentration profiles thermal slip parameter, when l Z
0:5; dZ 0:5; NcZ 2:5; NbtZ 2; LeZ 10; ScZ 5 and PrZ 7:

Figure 7 Velocity profiles for Williamson parameter, when B Z
0:5; dZ 0:5; NcZ 2:5; NbtZ 2; LeZ 10; ScZ 5 and PrZ7:

Figure 8 Temperature profiles for Williamson parameter, when B Z
0:5; dZ 0:5; NcZ 2:5; NbtZ 2; LeZ 10; ScZ 5 and PrZ 7:

Figure 9 Concentration profiles for Williamson parameter, when
B Z 0:5; dZ 0:5; NcZ 2:5; NbtZ 2; LeZ 10; ScZ 5 and PrZ7:
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parameter increases. It is good to be used as lubricant in
cooling system due to suspended nanoparticles could keep
longer in the base fluids and enhance the flow characteristics
of nanofluids.

Figure 10 shown that effect of Prandtl number on tem-
perature profile. The increment of Prandtl number cause the
slow rate in thermal diffusion, thus the temperature profile is
reducing at all the time. Physically, it meets the logic that
fluids with large Prandtl number have high viscosity and
small thermal conductivity, which makes the fluid thick, and
hence causes a de-crease in the velocity of the fluid.



Figure 10 Temperature profiles for Prandtl number, when l Z 0:5;

B Z 0:5; d Z 0:5; Nc Z 2:5; Nbt Z 2; Le Z 10 and Sc Z 5:

Figure 11 Temperature profiles for heat capacitance ratio parameter,
when l Z 0:5; B Z 0:5; d Z 0:5; Nbt Z 2; Le Z 10; Sc Z
5 and Pr Z 7:

Figure 12 Temperature profiles for Lewis number, when l Z 0:5;

BZ 0:5; dZ 0:5; NcZ 2:5; NbtZ 2; ScZ 5 and PrZ 7:

Figure 13 Temperature profiles for diffusivity ratio parameter, when
l Z 0:5; B Z 0:5; d Z 0:5; Nc Z 2:5; Le Z 10; ScZ 5 and PrZ7:
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Figure 11 depicted the heat capacities ratio effect on tem-
perature profile. It can be seen that the wall temperature
increases when the heat capacities ratio parameter increases.
Also, the boundary layer thickness decreased in this case.
Therefore, the greater the value of radiation parameter, the
larger the heat superficial heat flux. Figure 12 illustrated the
Lewis number effects on temperature profiles. Lewis num-
ber also refer as thermal to species diffusivity ratio. Lewis
number is considered for conditions where the temperature



Figure 14 Concentration profiles for diffusivity ratio parameter,
when l Z 0:5; B Z 0:5; d Z 0:5; Nc Z 2:5; Le Z 10; Sc Z
5 and Pr Z 7:

Figure 15 Temperature profiles for Schmidt number, when l Z 0:5;

BZ 0:5; dZ 0:5; NcZ 2:5; NbtZ 2; LeZ 10 and PrZ 7:

Figure 16 The effect of thermal slip parameter and Prandtl number
on temperature gradient.

Figure 17 The effect of diffusivity ratio parameter and heat
capacitance ratio parameter on temperature gradient.
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and mass fraction are larger by defining temperature and
diffusivities, in which reduced the convective heat transfer.
Thus, the wall temperature is decreasing function against
Lewis number. Figures 13 and 14 depicted the different
value of diffusivity ratio parameter on temperature and
concentration profiles respectively. Both the profiles drop-
ped as the value of diffusivity ratio parameter increases.
Figure 15 presented the Schmidt number on concentration
profiles. The value of the profile getting less and lesser as
the value of Schmidt number increases. This is because due
to the momentum diffusivity effects would increase and at



Figure 18 The effect of Lewis number and Prandtl number on
temperature gradient.

Table 2 The computation results for local skin friction coefficient, loc

d B l Pr Nc Nbt L

0.25 1 0.5 7 2.5 2 1
0.75
1.25
1.75
0.5 0.2 0.5 7 2.5 2 1

0.4
0.6
0.8

1 1 0 5 2.5 2 1
0.4
0.8
1.4

0.5 1 0.5 4 2.5 2 1
6
8
10

0.5 1 0.5 7 5 2 1
10
15
20

0.5 1 0.5 7 2.5 0.3 1
0.4
0.6
0.9

0.5 1 0.5 7 2.5 2 1
1
2
2

0.5 1 0.5 7 2.5 2 1
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the same time, it will slow down the effects of mass transfer
rate leading to lower concentration profile.

Figure 16 presented the effects of thermal slip parameter
and Prandtl number on temperature gradient. When the
value of thermal slip parameter is small, the temperature
gradient is high. However, with increasing the Prandtl
number will lead the heat transfer rate decreases sharply.
The effect of diffusivity ratio parameter and heat capaci-
tance ratio parameter on temperature gradient was shown in
Figure 17. Obviously the temperature gradient rises as the
value of heat capacities ratio parameter and diffusivity ratio
parameter increases. Figure 18 depicted the effect of Lewis
number and Prandtl number on temperature gradient. Based
on the diagram, the gradient of wall temperature increases
when the Prandtl number and Lewis number increases. The
skin friction coefficient, gradient temperature and concen-
tration with all the parameters have been shown in Table 2.

5. Conclusions

The problem of slip conditions on heat transfer analysis
and flow of Williamson nanofluid over a stretching sheet is
studied numerically. The important findings are summarized
as below:
al Nusselt number and local Sherwood number respectively.

e Sc f 00ð0Þ � q0ð0Þ � f0ð0Þ
0 5 �0.824627 0.560312 1.214397

�0.521313 0.634114 0.995300
�0.391317 0.653846 0.879335
�0.316124 0.659675 0.801841

0 5 1.531496 0.731268
1.111056 0.890411
0.871426 0.981179
0.716725 1.039801

0 5 �0.430631 0.653863 0.952791
�0.442676 0.648285 0.935371
�0.457476 0.641978 0.914200
�0.489301 0.631466 0.869951

0 5 0.593771
0.632611
0.656798
0.673705

0 5 0.634617
0.611296
0.587304
0.563051

0 5 0.479166 0.251699
0.494843 0.446998
0.512197 0.658669
0.524636 0.811730

5 0.538971
.5 0.579227

0.599359
.5 0.611296
0 2 0.409463

4 0.780050
6 1.062968
8 1.299821
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� The results indicate that the nanofluid temperature and
concentration are enhanced with a rise of Williamson
parameter.

� An increase in the velocity slip parameter leads to in-
crease in the nanoparticles volume fraction

� The higher the non-Newtonian Williamson parameter,
the greater the thickness of boundary layer.

� The temperature profile was reducing at all the time and
caused by increment of Prandtl number.

� An increase of velocity slip parameter would lead to an
increase in the heat transfer rate.

� The wall temperature would increase when the heat ca-
pacities ratio parameter increased while temperature
gradient decreases if increased in diffusivity ratio
parameter.

� Temperature gradient is reduced with an increase of the
Lewis and Prandtl numbers.

� An increase in thermal slip parameter would cause a drop
in the temperature gradient.

� Williamson nanofluid has lower skin friction coefficient
when the non-Newtonian Williamson parameter
increased.
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