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Abstract  In this paper, a numerical approximation of 
the stress equation for the indentation of granular materials 
by a smooth rigid wedge is presented. Plane strain 
conditions are assumed, and the materials obey the 
Mohr-Coulomb yield condition. This method determines 
the deformation of granular material under a smooth rigid 
wedge punch and construction of stress field in the 
deforming region which are presented by using MATLAB 
programme. The granular material is assumed to be in 
dense, solid like state. The solution only refers to the initial 
motion after the punch. This was then applied on one type 
of boundary value problem. By using MATLAB, the value 
of each point (𝑥, 𝑦) and the stress variables (𝑝, 𝜓) which 
construct the deformation field are calculated. This 
method provides simple and reliable algorithms for the 
solution of the deformation problems involving the stress 
variables. The results will consequently help in the 
improvement of the existing labs and experimental 
facilities in the industries and will eventually increase its 
efficiency.  

Keywords  Deformation, Granular Material, Wedge 
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1. Introduction
The formulation of equations which govern the 

deformation and the flow of granular are outstanding 
problems in continuum mechanics. A review of a 

foundation theory in plasticity was made by [8]. This 
foundation is made based on the assumption of coaxiality 
of the principal stress and rate tensor. He proposed the 
boundary value problem for the numerical solution. By 
abandoning the assumption of coaxiality, an alternative 
family of models has been derived based on a kinematic 
hypothesis involving the concepts of shearing motion 
parallel to a surface, rotation of that surface, and dilation or 
contraction normal to the surface. One such model is the 
double-shearing theory, originally proposed by [7] for 
incompressible flows. The theory has been applied to the 
problem for the indentation of semi-infinite mass of soils 
by a smooth rigid flat punch. In this theory, the 
characteristic curves for the stresses and velocities coincide, 
and every deformation is assumed to consist of 
simultaneous shears along the two families of stress 
characteristics. 

By applying the double slip and double spin model that 
was given by [14], the numerical approximation to the 
solution for double-slip and double-spin model for the 
deformation and flow of granular materials has been solved 
by [5]. The numerical approximation obtained then applied 
to some planar problems. The problem is considered is the 
indentation of granular material by a smooth rigid flat 
punch. Therefore, by applying Hill's boundary value 
problem and the slip line, theory and solution by [5], [7], [4] 
and [14] , the aim of this study is to develop a numerical 
method to find the approximations for the indentation by a 
smooth rigid wedge punch for the granular materials.  
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Figure 1.  Indentation by smooth rigid wedge 

The problem considered here is the indentation of a 
granular material by a smooth rigid wedge punch under the 
condition of plane strain. The behaviour of a granular 
material under an indenting rigid body is a fundamental 
problem with wide applications especially in engineering 
activities. This method provides simple and reliable 
algorithms for the solution of the granular deformation 
problem.  

Shield[1] proposed a solution for the normal indentation 
of a granular material by a smooth rigid wedge in which the 
analysis is based on the assumption that the granular 
material obeys the Mohr-Coulomb yield criterion and its 
associated flow rule. The extension of indentation of a 
granular material by a smooth rigid wedge was presented in 
[2]{ TA \l "Tordesillas & Shi (1999)" \s "Tordesillas & Shi 
(1999)" \c 1 }. The authors presented a solution to the 
normal plane strain indentation of a double shearing 
dilatant granular material by a smooth rigid wedge. In this 
paper, we construct a numerical method of constructing 
stress deformation fields by using MATLAB program. In 
section 2, we summarize the basic governing equations for 
the plane deformations, while in the next section, we 
discuss the numerical method for the basic construction of 
stress characteristics field by using MATLAB program.  

2. The Governing Equation for the 
Plane Deformation 

In this section, the governing equations for the plane 
deformation of granular materials are presented. The 
equilibrium equations are given by 

𝜕𝜎11
𝜕𝑥

+ 𝜕𝜎12
𝜕𝑦

= 0                    (1) 

∂σ12
∂x

+ ∂σ22
∂y

= 0                   (2) 

with Mohr Coulomb yield criterion 

𝜏 = 𝑐 − 𝜎𝑛 𝑡𝑎𝑛𝜙               (3) 

where 𝑐 is the cohesion, σ𝑛 is the stress component and 
𝜙 is the internal friction of the material. Relative to the 𝛼- 
an 𝛽 -characteristic lines, the stress characteristic 
directions are given by 

𝑑𝑦
𝑑𝑥

= 𝑡𝑎𝑛 �𝜓 − 𝜋
4
− 𝜙

2
�             (4) 

𝑑𝑦
𝑑𝑥

= 𝑡𝑎𝑛 �𝜓 + 𝜋
4

+ 𝜙
2
�             (5) 

which leads to the following governing stress equations for 
𝑝 and 𝜓 given by 

𝑐𝑜𝑠𝜙 𝜕𝑝
𝜕𝑠𝛼

+ 2𝑞 𝜕𝜓
𝜕𝑠𝛼

= 0 along the 𝛼-characteristic    (6) 

and 

𝑐𝑜𝑠𝜙 𝜕𝑝
𝜕𝑠𝛽

− 2𝑞 𝜕𝜓
𝜕𝑠𝛽

= 0 along the 𝛽-characteristic     (7) 

where 𝜓 represents the angle between the principal stress 
and the 𝑥-axis  

𝑝 = −1
2

(𝜎11 + 𝜎22)             (8) 

𝑞 = 1
2

(𝜎11 − 𝜎22)              (9) 

Also, 𝜕
𝜕𝑠𝛼

,  𝜕
𝜕𝑠𝛽

 are directional derivatives along the 𝛼 - 

and 𝛽-characteristic lines. 
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Figure 2.  Deformation region under the punch 

3. Numerical Construction of the Stress 
Field 

The stress field in the deformation region ABC under the 
contact surface is constructed by the network of 
intersection between 𝛼 -characteristic line AC and 
𝛽-characteristic line BC as shown in Figure 2. Suppose that 
the smooth rigid wedge with semi-angle 𝜃1 = 45°  is 
indented into the granular material surface OE. The 
𝛼 -characteristic line AC and 𝛽 -characteristic line BC 
meets the contact surface at 𝜋+2𝜙

4
. The surface at 𝑥 > 𝑠 is 

a stress-free surface which implies that the surface granular 
material is not subject to any force. The characteristics of 
granular material used in this study have the angle of 
internal friction, 𝜙 = 𝜋

6
 and the cohesion,𝑐 = 2. The depth 

of the penetration OA is denoted by d, while the distance 
between the free surface OE and B is denoted by 𝑟. The 
pressure distributions on the contact surface AB are 
assumed to be known. The surface AB is divided into 

(𝑛 − 1)  equal parts and each point are labelled as 
ABC(𝑖, 1)  where 𝑖 = 1,2,3, … ,𝑛 . The coordinates (𝑥,𝑦) 
and the stress variables (𝑝,𝜓) are given along the contact 
surface AB. In this surface, following from [3], we shall 
assume that the stresses are constant, therefore the solution 
for 𝑝 and 𝜓 will yield a constant value. Then, from the 
known coordinates and the stress variables on AB, the 
stress field in the whole region ABC can be constructed 
numerically.  

4. The Numerical Approximation of the 
Stress Field 

The point ABC (1,1)  and ABC (2,1)  are the 
neighboring points on the contact surface AB, and the 
intersection of a 𝛽-characteristic line that passes through 
ABC(1,1) and the 𝛼-characteristic line passing through 
ABC(2,1) is labelled as ABC(1,2) as shown in Figure 3.  
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Figure 3.  Matlab Construction of Stress deformation region by smooth rigid wedge. 

The coordinates and the stress variables, 𝑝 and 𝜓, of point ABC(1, 2) could be defined by employing the following 
numerical procedure. 

Let the zeroth approximation for 𝜓𝐴𝐵𝐶(1,2) is taken as 

𝜓𝐴𝐵𝐶(1,2)
0 = 1

2� �𝜓𝐴𝐵𝐶(2,1) + 𝜓𝐴𝐵𝐶(1,1)�                         (10) 

and approximation to 𝑝𝐴𝐵𝐶(1,2) taken as 

𝑝𝐴𝐵𝐶(1,2)
0 = 1

2� �𝑝𝐴𝐵𝐶(2,1) + 𝑝𝐴𝐵𝐶(1,1)�                         (11) 

Let  

𝜓𝛼1 = 1
2� �𝜓𝐴𝐵𝐶(2,1) + 𝜓𝐴𝐵𝐶(1,2)

0 � along the 𝛼 - characteristic line 𝐴𝐵𝐶(2, 1)𝐴𝐵𝐶(1, 2)      (12) 

and 

ψβ
1 = 1

2� �ψABC(1,1) + ψABC(1,2)
0 � along the 𝛽 - characteristic line 𝐴𝐵𝐶(1, 1)𝐴𝐵𝐶(1, 2).      (13) 

Then, the coordinates at point ABC (1, 2) are given by 
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𝑥𝐴𝐵𝐶(1,2)
1 =

𝑥𝐴𝐵𝐶(1,1) tan�𝜓𝛽
1+�𝜋+2𝜙4 ��−𝑥𝐴𝐵𝐶(2,1) tan�𝜓𝛼

1−�𝜋+2𝜙4 ��+𝑦𝐴𝐵𝐶(2,1)−𝑦𝐴𝐵𝐶(1,1)

tan�𝜓𝛽
1+�𝜋+2𝜙4 ��−tan�𝜓𝛼1−�

𝜋+2𝜙
4 ��

           (14) 

𝑦𝐴𝐵𝐶(1,2)
1 =

�𝑥𝐴𝐵𝐶(1,1)−𝑥𝐴𝐵𝐶(2,1)� tan�𝜓𝛽
1+�𝜋+2𝜙4 �� tan�𝜓𝛼1−�

𝜋+2𝜙
4 ��+𝑦𝐴𝐵𝐶(2,1) tan�𝜓𝛽

1+�𝜋+2𝜙4 ��−𝑦𝐴𝐵𝐶(1,1) tan�𝜓𝛼1−�
𝜋+2𝜙
4 ��

tan�𝜓𝛽
1+�𝜋+2𝜙4 ��−tan�𝜓𝛼1−�

𝜋+2𝜙
4 ��

    (15) 

and the stress variables �𝜓𝐴𝐵𝐶(1,2),𝑝𝐴𝐵𝐶(1,2)� are given by 

𝜓𝐴𝐵𝐶(1,2)
1 =

�𝑝𝐴𝐵𝐶(2,1)−𝑝𝐴𝐵𝐶(1,1)�𝑐𝑜𝑠𝜙+2𝑞𝛼1𝜓𝐴𝐵𝐶(2,1)+2𝑞𝛽
1𝜓𝐴𝐵𝐶(1,1)

2𝑞𝛼1+2𝑞𝛽
1                      (16) 

𝑝𝐴𝐵𝐶(1,2)
1 =

𝑝𝐴𝐵𝐶(2,1)𝑐𝑜𝑠𝜙+2𝑞𝛼1�𝜓𝐴𝐵𝐶(2,1)−𝜓𝐴𝐵𝐶(1,2)
1 �

𝑐𝑜𝑠𝜙
                         (17) 

where 

qα1 = 1
2� �pABC(2,1) + pABC(1,2)

0 � sinϕ + c cosϕ along the 𝛼 - characteristic line 𝐴𝐵𝐶(2,1)𝐴𝐵𝐶(1,2)    (18) 

and 

qβ1 = 1
2� �pABC(1,1) + pABC(1,2)

0 � sinϕ + c cosϕ along the 𝛽 - characteristic line 𝐴𝐵𝐶(1,1)𝐴𝐵𝐶(1,2)    (19) 
 
In order to find the solution for the coordinates (𝑥,𝑦) 

and the stress variables (𝑝,𝜓) at point ABC (1, 2), an 
iterative procedure is required. After the (𝑖 + 1)𝑡ℎ 
iteration, the approximation for 
�𝑥𝐴𝐵𝐶(1,2),𝑦𝐴𝐵𝐶(1,2),𝜓𝐴𝐵𝐶(1,2),𝑝𝐴𝐵𝐶(1,2)� is obtained. Once 
the point ABC(1, 2) is constructed, then by considering 
the next two neighbouring points on the contact surface 
ABC (2, 1)  and ABC (3, 1) , the point ABC (2, 2)  is 
defined. This procedure is repeated until the intersection 
point ABC (1,𝑛)  is obtained. Thus, from the contact 
surface AB, we construct the stress field ABC by using 
Matlab as shown in Figure 3.  

5. Discussion and Conclusions 
The solution for stress fields depend on the angle 

determined by the wedge semi-angle, 𝜃1. When the wedge 
is penetrated into the granular material surface, the 
particles move downwards. Since the values of 𝜓 and 𝑝 
along the punch surface are constant, then the triangular 
region under the punch surface ABC, as in Figure 3, is 
formed where the stresses are all constants. The computed 
values of 𝜓 and 𝑝 in region ABC are given as follows 

𝜓 = 0.7854  ,   𝑝 = 13.016 

These results obtained were compared to the analytical 
solutions given in [4] and it obeys the solution. The 
granular material is assumed to be in dense, solid like state. 
The solution only refers to the initial motion after the 
punch and the numerical method for stress field under the 
punch surface described in this paper is simple and reliable. 
This was then applied to one type of boundary value 
problem and can be constructed to other types of boundary 
value problems in plastic flow. This will be a part of our 
future work. 
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