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Abstract. Mahalanobis distance (MD) is a classical method to detect outliers for multivariate
data. However, classical mean and covariance matrix in MD suffered from masking and
swamping effect if the data contain outliers. Due to this problem, many studies used robust
estimator instead of the classical estimator of mean and covariance matrix. In this study, a new
robust estimator, namely, Test on Covariance (TOC) is proposed to detect outliers in
multivariate data. The performance of TOC is compared with the existing robust estimators
which are Fast Minimum Covariance Determinant (FMCD), Minimum Vector Variance
(MVV), Covariance Matrix Equality (CME) and Index Set Equality (ISE). The probability that
all the planted outliers are successfully detected (pouf), probability of masking (pmask) and
probability of swamping (pswamp) are computed for each estimator via simulation study. It is
found that the TOC is applicable and a promising approach to detect the outliers for
multivariate data.

1. Introduction
A multivariate data can be represented by #x p matrix

Xy X o Xy,
X = X1 x.zz X2p
xnl an xnp

where x,, is the value of the ith observation for the jth variable. n is sample size and p is the number
of variables. The population and sample mean vector are represented as p'=[z,4,,...,42,] and

X' =[X,,X,,...,x,], where

I R )
xj:;z% j=L2,...,p.
i=1
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The variance-covariance matrix or covariance matrix, X is arranged in a px p symmetric matrix and

is estimated by the matrix S, givenby S= i(x, ~x)x, —i), /(n —1) [1,2], where
i=1

S S Sip
N N S
21 22 2
S= " !
Spl sz SW

However, the estimation of sample mean and covariance matrix for multivariate data are affected
by outliers, thus have masking and swamping effect [3—7]. Masking effect happens when outliers are
identified as inliers (false negative) and swamping effect happens when inliers are identified as
outliers (false positive) [3,5,8]. Outliers also can affect multivariate analysis, give incorrect
conclusions and makes modelling difficult [3,4,6,9]. Due to these problems, robust methods used to
estimate the mean and covariance matrix had been proposed and developed.

Robust estimators are found to be less sensitive and resistant towards outliers compared to classical
estimators [3]. Mahalanobis distance (MD) has been used widely to identify outliers in the multivariate
data sets and the distance is defined by

d,(x,8)= \/(x,. -X)S7(x, =), i=12,...n (1)
where X and S are the sample mean and sample covariance matrix. As for Mahalanobis distance, the
sample mean, X and covariance matrix,S are replaced with the robust estimators of mean and
covariance matrix and will yield robust Mahalanobis distance or robust distance [3,9-13].

Various robust estimators had been proposed and developed in the previous studies such as S, M,
MM, Minimum Volume Ellipsoid (MVE), Minimum Covariance Determinant (MCD) and Fast-MCD
(FMCD) estimators. Among these robust estimators, FMCD that had been developed by Rousseecuw
and Van Driessen (1999) [14] is widely used. FMCD is based on Concentration step (C-step) [10,14]
and possess the desirable properties of robust estimators which are affine equivariant, high breakdown
point, bounded influence function and has lower computational complexity [10,15—-18]. The objective
of FMCD is to find 4 observations from the data (subset /) whose covariance matrix has the lowest
determinant and act as the stopping rule in C-step [10,15,19].

However, the computational complexity of FMCD increases as the number of variables increases
[10] and face a singularity problem as the estimator is based on covariance determinant [10].
Therefore, Herwindiati et al. (2007) [10] proposed Minimum Vector Variance (MVV) which used
vector variance (VV) as the new stopping rule. MVV can overcome the singularity problem as the
computation of MVV is simple, covariance does not need to be positive definite and can be applied to
high dimension data sets [10]. MV'V also has been proven has the same breakdown point as the MVE
and MCD-based methods, robust estimator and has lower computational time than FMCD [10].

Despite the advantages that MVV has possessed, it still has lower computational time as the
number of variables increases [20]. This problem has lead Rohayu in 2013 to develop Covariance
Matrix Equality (CME) and Index Set Equality (ISE) [21]. CME and ISE are used as the new stopping
rule in FMCD algorithm. CME and ISE are able to find the robust mean and covariance matrix [21].
Between these two estimators, ISE is found to have lower computational time compared to FMCD,
MVYV and CME [21]. Although ISE has superior performance than other estimators and simple to
compute, there is no arithmetical computation involved [20].

Basically, CME and ISE are the test of equality between two covariance structures. This motivates
us to propose a new stopping rule for C-step which may test the equality of two covariance structures.
The new stopping rule is based on Test on Covariance (TOC) method. Final robust estimator of mean
and covariance matrix is called TOC. The methods to detect outliers for multivariate data consist two
phases. Phase I is to obtain robust mean and covariance matrix and Phase II will use the robust
estimator to detect the outliers. The performance of TOC in detecting the outliers for multivariate data
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will be measured and compared with other robust estimators (FMCD, MVV, CME and ISE).

2. Existing Robust Estimator Algorithms
The algorithm for FMCD is given as follows [21].

Step 1: Select an arbitrarily subset H ,, containing /# different observations, where / is the smallest

integer > (n +p+ 1)/ 2, where p is the number of variable and # is sample size.
Step 2: Compute the mean vector X u,, and covariance matrix S, ~of all observations belonging to
H

old *
Step 3: Compute d;, (i)= (X, -X, ), S, (X,. -X, ) for i=12,...,n.
Step 4: Sort d;, (i) for i=12,...,n in increasing order d;, (z(1))<d;, (#(2))<...<d} (=(n))

where 7 is a permutation on {1,2,. . .,n}.

Step 5: Define Hw:{Xﬂ(l},X”(z),...,X”(h)} and then calculate X, ,S, and d,z, (z) for

HHUH’
i=12,...,n.

Step 6pmcp: If det(SHM):O, repeat Step 1 — Step 5. Otherwise, if det(SHw)< det(SHw), let
H,=H,,X

new? Heyy *

=X y, and S, =S, . Then go to Step 3. Otherwise, the
process is stop and det(S o )= det(SH ) is obtain.

new old

The algorithms for MVV, ISE and CME are the same as FMCD algorithm except for Step 6
[20,21].
Step 6pyy: If Tr(Si/ ):O,repeat Step 1 — Step 5. Otherwise, if Tr(Si );t Tr(Si ) let

H,,=H "
process is stop and Tr(Si ): Tr(Slzl ) is obtain.

Step 6eme: If JTriS,,w =y F 20, calculate X n and let H,=H,,6 X, =X, and
Sy, =8, - Then go to Step 3. Otherwise, the process is stop.

Step Oz If 1, #1,,,, let H H,,, calculate X y, andlet H  =H

new old > old =

=S, . Then go to Step 3. Otherwise, the process is stop.

Hyy ®

new

X H, = X, and S w, =S, -Then go to Step 3. Otherwise, the

new ? new > XH(,M = XHW and

H,

It has been proven that ISE is effective as FMCD and MV'V in finding robust estimator of mean and
covariance matrix with lower computational time [20,21]. ISE is only logical comparison of two index
sets which are old subset and new subset. The comparison is made to determine the equality of
covariance structure for both subsets.

3. A New Robust Estimator Algorithm based on Test on Covariance (TOC)

By adopting the idea of ISE, Test on Covariance (TOC) involving the equality test of variance-
covariance structure is proposed. The equality of two covariance structure are tested by using Eq (2)
with the hypothesis H:X ,, =X versus H :X , #X

old

u= u{i(ﬂf ~In2, )—p} @)

where v=n-1,p=12,...,k and A,4,...,4, are the eigenvalues of = ¥ . H, is rejected if

P newold*

new *
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u> ;(Z[a,;p(p + 1)} [22].

The algorithm for TOC is the same as FMCD except a new procedure is proposed for Step 6, Step
6roc: If H, is rejected, calculate X, andlet H,,=H, X, =X, and S, =S, .Thengoto

tttttt new?

Step 3. Otherwise, the process is stop.

4. Outlier Scenarios and Performance Measures
In this study, only one outlier scenario was investigated. This outliers’ scenario is known as mean shift
location and given as follows,

(1=&)N, (t,Z,)+ &N, (Au,.Z,) (3)

where X =% =1, 1, =(00...0) and g =(11...1) is of dimension p. Simulation study has been

conducted for » =200, p =5, with percentage of outliers, & ranging from 1% to 25% and the distance
of the outliers, A = 2,4,10 using R language.

Robust mean and covariance matrix from FMCD, MVV, CME, ISE and TOC were used to identify
outliers. The steps to identify outliers are given as following,

Step 1: Compute the distance d” (x,,):\/(x,, -x)$™(x,-x) fori=12,....n.

Step 2: Use the cut-off value /7, ,,,s in order to detect outliers. If d(x,)> X oors» X, 1S an

outlier.

The performance of each robust estimator were measured by pout (the probability that all the
outliers are successfully detected), pmask (the probability that the outliers are falsely detected as
inliers) and pswamp (the probability of inliers detected as outliers). The best robust estimator will be
determining by the highest value of pout and the lowest values of pmask and pswamp. Formulas for
these measures are given as follows.

"success"
pout=———- 4)
s
where “success” is number of data set that the robust estimators successfully identified all the outliers,

and s is the total number of simulations.

" failure"
mask=————— 5
p (out)(s) ©)
where “failure” is the number of outliers in all data set that detected as inliers, and out is the number of
outliers.
Hfalseﬂ
SWamp = ————- 6
b P (n - out)(s) ©)

where “false” is the number of inliers in all data set that detected as outliers, and » is sample size.
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5. Results and Discussion

The results are shown in Table 1-3 and are illustrated in Figure 1-3. The values of pout for distance of
outliers, A =2 are decrease as the percentage of outliers increases for all robust estimators. It shows
that outliers are easier to detect when the data contain small number of outliers. At 25% of outliers, all
robust estimators failed to detect the outliers as the value of pout is 0.000. Table 1 show that TOC has
the lowest value of pout for all percentage of outliers except for 2% and 25%. However, the value of
pout for distance of outliers, 1 =4and A =10 remain 1.000 as the percentage of outliers increases for
all robust estimators. As we can see for these cases, different percentage of outliers does not affect the
results as the distances get larger. The value of 1.000 for pout shows that the estimators successfully
identified all the planted outliers.

As can be seen from Table 1, the values of pmask of TOC for distance of outliers, A =2 are the
highest except for 2% of outliers. This result show that TOC has the highest probability to falsely
detected outliers as inliers. However, the value of pmask for distance of outliers, A=4and A=10
shown in Table 2 and 3 remain 0.000 as the percentage of outliers increases for all robust estimators.

TOC shows the lowest value of pswamp for distance of outliers A =2 and A =4. This indicates
that TOC has the lowest probability to misclassified inliers as outliers. Meanwhile for 4 =10, TOC
has the lowest value of pswamp except when the data contain 1%, 2% and 25% of outliers shown in
Table 3.

Results in Table 1-3 are illustrated in Figure 1-3 which are easier to examine. Figure 1 shows plot
of pout. For A =2, the value of pout decrease as the percentage of outliers increases and for A =4 and
A =10 the value of pout remain at 1.000. However, the results for pmask in Figure 2 are contrary. For
A =2, the value of pmask decrease as the percentage of outliers increases and for A=4and 1=10
the value of pmask remain at 0.000. Plot of pswamp in Figure 3 show similar pattern for all distance of
outliers. The value of pswamp increases as the percentage of outliers increases.

Summary result for the best robust estimator of each measure is given in Table 4. From Table 4,
TOC has problems to detect outliers successfully and misclassified outliers as inliers for distance of
outliers, A =2. However, TOC give better performance in pswamp. All the results obtained indicate
that if outliers are generated close to inliers, it would make the estimators difficult to detect the outliers
as the outliers and inliers start to merge.
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Table 4. The best robust estimators for various percentage of outliers with 4 =2,4,10

e pout pmask pswamp

A=2 A=4 A1=10 A=2 A=4 A=10 A=2 A1=4 A1=10
0.01 CME All All FMCD, CME All All TOC TOC MVV
0.02 FMCD All All FMCD, MVV All All TOC TOC ISE
0.05 FMCD All All FMCD All All TOC TOC TOC
0.10 MVV All All MVV All All TOC TOC TOC
0.15 FMCD, ISE All All FMCD, ISE All All TOC TOC TOC
0.20 FMCD All All FMCD All All TOC TOC TOC
0.25 - All All MVV, CME All All TOC TOC ISE

6. Conclusions

In this study, all the methods shown are the innovation method from FMCD. As can be seen from the
algorithms, FMCD used covariance determinant and MVV used vector variance as the stopping rule in
C-step. Covariance determinant and vector variance is a scalar representation and do not represent the
structure of two covariance matrix. CME and ISE were develop based on the equality of two
covariance structure. CME determine the equality of covariance structure based on vector variance.
However, in certain cases, two covariance matrix could produce the same value of covariance
determinant and vector variance regardless the equality of covariance matrices. Hence, in this study, a
new robust estimator which is based on equality test of covariance structure is proposed. It is called
TOC.

From the simulation study, results indicate that TOC is considerably good when the distance of
outliers increase even though TOC has the highest value of pmask and most of the value of pswamp
are the lowest. This simulation study also shown that the use of TOC is applicable and a promising
approach to detect outliers for multivariate data in certain cases. In this study, we only consider
moderate sample size and number of variable and also three values for distance of outliers as our
preliminary study and results. However, in the future we would like to investigate TOC for different
outlier scenarios, distance of outliers, sample sizes and number of variables.
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