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Abstract. Given two groups G and H, then the nonabelian tensor product ⊗G H  is the group 
generated by ⊗g h  satisfying the relations gg h⊗ = ( g′ ′g g⊗ h)(g ⊗ h) and 
g hh⊗ = (g h⊗ )(′ ′gh h⊗ h ) for all ,g g ′∈G  and ,h h′∈ H . If G and H act on each other and 

each of which acts on itself by conjugation and satisfying 
1( )  ( ( ))

g h g h gg g
−

′ ′=  and 
1( )  ( ( ))

h g h g hh h
−

′ ′= , then the actions are said to be compatible. The action of G on H, gh  is a 
homomorphism from G to a group of automorphism H. If ( , g)g hh  be a pair of the compatible 
actions for the nonabelian tensor product of G H⊗ , then  ( ( ),G H G HV⊗ ⊗Γ = Γ ( ( ))G HE ⊗Γ  is a 
compatible action graph with the set of vertices, ( )G HV ⊗Γ  and the set of edges, ( )G HE ⊗Γ . In 
this paper, the necessary and sufficient conditions for the cyclic subgroups of p-power order 
acting on each other in a compatible way are given. Hence, a subgraph of a compatible action 
graph is introduced and its properties are given. 

1. Introduction
Recently, much interesting research on algebra has been given to study the algebraic structure of a ring
or group. This topic becomes a sensational research topic for the study by utilizing the tools and the
properties of graph theory to establish a specific type of graphs. In the literature, there are many studies
have been investigated the algebraic properties of ring or group using a specific graph, for instance,
Erfanian et al. [1] defined the non-commuting graph of rings which is denoted by RΓ , with two vertices 
x and y are adjacent whenever .xy yx≠  Then, some theoretical properties of this graph have been 
studied. While, in [2] Erfanian et al. introduced the generalized of the conjugate graph 

( , )cG n
Γ , which is 

the graph whose vertices are all the non-central subsets of G with n elements and two distinct vertices x 
and y joined by an edge if gx y= for some .g G∈  Then, some properties of this graph have been 
investigated such as chromatic, dominating and independence numbers. Furthermore, Abbas and 
Erfanian [3] defined the nilpotent conjugacy class graph of the group G which is denoted by ( )GΓ and 
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whose vertices are the nontrivial conjugacy classes of G and two distinct vertices Gx and Gy  are adjacent 
whenever there exist two elements Gx x′∈  and Gy y′∈  such that ,x y′ ′  is nilpotent. Meanwhile, 
Rajkumar and Deviy [4] defined the coprime graph of subgroups of G which is denoted by P(G) and 
studied some theoretical properties of this graph. Furthermore, Selvakumar and Subajini [5] classified 
the finite groups whose non-cyclic graphs are outer-planar, while in [6] they have discussed some basic 
properties of the coprime graph GΓ and classified all the finite groups whose coprime graphs are toroidal 
and projective. Moreover, Shahoodh et al. [7] provided the compatible action graph ,

p p

p
C Cα β⊗Γ for the 

nonabelian tensor product for the finite cyclic groups of the p-power order where p is an odd prime. This 
graph whose vertices set is the set of Aut(G) and Aut(H) with two distinct vertices ρ  and ρ′  are adjacent 
whenever they are compatible on each other, where Aut( )Gρ ∈  and  Aut( ).Hρ′∈  In this paper, the 
subgraph of compatible action graph ,

i ip p

p
C Cα β− −⊗Γ for  the finite cyclic groups of the p-power order has 

been studied. The main point in this paper is to find the number of the compatible pairs in the intersection 
between a group and its subgroup which represent as a compatible action graph and its subgraph. 

2.  Preliminary results 
In this section, some of the previous results on compatible action graph and the compatible actions for 
the finite cyclic groups of the p-power order, where p is an odd prime are stated. We started with 
necessary and sufficient conditions for the pair of the actions for such type of groups to act compatibly 
on each other are given in the following proposition.    
 
Proposition 2.1 [8] 

Let 
p

G x C α= ≅  and 
p

H y C β= ≅  be finite cyclic groups. Then there exist mutual actions of G and 

H on each other such that y kx x=  and  x ly y=  for ,k l∈  if and only if the conditions (i) and (ii) 
below are satisfied. These actions are compatible if and only if condition (iii) is satisfied as well. 

(i) gcd( , ) gcd( , ) 1k p l pα β= =  

(ii) 1 pk
β

≡ (mod pα )  and 1 pl
α

≡ (mod pβ ) 

(iii) 1 1 lk − ≡ (mod pα )  and 1 1 kl − ≡ (mod pβ ). 
 

In order to prove that the actions are compatible for the abelian groups, it is enough to show the 
conditions as given in the following proposition. 

 
Proposition 2.2 [8] 

Let G and H be groups, which act on each other. If G and H are abelian, then the mutual actions are 
compatible if and only if ( )  

g h hg g′ ′=  and  ( )  
h g gh h′ ′=  for all ,g g G′∈  and ,h h H′∈ . 

The next corollary shows that, if one of the actions is trivial, then the actions are always compatible.  
 
Corollary 2.1 [8]  

Let G and H be groups. Furthermore, let G act trivially on H. If G is abelian, then for any action of H 
on G, the mutual actions are compatible.  
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The order of the compatible action graph for the finite cyclic groups of the p-power order, where p 
is an odd prime is presented in the following proposition.   
Proposition 2.3 [7] 
Let 

p
G C α≅  and 

p
H C β≅  be the finite cyclic groups of p-power order where p is an odd prime and 

, 3.α β ≥  Then, the order of the compatible action graph is 

(i) 1 1( ) ( 1)( )
p p

p
C CV p p p

α β

α β− −
⊗Γ = − +  if .G H≠  

(ii) 1( ) ( 1)
p p

p
C CV p p

α β

α −
⊗Γ = −  if .G H=  

 
Next, the out-degree for the given vertex in the compatible action graph is given as follows. 

 
Proposition 2.4 [7] 

Let 
p

G C α≅  and 
p

H C β≅  be the finite cyclic groups of the p-power order where p is an odd prime and

, 3.α β ≥  Furthermore, let ( )
p p

p
C Cv V

α β⊗∈ Γ  where Aut( )v G∈  and .kv p=  Then deg ( )v+ is one of the 

following: 

(i) 1( 1)p pβ −−   if  0.k =  

(ii) 1 1 1

1
( 1) ( 1) ( 1) ,

r
k k i

i
p p p p p p− − −

=

− + − −∑  with r =min{ }, kα β −  if 1,2,..., 1.k α= −  

The following theorem, presented the exact number of the of the compatible pairs of actions that can 
be identified between the nonabelian tensor product for two finite cyclic groups of the p-power order.  
 
Theorem 2.1 [9] 
 Let 

p
G C α≅  and 

p
H C β≅ be finite  cyclic  groups of  p-power  order  with p is an odd prime and 

, 3.α β ≥  Then, there exist 
1 1 1

1 1 1 1

1 1 1 1
( 1) ( 1) ( 1) ( 1)

r
k k i

k k k i
p p p p p p p p

α α α
β

− − −
− − − −

= = = =

− + − + − −∑ ∑ ∑∑  compatible 

pairs of actions when { }min , .r kα β= −   and  d 1,2,..., 1k α= −   
 

Next, the number of the compatible pairs of actions for such type of groups, when one of the actions 
is trivial is given as follows.  
 
Proposition 2.5 [ 9] 
 Let 

p
G C α≅  and 

p
H C β≅  be finite cyclic groups of the p-power order. Furthermore, let Aut( )Gρ ∈

with 1ρ =  and , 1.α β ≥  Then, the number of the compatible pairs of actions is 1( 1) .p pβ −−  
 

The next theorem, shows the compatibility for two actions that have the p-power order for the two 
finite cyclic groups of the p-power order.  
  
Theorem 2.2 [10]  

Let 
p

G g C α= ≅  and 
p

H h C β= ≅  be groups such that , 3.α β ≥  Furthermore, let Aut( )Gσ ∈  with 
kpσ = , where 1,2,..., 1k α= −  and Aut( )Hσ ′∈  with kpσ ′′ =  where 1,2,..., 1.k β′ = −  Then ( , )σ σ ′  

is a compatible pair of actions if and only if { }min , .k k α β′+ ≤  
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3.  Main results 
In this section, the subgraph of compatible action graph for the finite cyclic groups of the p-power order 
has been introduced. Let 

p
C α  and 

p
C β  be two finite cyclic groups of the p-power order where p is an 

odd prime such that , 3.α β ≥ Without loss of generality, suppose that ip
C α−  and ip

C β−  are two subgroups 

of 
p

C α  and 
p

C β  respectively with { }1,2,...,min , 2.i α β= −  Then, the subgraph of compatible action 

graph has been defined for the subgroups ip
C α−  and ip

C β−  by reducing i values from the power of the 

groups 
p

C α  and 
p

C β  which is denoted by 
i ip p

p
C Cα β− −⊗Γ where { }1,2,...,min , 2.i α β= −   Meanwhile, our 

concern in this paper is to find intersection between the compatible action graph and its subgraph which 
is the main point in this paper. Thus, the necessary and sufficient conditions for the cyclic subgroups of 
the p-power order acting on each other in a compatible way when the order of the subgroups are reduced 
by the same power order from the order of the groups are given in the following proposition. 
 
Proposition 3.1 
Let p

G g C α= ≅
 
and p

H h C β= ≅
 
be the finite cyclic groups of the p-power order where p is an odd 

prime with , 3.α β ≥  Furthermore, let ( , )ρ ρ′  is a compatible pair of actions for 
p p

C Cα β⊗  where 

( ) kg gρ =  and ( ) lh hρ′ =  with , .k l N∈  Then, ( , )ρ ρ′  is a compatible pair of actions for i ip p
C Cα β− −⊗

 
where  mod ( )

ik pg g
α

ρ
−

=  and  mod ( )
il ph h

β

ρ
−

′ =  with { }1,2,...,min , 2.i α β= −  
Proof: 
Without loss of generality, assume that ip p

C Cα α− ≤  and ip p
C Cβ β− ≤ , then ip

C gα− ′=  and ip
C hβ− ′=  for 

some g G′∈  and .h H′∈  Since ( , )ρ ρ′  is a compatible pair of actions for 
p p

C Cα β⊗ , then there exist a 

mutual actions of G and H on each other such that h kg g=  and g lh h=  for , .k l N∈  In order to prove  
 mod  ( )

ik pg g
α

ρ
−

=  and  mod ( )
il ph h

β

ρ
−

′ =  is a compatible pair of actions for i ip p
C Cα β− −⊗ , by Proposition 

2.1, there are three conditions need to be satisfied as follows. 
 
(i)  ( ) ( )gcd , gcd , 1.i ik p l pα β− −= =  

Define that :G Gρ →  with ( ) kg gρ =  and k N∈ is an automorphism if and only if gcd( , ) 1.k pα =  Since
pα  is an odd number because p is odd, then k must be even. Therefore, gcd( , ) 1.ik pα− =  Similarly, there 

exist a mutual actions of G and H such that .g lh h=  Since gcd( , ) 1l pβ = , then gcd( , ) 1.il pβ − =  Hence, 
gcd( , ) gcd( , ) 1,i ik p l pα β− −= =  and the first condition is satisfied. 
 
(ii)  1 

ipk
β−

≡  (mod ipα− ) and 1 
ipl

α−

≡ (mod  ).ipβ −  
Let H acts on G, then there exist a mutual action of H on G such that h kg g= , then 

1  .
i ip pH h kg g g g

β β− −

= = =  Thus 1 
ipk

β−

≡  (mod ipα− ). Similarly, if G acts on H, there exist a mutual 

action of G on H such that g lh h= , then 1 
ipl

α−

≡ (mod ipβ − ).  Hence, the second condition is satisfied. 
 
(iii)  1 1 (mod )l ik pα− −≡  and 1 1 kl − ≡ (mod ipβ − ). 

By Proposition 2,2 G and H act compatibly on each other if and only if  ( )  
g h hg g=  and ( )  .

h g gh h=      
From the first condition,  

g l lh h kg g g= =  and .h kg g=  Thus  (mod )l ik k pα−≡  or equivalently 
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1 1 (mod )l ik pα− −≡  since gcd( , ) 1.ik pα− =  Similarly for the second condition is  kl l≡ (mod ipβ − ) or 
equivalently 1 1 kl − ≡ (mod ipβ − ) since gcd( , ) 1.il pβ − =  Hence, the third condition is hold. Therefore, 

 mod  ( )
ik pg g

α

ρ
−

=  and  mod ( )
il ph h

β

ρ
−

′ =  is a compatible pair of actions for i ip p
C Cα β− −⊗ .       

Next, the order of the subgraph of compatible action graph
 
is investigated.  

 
Proposition 3.2 
Let 

p
G C α≅

 
and 

p
H C β≅

 
be the finite cyclic groups of the p-power order where p is an odd prime and 

, 3.α β ≥  Furthermore, let 
p p

p
C Cα β⊗Γ

 
and 

i ip p

p
C Cα β− −⊗Γ be two compatible action graphs with 

1,2,...,min{ , } 2.i α β= −  Then, the order of the subgraph of compatible action graph is
1 .

i ip p p p

p p
C C C Cipα β α β− −⊗ ⊗Γ = Γ  

Proof: 
From Proposition 2.3, the order of the compatible action graph have been considered into two cases 
which are G H=  and .G H≠  Thus, two cases are considered as follows.  

Case I:  Suppose that .G H≠  By Proposition 2.3(i), 1 1( 1)( ).
p p

p
C C p p p

α β

α β− −
⊗Γ = − +  Thus, 

1 1( 1)( )
i ip p

p i i
C C p p p

α β

α β
− −

− − − −
⊗Γ = − +   1 1( 1) 1( ) .

p p

p
C Ci i

p p p
p p α β

α β− −
⊗

−
= + = Γ  

Case II: Suppose that .G H=  From Proposition 2.3(ii), 1
 ( 1) .

p p
p C C p p

α β

α −
⊗Γ = −  Thus,  

1 1( 1)( 1)
i ip p

p i
C C i

pp p p
pα β

α α
− −

− − −
⊗

−
Γ = − =

1 .
p p

p
C Cip α β⊗= Γ     

 
The next proposition shows the number of the edges of the subgraph of compatible action graph. 

From Theorem 2.1, there are two cases are considered as follows.  
 
Proposition 3.3 
Let 

p
C α

 
and 

p
C β

 
be the finite cyclic groups of the p-power order where p is an odd prime and , 3.α β ≥  

Furthermore, let 
p p

p
C Cα β⊗Γ

 
and 

i ip p

p
C Cα β− −⊗Γ

 
be two compatible action graphs where 

1,2,...,min{ , } 2.i α β= −   

(i)  If 1deg ( ) ( 1)v p pβ+ −= − , then ( )
i ip p

p
C CE

α β− −⊗Γ = 1( 1) .i

p p
p

β −−  

(ii)  If 1deg ( ) ( 1) kv p p+ −= − + 1 1

1
( 1) ( 1) ,

r
k i

i
p p p p− −

=

− −∑ then 

 ( )
i ip p

p C CE
α β− −⊗Γ =

1 1
1 1

1 1 1
( 1) 1 ( 1)

r
k i

k k i
p p p p

α α− −
− −

= = =

 
− + − 

 
∑ ∑∑  where r = { }min , .i i kα β− − −  

Proof: 
Let 

p
G C α≅  and 

p
H C β≅ be the finite cyclic groups of the p-power order where p is an odd prime and

, 3.α β ≥  Furthermore, let 
p p

p
C Cα β⊗Γ  and 

i ip p

p
C Cα β− −⊗Γ be two compatible action graphs where 

1,2,...,min{ , } 2i α β= −  and ( )
i ip p

p
C Cv V

α β− −⊗∈ Γ , then two cases are considered as follows.  
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Case I: By Proposition 2.4(i), 1deg ( ) ( 1)v p pβ+ −= −  and v represent the trivial automorphism.  By 
Corollary 2.1, v is compatible with any vertex and by Proposition 2.5, there exist  1( 1)p pβ −−   
compatible pairs of actions. Thus,  

1 1( 1)( ) ( 1) .
i ip p

p i
C C i

pE p p p
pα β

β β
− −

− − −
⊗

−
Γ = − =  

 
Case II: By Theorem 2.2, the actions are compatible when min{ , }.k k α β′+ ≤  By Proposition 2.4(ii),  

1 1 1

1
deg ( ) ( 1) ( 1) ( 1) ,

r
k k i

i
v p p p p p p+ − − −

=

= − + − −∑  where r = { }min , .kα β −  From the assumption we 

have .
i ip p

p
C Cv

α β− −⊗∈Γ  Thus, ( )
i ip p

p
C CE

α β− −⊗Γ =
1 1

1 1

1 1 1
( 1) 1 ( 1)

r
k i

k k i
p p p p

α α− −
− −

= = =

 
− + − 

 
∑ ∑∑ , with 

{ }min , .r i i kα β= − − −                                                     
 

Next, the number of the compatible pairs of actions in the intersection between two subgroups can 
be presented as the intersection of the compatible action graph and its subgraph which has been 
determined. Thus, for this research we let 1i =  as a reduce for the power of the subgroups of the finite 
cyclic groups of p-power order. Therefore, when one of the actions is trivial, then the number of the 
edges in the intersection between the compatible action graph and its subgraph is presented in the 
following lemma.  

 
Lemma 3.1 
Let 

p p

p
C Cα β⊗Γ

 
and 

1 1p p

p
C Cα β− −⊗Γ

 
be two compatible action graphs where p is an odd prime and , 3.α β ≥  

Furthermore, let v  be a vertex in 
1 1p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ

 
such that 1deg ( ) ( 1) .v p pβ+ −= −  Then, there are 

1( 1)p p
p

β −−  number of edges in 
1 1

.
p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ   

Proof: 
Let 

p p

p
C Cα β⊗Γ

 
and  

1 1p p

p
C Cα β− −⊗Γ be two compatible action graphs where p is an odd prime and , 3.α β ≥  

Furthermore, let v be a vertex in 
1 1

.
p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ  By Proposition 2.4(i), 1deg ( ) ( 1) .v p pβ+ −= −  

Since 1p
C α−  and 1p

C β−  are subgroups from 
p

C α  and 
p

C β , then, the vertex v  must be in 
1 1

.
p p

p
C Cα β− −⊗Γ  By 

Proposition 3.3(i), when one of the vertex has out-degree 1( 1) ,p pβ −− then there are 1( 1)
i

p p
p

β −−   number 

of edges in 
i ip p

p
C Cα β− −⊗Γ . Since 1i = , then there are 1( 1)p p

p
β −−  number of edges in 

1 1
.

p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ        

 
The next lemma gives the number of compatible pairs of actions in the intersection between the 

compatible action graph and its subgraph when one of the actions has p-power order. Thus, this case can 
be represented as Lemma 3.1, but now we consider the vertex Aut( )v G∈  and ,kv p=  where

1,2,..., 1.k α= −  
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Lemma 3.2 
Let 

p p

p
C Cα β⊗Γ

 
and 

1 1p p

p
C Cα β− −⊗Γ

 
be two compatible action graphs where p is an odd prime and , 3.α β ≥   

Furthermore, let v  be a vertex in 
1 1p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ  such that 

1 1 1

1
deg ( ) ( 1) ( 1) ( 1)

r
k k i

i
v p p p p p p+ − − −

=

= − + − −∑   with  { }min ,r kα β= −    and 1,2,..., 1.k α= −  Then, 

there are 
2 2

1 1

1 1 1
( 1) 1 ( 1)

r
k i

k k i
p p p p

α α− −
− −

= = =

 
− + − 

 
∑ ∑∑

 
number of edges in 

1 1p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ ,  where  

{ }min , 1r kα β= − −  and 1,2,..., 2.k α= −  
Proof: 
Since 1p

C α−  and 1p
C β−  are subgroups from  and 

p
C β ,  then, the vertex v must be in 

1 1
.

p p

p
C Cα β− −⊗Γ  By 

Proposition 3.4(ii), 1 1 1

1
deg ( ) ( 1) ( 1) ( 1) ,

r
k k i

i
v p p p p p p+ − − −

=

= − + − −∑  with { }min ,r kα β= −  and 

1,2,..., 1.k α= −  By Proposition 3.3(ii), when
p

C α  ( )
i ip p

p
C Cv V

α β− −⊗∈ Γ  with Aut( )v G∈ and ,kv p=

where 1,2,..., 1,k α= −  then the number of the edges in the subgraph 
i ip p

p
C Cα β− −⊗Γ

 
is 

1 1
1 1

1 1 1
( 1) 1 ( 1)

r
k i

k k i
p p p p

α α− −
− −

= = =

 
− + − 

 
∑ ∑∑  where 1,2,..., 1k α= −  and r = { }min , .i i kα β− − −   Since k is 

hold for each values of 1,2,..., 1α − , then k is also hold for 1,2,..., 2.α −  Since the order of the actions 
is reduced, then the bound represent the power of the order of β and α  where { }min , ,r k iα β= − −  

the subgroups. Therefore, there are 
2 2

1 1

1 1 1
( 1) 1 ( 1)

r
k i

k k i
p p p p

α α− −
− −

= = =

 
− + − 

 
∑ ∑∑  number of edges in 

1 1p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ  where { }min , 1r kα β= − −  and 1,2,..., 2.k α= −                                                    

   
In general, the number of the edges in the intersection between the compatible action graph and its 

subgraph for the finite cyclic groups of the p-power order where p is an odd prime has been found. Thus, 
the following theorem shows the number of the compatible pairs of actions that exist in the groups G as 
well as its subgroup.  

 
Theorem 3.1  
Let 

p p

p
C Cα β⊗Γ

 
and 

1 1p p

p
C Cα β− −⊗Γ

 
be two compatible action graphs where p is an odd prime and , 3.α β ≥   

Then, there are   
1 2 2

1 1

1 1 1

( 1) ( 1) 1 ( 1)
r

k i

k k i

p p p p p p
p

β α α− − −
− −

= = =

−  
+ − + − 

 
∑ ∑∑  number of edges in 

1 1p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ  where { }min , 1r kα β= − −  and 1,2,..., 2.k α= −  

Proof: 
Let 

p p

p
C Cα β⊗Γ

 
and 

1 1p p

p
C Cα β− −⊗Γ

 
be two compatible action graphs where p is an odd prime and , 3.α β ≥  

The number of the edges in the intersection between the compatible action graph and its subgraph can 
be determined by separating into two cases as follows.  
Case I: Suppose that the vertex v  in 

1 1p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ

 
such that 1deg ( ) ( 1) .v p pβ+ −= −  By Lemma 

3.1, there are 1( 1)p p
p

β −−  number of edges in 
1 1

.
p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ  
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Case II: Suppose that the vertex v  in 
1 1p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ  such that 

1 1 1

1
deg ( ) ( 1) ( 1) ( 1) .

r
k k i

i
v p p p p p p+ − − −

=

= − + − −∑  By Lemma 3.2, there are  

2 2
1 1

1 1 1
( 1) 1 ( 1)

r
k i

k k i
p p p p

α α− −
− −

= = =

 
− + − 

 
∑ ∑∑   number of edges in 

1 1
.

p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ  Thus, in total, there are 

1 2 2
1 1

1 1 1

( 1) ( 1) 1 ( 1)
r

k i

k k i

p p p p p p
p

β α α− − −
− −

= = =

−  
+ − + − 

 
∑ ∑∑  number of edges in 

1 1
,

p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ  where 

{ }min , 1r kα β= − −  and 1,2,..., 2.k α= −          . 

4.  Conclusion 
The subgraph of the compatible action graph for the finite cyclic groups of the p-power order, where p 
is an odd prime has been studied.  The obtained results concluded that, there are 

1 2 2
1 1

1 1 1

( 1) ( 1) 1 ( 1)
r

k i

k k i

p p p p p p
p

β α α− − −
− −

= = =

−  
+ − + − 

 
∑ ∑∑  compatible pairs of actions in 

1 1
,

p p p p

p p
C C C Cα β α β− −⊗ ⊗Γ Γ

where r = { }min , 1kα β − −  and 1,2,..., 2.k α= −  
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