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ABSTRAK

Aliran bendalir dan pemindahan haba merupakan faktor penting dalam proses industri,
pembuatan dan aplikasi kejuruteraan.  Oleh sebab itu, adalah sangat perlu untuk
memodelkan sistem bagi meningkatkan proses aliran bendalir dan pemindahan haba di
mana kualiti akhir bagi sesuatu produk adalah bergantung kepada aliran kinematik serta
pemanasan dan penyejukan secara serentak.  Walau bagaimanapun, permasalahan
matematik untuk aliran bendalir dan pemindahan haba terutamanya bagi geometri
berbentuk silinder bulat mengufuk adalah sangat rumit untuk diselesaikan disebabkan
wujudnya persamaan tak linear berpasangan. Bagi mendapatkan persamaan tepat, ia
memerlukan masa yang lama dan usaha yang banyak manakala untuk menyediakan alat
eksperimen pula memerlukan kos yang tinggi. Dalam kes ini, teknik berangka membuka
jalan dalam mendapatkan penyelesaian terbaik untuk menyelesaikan masalah. Oleh itu,
persamaan menakluk bagi aliran bendalir dan pemindahan haba beserta dengan syarat
sempadan diselesaikan secara berangka. Kebiasaannya apabila model aliran olakan
dilaksanakan, kebanyakan penyelidik menggunakan suhu dinding malar atau fluks haba
malar sebagai syarat sempadan. Walau bagaimanapun, syarat sempadan ini tidak cukup
lengkap untuk menggambarkan keadaaan proses pemanasan bagi sesetengah keadaan dalam
industri. Terdapat satu lagi jenis syarat sempadan yang telah diperkenalkan di mana
permukaan bawah silinder dipanaskan dengan olakan dan ini dikenali sebagai syarat
sempadan olakan. Dimotivasikan oleh syarat sempadan yang baharu ini, skema berangka
yang dibangunkan dalam kajian ini diharap dapat dijadikan sebagai teori rujukan kepada
penyelesaian tepat atau kepada kerja makmal di masa hadapan. Oleh itu, lima masalah
berbeza bagi aliran bendalir dan pemindahan haba telah dipertimbangkan dalam kajian ini
dengan mengambil kira syarat sempadan olakan sebagai pemanasan haba. Semua model
matematik ini kemudiannya diterbitkan bagi kes aliran olakan paksaan, bebas dan juga
campuran di atas silinder bulat mengufuk di dalam tiga jenis bendalir berbeza iaitu likat,
mikrokutub dan juga nanobendalir. Persamaan menakluk pembezaan separa parabola yang
menerangkan tentang aliran kemudiannya ditukar kepada penjelmaan ketakserupaan, dan
kemudiannya diselesaikan secara berangka menggunakan kaedah teknik pembezaan
terhingga yang stabil tanpa syarat dikenali sebagai kaedah kotak-Keller. Kod berangka
dalam bentuk atur cara komputer dibina menggunakan perisian MATLAB. Penyelesaian
berangka terdiri daripada profil halaju, suhu, isipadu pecahan nanozarah, geseran
permukaan, dan perubahan haba bagi nilai parameter yang berbeza untuk keadaan fizikal
bagi parameter olakan, olakan campuran, nombor Lewis, parameter poros dan juga nombor
Prandtl. Didapati, bagi kesemua masalah yang dipertimbangkan, profil halaju dan suhu
meningkat bagi peningkatan syarat sempadan olakan. Bagi kes nanobendalir, profil isipadu
pecahan nanozarah turut meningkat jika syarat sempadan olakan meningkat. Begitu juga
bagi setiap kenaikan parameter olakan, pekali geseran permukaan juga meningkat kecuali
bagi kes nanobendalir, di mana jika parameter olakan menurun, ia menunjukkan penurunan
bagi kedua-dua kes; Tiwari dan Das serta Buongiorno. Manakala, bagi pekali perubahan
haba dan Nusselt number, dapat diperhatikan bahawa kesan parameter olakan meningkat
secara signifikan. Kesimpulannya, dengan menggunakan syarat sempadan olakan terhadap
silinder bulat mengufuk, didapati bahawa trend yang diperoleh bagi kes sempadan olakan
adalah menyerupai kes suhu permukaan malar apabila nilai parameter sempadan olakan
Y — oo.
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ABSTRACT

Fluid flow and heat transfer play a significant factor in industrial processes, manufacturing
and engineering applications. Therefore, a model is needed to enhance the process of fluid
flow and heat transfer, as the final products are heavily reliant upon the kinematics of the
flow and the simultaneous heating or cooling. However, the mathematical description of
fluid flow and heat transfer specifically in geometry of horizontal circular cylinder are quite
difficult to solve due to the nonlinearity existence and coupled equations. Indeed, obtaining
an analytical solution requires additional effort and time meanwhile to setup an experiment
is costly. In such a case, numerical methods provide means to solve the problem. Therefore,
the governing equation of fluid flow and heat transfer together with the boundary conditions
are solved numerically. Normally when modelling convection flow, many researchers
applied constant wall temperature or constant heat flux in the boundary conditions.
Nevertheless, these types of boundary conditions appear insufficient to adequately describe
the heating process for some cases. Another type of boundary condition; where convection
heats the bottom surface of the cylinder are applied in this study. This type of heating
process is called convective boundary condition. Motivated by this newly type of boundary
condition, the numerical scheme derived in this research is anticipated to provide a
theoretical reference to other analytical solution or for future experimental work. Five
different problems of fluid flow and heat transfer have been considered by incorporating
convective boundary conditions as thermal heating. Accordingly, these mathematical
models are then derived for steady laminar forced, free, and mixed convection boundary
layer flows over a horizontal circular cylinder immersed in three types of fluid namely
viscous, micropolar fluid and nanofluid. The governing parabolic partial differential
equations describing the flow are transformed using non-similar transformation, which is
then solved numerically using the unconditionally stable implicit finite difference scheme
known as the Keller-box method. The numerical codes in the form of computer
programmes are developed using MATLAB software. The numerical results obtained
consists of velocity, temperature, nanoparticle volume fraction profiles, skin friction and
heat transfer for various parameters of physical conditions such as convective, mixed
convection, Lewis number, porosity parameters, as well as Prandtl number. It was observed
that in all considered problems, the profiles of velocity and temperature profiles increase for
increased values of convective boundary conditions. In the case of nanofluids, the values of
nanoparticle volume fraction profile increases with with the increment on the values of
convective boundary condition. Correspondingly, as the value of convective parameter
increases, the skin friction coefficient increase as well except for nanofluid where the
convective parameter decreased in both cases; Tiwari and Das, and Buongiorno. However
for heat transfer coefficient and Nusselt number, it was observed that the effects of
convective parameter has increased significantly. In conclusion, by applying the convective
boundary condition over a horizontal circular cylinder, it is found that the trend of the
solutions obtained for the convective boundary condition case is similar to the constant wall
temperature case, especially when convective parameter y — oo.
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CHAPTER 1

INTRODUCTION

1.1 Research Background

The modelling of convection flow phenomena has been investigated over past
decades resulting from the increased demand in industrial and manufacturing processes
such as cooling of an infinite metallic plate in a cooling bath, paper production and glass
blowing. The output and quality of the final product produced depend on the heat transfer
rate at the surface (Ishak, 2010). To achieve the desired outcome, it is essential to
understand the convection process, which can be performed by experimental work, adopting
a theoretical approach and by modelling the system mathematically. This study focusses on
the latter approach and mathematical model of the convection process requires specification
of the dependent variables of interest (velocity, temperature and pressure), the governing
equation of the problem, the initial and boundary conditions, the geometry of the surfaces,
the type of the fluids and the solution method of the resulting system of equations. In

considering these specifications, the desirable results will be achieved (Botte et al., 2000).

Convection by definition is the transfer of heat from one place to another by the
movement of fluids. Mathematically, the Navier-Stokes equations are the perfect equations
that can conceptualise the mathematical description of the fluid movement. The solution of
the Navier-Stokes equations is a flow velocity. Once the velocity has been determined, the
other variables of interest such as temperature, pressure and skin friction can be found.
Although the Navier-Stokes equations could adequately describe the motion of flow
mathematically, the equation itself is very complex and challenging to solve as it is elliptic.
The inability to solve the Navier-Stokes equations for flow problems has continue to hinder
researchers in calculating friction within a fluid. However, the breakthrough that provides a
solution for the previous problem was when the boundary layer theory concept was
introduced many years ago by Prandtl. The boundary layer equations simplifies the full

Navier-Stokes equations by dividing the flow into two regions. Indeed, this dramatically



simplifies the equation without changing the physical sense and still acceptable to describe

the flow characteristics (Kasim, [2014). Details of this concept will be explained further in

Section[2.2.21

Once the simplification process has been completed, the boundary layer equations
then need to be solved. Accordingly, there are two methods available: analytical and
numerical methods. Analytical method produces an exact solution, is continuous in the
independent variables and provide further insight into a system. Unfortunately however, the
focus of this study is on the geometry surface of a horizontal circular cylinder and involving
complex equations, which is where the numerical method is applied. Numerical methods
albeit very general, are appropriate for most models. Importantly, the accuracy of the
technique depends upon the system, complexity of the boundary conditions, and so forth.
The most common techniques used for modelling convection flow are the finite difference
method (FDM) and the finite element method (FEM). The numerical method used in this
study is the implicit finite difference method namely the Keller-box method. This method
has been found to be suitable for dealing with convective boundary layer flow problems
(Shu and Wilks, [1995). Another advantage of the Keller-box method is that the method is
unconditionally stable, and can solve problems in any order (Na, 1979; Mohamed, [2013)).
Furthermore, the vast number of published papers on various flow problems has
successfully applied the Keller-box method in solving many flow problems. Also, many
books describing the Keller-box method can be found in publications by Na| (1979) and by
Cebeci and Bradshaw| (1988)).

The primary focus of early research in convection flow has been concentrated
primarily on Newtonian fluid. Most low molecular weight substances such as inorganic salt,
water, ethyl alcohol, exhibit Newtonian flow characteristic i.e. constant temperature and
pressure, shear stress @ proportional to the rate of shear £&. However many substances
especially of multi-phase nature (foams, emulsions and slurries) and polymeric melts do not
conform to the Newtonian postulate of linear relationship between ¢ and £ in a simple
linear. Accordingly, these fluids are variously known as non-Newtonian, non-linear and
complex fluids. Therefore, another non-Newtonian fluid that shall be considered along with
viscous fluids in this study are micropolar fluids. Likewise, recent demand for small size
equipment has prompted researchers to develop fluids with high thermal conductivity.
Notably, research exploration leads to the discovery of the nanofluids; fluids that could
enhance thermal conductivity and improve heat transfer efficiency. The study on nanofluid

is also considered in this study.

Even though there have been many numerical studies and theoretical work

undertaken previously on the flow and heat transfer process, it seems that majority of these



studies are limited in the case constant wall temperature (CWT) and constant heat flux
(CHF). Furthermore, the Newtonian heating (NH) condition initially used by [Merkin| (1994))
and later |Aziz (2009) has incorporated another type of boundary condition known as
convective boundary conditions (CBC). The convective boundary condition can be
described as a situation where convection heats the bottom surface of the cylinder from a
hot fluid. Unlike constant wall temperature and constant heat flux, convective boundary
condition is more realistic to apply to the real situation since the heat coefficient value

changes as the wall temperature changing.

To date, there have been relatively limited number of published works on convective
heat transfer from heated bodies of higher complexity, such as horizontal circular cylinders.
Indeed, the geometrical shape of the cylinder creates non-uniformity in heat transfer around
the cylinder surface. With a better understanding and insight of the flow behaviour around
the cylinder, it is then possible to devise a method for heat transfer enhancement (Eiyad et al.,
2008). The horizontal circular cylinder was selected as an example for studying the effect of
the parameters especially the convective boundary condition due to the significant variation

in heat transfer rates around the cylinder surface in the tangential direction.

Therefore, this study proposes to formulate a mathematical model of the convection
flow and investigate if there is a significant effect of convective boundary conditions in five
different flow problems: forced, free and mixed convection flow over horizontal circular
cylinder in viscous, micropolar and nanofluids, respectively. Besides the convective
parameter, the influence of other governing parameters on the flow and heat transfer
characteristics is also considered including the physical quantity of interest. Throughout the
five problems, the effect of all parameters and physical quantities of interest in each
chapters are discussed. Physical quantities of interest such as heat transfer coefficient and
skin friction play a significant role in any practical situations. For instance, heat transfer
coefficients provide information regarding the rate of heat transfer from the body to fluid
and the type of material used in order to avoid body being exposed to high temperature.
Otherwise skin friction coefficient is also important for practical problems as it determines
the heating of the body due to the shear stress on the body and heat loss by friction.
Therefore, the nature of the flow and its separation from the body surface can be determined
as well by skin friction coefficients (Nazar, |2003). The flow becomes unstable and
rotational when it separates from the body. This phenomenon of separation is very crucial

for designing and building a plane.

It is worth mentioning at this point that a mathematical model of the five problems
has been derived for the case of convective boundary conditions. The simulated results of

a mathematical model are illustrated and the analysed data are given in the five different



chapters corresponding to the five different problems . The contribution of this study will
serve as a reference for future research in experimental work and used as a comparison with

analytical results or theories.

1.2 Problem Statement

As mentioned earlier in the previous section, most of the published results in the
open literature are incorporated with constant wall temperature and constant heat flux as a
heating process at their boundary conditions. However, there are a relatively limited number
of published solutions that have been attempted for the convective boundary conditions
especially in the horizontal circular cylinder. Moreover the topics of convective boundary
conditions have not clearly developed yet. Accordingly, the present work is prepared as an
attempt to continue in developing the heating process of CBC, so that the research gap
between CWT, CHF and CBC can be narrowed.

Among the references, it is quite noticeable that minimal progress has been made in
CBC, but instead, attention on CBC is focussed more on simpler geometry such as stretching
sheet and vertical plate. Until now, there is not much investigation of CBC in the horizontal
circular cylinder to facilitate the effect of convective parameter of profile. Notwithstanding,
most researchers have focused more on CWT and CHF as it is easier to solve. However, the
effect of the CBC case cannot be ignored as many natural phenomena involve the changing
process of wall temperatures. Therefore, is it natural to ask the question, “Is it possible for
us to extend the pioneering work of convection flow to investigate the effect of convective on

the velocity and temperature of the cylinder?”

The involvement of convective boundary condition as a heating process leads to the
complexity of creating the initial profile in MATLAB programming that can satisfy the
boundary condition asymptotically. The wall temperature or heat flux is no longer constant,
and therefore this factor contributes to the difficulties of the problem. Choosing the
appropriate initial profile is a challenging task yet is interesting to obtain the most accurate

result for the analysis.

Cylindrical shape bodies exhibit boundary layer separation. Boundary layer
separation occur when the flow is unstable and transition from laminar to turbulence flow.
Up to a certain point, singularities are encountered. The questions then start to arise, ”At
what point separation occur?”. By modifying the boundary conditions, it will influence the
separation point, convection process as well as the flow of the fluid. Hence, this study aims

to explore the following research questions:



1) How are the mathematical models of viscous, micropolar and nanofluid problems with

the convective boundary conditions formulated?

i) What are the effects of the convective boundary conditions parameter on the flow and heat

transfer characteristics over a horizontal circular cylinder, along with other parameters?
iii) Will the convective boundary conditions delay the separation process?
Question 1 is covered in Chapter 3, whereas Chapter 4 to Chapter 8 provides the answers to

Question 2. Discussion and explanation for Question 3 are given at the end of the Chapter 4

to Chapter 9.

1.3 Research Objectives

Based on the research questions posed before, the objectives of the present study are

to:
i) derive mathematical models for the proposed problems of boundary layer flows

i1) carry out mathematical formulation and analyses

iii) develop numerical algorithm and programming for computations in generating numerical

solutions
iv) analyse the effect of the convective parameter and other parameters on the heat transfer

characterisation

Five problems that are considered in this study are listed as the following:

i) Forced convection boundary layer flow over a horizontal circular cylinder in a viscous
fluid

i1) Free convection boundary layer flow over a horizontal circular cylinder in a micropolar
fluid

111) Mixed convection boundary layer flow over a horizontal circular cylinder in a viscous
fluid

iv) Mixed convection boundary layer flow over a horizontal circular cylinder in a nanofluid:
Tiwari and Das Model



v) Mixed convection boundary layer flow over a horizontal circular cylinder in a nanofluid:

Buongiorno Model.

1.4 Research Scope

The scope of this study is limited to a problem involving steady two-dimensional
forced, free and mixed convection boundary layer flows where the geometry of the surface
considered in this study is a horizontal circular cylinder, immersed in viscous, micropolar
and nanofluid with convective boundary conditions. Notably, this study examines the effect
of convective boundary conditions and other parameters on the flow and heat transfer. The
governing equations of the problems are then formulated using non-similar transformation

and solved numerically using the Keller-box method.

1.5 Significance of Research

The demand in many fields of applications such as engineering, physics and biology
contributes to an accelerating interest in the development of convection flow and heat
transfer. Earlier investigations have focused on the constant temperature, and only recently,
the case of convective boundary conditions has been highlighted. As a result, research on
boundary flow by incorporating convective boundary conditions is required as work in this
area is far less advanced. With the convective boundary conditions, the model is presumed

to obtain a realistic solution to practical problems.

On the other hand, the heat transfer characteristics improved by suspending the
nanoparticle. Thus, the study of nanofluid is important because nanofluid are widely used in
the heat exchanger, microchannel heat sink and many more. Compared to conventional
fluid, nanofluid has high specific area and more heat transfer surface between the particle
and fluids. Therefore, there is substantial need to investigate and identify other unique

applications for these fields.

Undoubtedly, the result or output from the numerical methods of the modelling of
convection flow is hoped to enhance the understanding of the fluid flow phenomenon and to
improve the development of related industries, for example in the manufacturing industries.
Besides that, the results obtained can be used for validation purposes in the future.
Furthermore, it is hoped that this study will facilitate researchers, engineers or other people

related to this specific field to explore this area more broadly.



1.6 Overview of the Thesis

This thesis consists of nine chapters, including the introduction in Chapter 1,
presenting the problem statement, objectives, scope and research significance. Chapter 2
discusses on the literature review for the proposed problems. The literature review is
divided into several sections which discusses on the flow on a forced, free, mixed in
viscous, micropolar and nanofluids, respectively. In addition, brief introduction to the

research are included here.

In Chapter 3, the problem formulations and numerical method are presented and
discussed. A full discussion and details of the numerical method are also explained for
the case of mixed convection boundary flow in nanofluids using Buongiorno Model. The
procedure of the prescribed solution for the Keller-box method is given here. The entire
MATLAB program of the problem discussed in Chapter 3 is presented in Appendix A and
B.

The main body of the thesis is given in Chapter 4 to Chapter 8. In Chapter 4, 5 and 6
we discussed on the problem in forced convection in viscous fluid, free convection in
micropolar fluid, mixed convection in viscous fluid respectively. Chapters 7 and 8 prescribe
the problem on mixed convection boundary layer flow of a nanofluid fluid past a horizontal
circular cylinder considering two nanofluid models namely the Tiwari and Das and
Buongiorno. The full derivation of governing equations of Chapter 8 are presented in
Chapter 3.

Finally, Chapter 9 provides the overaching conclusions for the entire content and
work performed in the thesis. Additionally, some recommendations for future study based
on present solution also highlighted in this chapter. Further, the list of symbols used in
MATLAB system is provided in Appendix A and the solution procedures are given in
Appendix B. Appendix C to G provide detailed formulation of the five problems discussed

in the thesis and list of publications are shown in Appendix H.



CHAPTER 2

LITERATURE REVIEW

2.1 Introduction

The purpose of this chapter is to elaborate the literature review used in this study.
The literature review are divided into several sections which addresses basic concepts to
understand the theoretical framework for the method and also contains information from
previous studies, earliest investigations including the finding on the respective topic. The
basic concept of the research including the convective heat transfer; boundary layer theory;
type of fluids; and convective boundary conditions, as well as the numerical method namely
Keller-box method. As there are numerous papers devoted to the research on fluid flow, we
are going to present only a few of them, a cursory discussion of the quintessential
contribution of which is going to justify the re-examination of the subject in the present

research as well as the chosen framework.

2.2 Basic Concept of Flow and Heat Transfer

The effort to obtain a mathematical formulation of a fluid flow took shape during the
century following the publications of research by well known mathematicians. The next
subsection reviews the background materials required in this study. It provides an
introduction from the beginning of the mathematical formulation especially about flow and
heat transfer. It commences with heat transfer characteristics, the backbone of mathematical
modelling in a convection flow as given in the Subsection [2.2.1} The boundary layer part is

provided in Subsection [2.2.2|followed by a brief review of fluids.



2.2.1 Convective Heat Transfer

Convection is the transfer of heat by the movement of fluid. The fluid movement
enhances heat transfer. Movement of fluids is very complex, making convection a difficult
subject. An everyday example of convection is the radiator, oceanic circulation, heat

exchangers, air conditioning and many more (Cebeci and Bradshaw}, (1988]).

Convection can be divided into two distinct types, free convection and forced
convection. Free convection occurs when fluid motion is caused by buoyancy forces that
resulted from density variation due to the difference in temperature in the fluid and in the
presence of body force such as gravity., When a less dense fluid is heated, the density
change causes the heated fluid to rise and replaced by cooler (dense) fluid without external
induced flow arising. Conversely, if the motion of the fluid arises from an external agent, for
instance, a fan, a blower, the wind, or the motion of a heated object itself, which imparts the
pressure to drive the flow, the process is termed forced convection. In any forced convection
situation, free convection is also present under the pressure of gravitational body forces.
The main difference between free and forced convection lies in the mechanism by which

the flow is generated.

In addition, there is another type of convection that exists when free convection and
forced convection mechanism act together to heat transfer. The process is called mixed
convection flow. The effect is noticeable in a situation where the forced fluid velocity is low

and the temperature difference is significant.

Internal and external flow can also be classified convection.The internal flow
describes a case when fluid is enclosed by a solid boundary such as pipes and channel.
Meanwhile, external flow occurs when a fluid extends without encountering a solid surface
such as a flat plate, cylinder and sphere. Therefore, this research focuses on the convection

that takes place at horizontal circular cylinder, the case of external flow.

The type of the flow also influences the convection process. A flow can be described
as laminar, turbulent or transitional in nature. Smooth flow with a particle of fluid moving
steadily in a smooth line parallel to the surface is called laminar flow. The velocity of the
laminar fluid is constant at any point. The opposite trend is observed for turbulence flow.
Turbulence flow is characterised by a choatic flow with particles moving unsteadily in an
unpredictable path. Turbulence flow occurs when the Reynolds number is high while laminar
flow is when the Reynolds number is low. The process of laminar becoming turbulent is

known as transitional flow.



Apart from the flow type, other criteria that mainly contribute to convection is
determined by the thermal heating conditions, fluid properties, the roughness of surface i.e.
geometry and orientation. The first key to understanding heat transfer by convection is the

boundary layer.

2.2.2 Boundary Layer Theory

Boundary layer theory was first proposed by Ludwig Prandtl in 1904. Prandtl’s idea
describes a concept that would revolutionise the understanding and analysis of fluid
dynamics. The idea behind the concept is in the effect of friction which causes the fluid
immediately adjacent to the surface to stick to the surface i.e. no slip condition at the
surface and frictional effects are experienced only in a boundary layer, a thin region near the
surface (Anderson,, 2005). Outside the boundary layer, the flow is essentially the inviscid

flow.

Referring to Figure [2.1] the velocity changes enormously over a very short distance
normal to the surface of a body immersed in a flow. This means that the boundary layer is
a region of a very large velocity gradient. According to Newton’s shear stress law which
states the shear stress is proportional to the velocity gradient, the local shear stress can be
very large within the boundary layer. This results in the skin friction drag force exerted on

the body is negligible, contrary to what some previous investigators believed.

Outer edge of
boundary layer

v
W

Figure 2.1. Boundary layer region. Source: |Aches0n| (]1990[)
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Prandtl simplifies the equations of fluid flow by dividing the flow field into two regions which

are stated as follows:

1) outer layer where it is far from any solid surface and the viscosity can be neglected, and

considered to be inviscid

i1) thin layer adjacent to a solid surface dominated by viscosity and creating the majority of
drag experienced by the boundary body. This thin layer where the friction effect cannot

be neglected is called the boundary layer

With the advent of Prandtl’s boundary layer concept, it soon became possible for the
simplification of the Navier Stokes equation. As a result, the boundary layer equations are
likened to Navier Stokes in that each system consists of coupled, nonlinear partial
differential equations. The major mathematical discovery however is that the boundary
layer equations exhibit an entirely different mathematical behaviour than the Navier-Stokes
equations. The Navier Stokes equations possessed elliptic behaviour where the complete
flow field must be solved simultaneously, in accord with the specific boundary conditions
defined along the entire boundary of the flow. On the contrary, the boundary layer equations
have parabolic behaviour, which affords tremendous analytical and computational
simplifications. The boundary layer equations can be solved in a few stages by marching
downstream from where the flow encounters a body, subject to specified inflow condition at
the encounter and specified boundary conditions at the outer edge of the boundary layer.
With these step by step solutions, the prediction can be made on skin friction, the location

of the flow separation and many more.

Prandtl’s idea allows closed form solution in both areas, significant simplification of
the full Navier-Stokes equations. The majority of the heat transfer to and from a body take
place within the boundary layer again allowing the equations to be simplified in the flow
field outside the boundary layer. Prandtl simplifying the equation by estimating the order of
magnitude of the various of terms in the conservation equations, and then derived the
so-called the boundary layer equations. The boundary layer approximation and analysis
order of magnitude by Prandtl can be seen in Chapter [3] Section [3.2.7}

Another astonishing result by Prandtl is flow separation. Flow separation is a case
when the boundary layer separates from the surface and trails downstream. A separated flow
region with some low energy flow froms in the wake behind the body, but essentially the
region is dead air. At the separation point, the fluid elements deep inside the boundary layer

have already had substantial portions of the kinetic energies dissipated by friction and so
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cannot work their way uphill in a region where the pressure is increasing. Hence the velocity
profile depleted near the surface. Beyond the separation point, the boundary layer simply
lifts off the surface. There are some case in this study that involved separation flow. The

phenomenon described above is shown in Figure [2.2]

Outer edge of
boundary layer

Separation point

Figure 2.2. Separation of boundary layer. Source : |Acheson (1990)

2.2.3 Type of Fluids

As discussed in Section 2.2.1] the convective heat transfer coefficient depends on
some fluid properties such as thermal conductivity, specific heat capacity, velocity, viscosity
and other flow and temperature dependent properties. Besides that, surface geometry and
flow conditions also play a significant role in determining the convection coefficient. Thus,
the type of fluid influences the process of heat transfer. In the next subsection, the details of

Newtonian, non-Newtonian and nanofluid are provided.

2.2.3.1 Newtonian Fluid

A fluid that behaves accordingly to Newton’s law, which viscosity u is independent of

the stress, is said to be Newtonian or known as viscous fluids. Air, water, oil, and electrolyte

12



can be considered Newtonian. Due to this reason, extensive research has been devoted to

heat transfer in Newtonian (viscous) fluids.

Viscous fluids can be described as one which resists movement of an object through
the fluid. All fluids, liquid, gas or plasma have some measure of viscosity which can be
compared using mathematical formulas or direct measurement or movement. The type of
matter a fluid is made of is the main determiner of how viscous it is. In general, liquid
will become less viscous as their temperature rises, while gases become more viscous with
an increase in temperature. (Mohamed, 2013). Study of the viscous fluid is presented in
Chapter 4 and Chapter 6.

2.2.3.2 Non-Newtonian Fluid

In contrast, non-Newtonian fluid properties differ in many ways from those of
Newtonian. Most commonly, the viscosity of the non-Newtonian fluid is dependent on the
shear rate. Although the concept of viscosity is often used in fluid mechanics to characterise
the shear properties of the fluid, it can be inadequate to describe non-Newtonian fluids. The
development of the processing industry whose behaviour in shear cannot be characterised
by Newtonian relationship has made the research in non-Newtonian increasing. A number
of industrially important fluids exhibit a non-Newtonian fluid behaviour. Because of the
growing use of these non-Newtonian fluids, considerable efforts have been directed towards
understanding their friction and heat transfer characteristics. =~ Amongst the various

non-Newtonian fluid models, micropolar is considered in Chapter 5 respectively.

The inadequacy of the classical Navier Stokes to describe rheologically complex
fluids such as liquid crystal, animal blood had led Na| (1979) to study the boundary layer
flow of a micropolar fluid due to a stretching wall. Micropolar fluids are fluids with
microstructure. Theory of micropolar fluid was proposed by [Eringen|(1972). The theory of
micropolar fluids can be used to analyse the behaviour to exotic lubricant, liquid crystal,
colloidal suspensions or polymeric fluids, and animal blood. Physically, micropolar fluid
display the effects of rotary inertia and couple stress. As the fluids consist of randomly
oriented molecules, and as each volume element of the fluid has a translation as well as
rotation, the analysis of the physical problems in these fluids has revealed several
interesting phenomena, which are not found in the Newtonian fluid. Correspondingly, the
theory of micropolar fluids requires that one must add a transport equation representing the
principle of conservation of mass and momentum, and additional local constitutive
parameters are introduced. A detailed survey of microcontinuum fluid mechanics with

several applications in physiological fluid flows has been presented by |Ariman et al.|(1973).
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Interesting aspects of theory and applications of micropolar fluids are dealt in the books by

Eringen (1966) and Birkhauser| (1999).

2.2.3.3 Nanofluid

In the fast growing technology industry globally, many high-tech industries like
microelectronics, manufacturing and transportation are facing a problems associated with
limiting the cooling efficiency of heat transfer fluids like water, ethylene glycol, lubricants
and oil. On the other hand, rapid cooling is also an essential requirement in food science
and technology. Hence, the enhancement of thermal properties of conventional fluids can be
improved by taking a dilute suspension of nanoparticles into conventional fluids. This
suspension which is called nanofluid is a relatively new class of fluids which consist of a

base fluid with nano-sized particles.

Figure 2.3. Physical model of nanofluids

The term of nanofluids was first introduced by (1995). The nanofluid possesses
a significantly higher thermal conductivity and single phase heat transfer coefficients than
respective base fluids. In conventional case, the suspended particles are of micrometre or
even milimetre dimensions. This large dimension causes severe problems such as abrasion

and clogging. Hence, suspended large particles in fluids are hindering the thermal
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conductivities in fluid. Therefore, the discovery of nanofluid has boosted the work in
improving thermal conductivity. Other major advantages of nanofluids are that the size of
nanoparticle is nanometre-sized, and can easily flow smoothly through the microchannel
(Khanafer et al., 2003), and therefore, improve thermal conductivity. Reducing and
enhancing the heat transfer capabilities will make nanofluid a smart fluid. Besides that
nanofluid is very stable due to the tiny size of the nanoelement with no additional problems.
The enhanced thermal behaviour of nanofluids could provide a basis for an enormous
innovation for heat transfer intensification, which is of major importance to many industrial
sectors including transportation, chemical and metallurgical sectors, power generation,
micro-manufacturing, thermal therapy for cancer treatment, as well as heating, cooling and
air-conditioning. Indeed, nanofluids are also important for the production of nanostructured
materials, for the engineering of complex fluids, as well as for cleaning oil from surfaces
due to their excellent wetting and spreading behaviour (Ding et al., [2007). However, the
thermal conductivity of the nanofluid is strongly dependent on the volume fraction
dimension, properties of the solid particle, shape and also the size of the particle (Eastman
et al., [ 1997; Xuan, 2000). Study on nanofluid is presented in Chapter 7 and 8.

2.24 Convective Boundary Conditions

Determining the boundary conditions at a surface exposed to a flowing fluid is one
of the major concerns for convection. Early studies revealed that in flow problems
incorporated either constant or prescribed wall temperature; or constant or prescribed
surface heat flux. However, more recent developments of the convection flow have
identified that another two heating processes have been used to specifying the
wall-to-ambient temperature distributions, namely Newtonian heating and the convective

boundary conditions.

Correspondingly, Newtonian heating is a case where the heat transfer rate from the
bounding surface with a finite heat capacity is proportional to the local surface temperature
usually termed conjugate convective flow. In contrast conjugate conditions are where heat is
supplied through a bounding surface of finite thickness and finite heat capacity. In this case,
the interface temperature is not known beforehand, but depends on the intrinsic properties of
the system, namely the thermal conductivity of the fluid and solid (Salleh et al., 2010a). In
other words, a situation where convection heats the bottom surface of the plate from a hot
fluid. It is well known in that in convection along a surface with a convective temperature

boundary condition the temperature will change along the surface.
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In many actual cases the heat transfer from the surface is proportional to the local
surface temperature (Hayat et al 2017). In the boundary layer flow and heat transfer
analysis, constant wall temperature and constant heat flux are widely used. However there
are instances where the heat transfer is occuring at the surface relies on the wall
temperature, resulting mostly in heat exchangers. In this case, the convective boundary
condition is used to replace the the condition prescribed by the wall temperature or heat flux
(Mansur and Ishakl, [2013)).

Heat transfer problems for flow regarding the convective boundary condition were
investigated by |Aziz (2009), where a similarity solution for the laminar thermal boundary
layer over a flat plate was studied. Furthermore, Aziz in his study, demonstrated that a
similarity solution is possible if the convective heat transfer of the plate is proportional to
x~ Y2 The appearance of the paper simulated a large number of subsequent studies
concerning different boundary layer problems with convective boundary conditions. See for
example, Magyari| (2011), Aziz and Khan| (2012)), Makinde and Aziz (2011), |Alsaedi et al.
(2012), Ishak et al. (2011) and Mohamed| (2013)).

Notwithstanding, constant wall temperature and heat flux may be easy to formulate,
but it seems unrealistic to apply to real life applications. On the other hand, incorporating
the convective boundary condition in the governing system may add further difficulties and
challenging equations as the stabilities and inconsistency occurrences persist, but the results
obtained may be worth to the industrial applications, and likewise to bridge the thermal
heating process gap. An excellent review of the topics covering convective heat transfer
problems can be found in the books by Martynenko and Khramtsov| (2005)) and Bejan|(2013)).

It is worth mentioning at this juncture, the convective boundary condition changes
into constant wall temperature when the value of convective parameter is substantial. Since
the study of the convective boundary condition is still at its early stage, comparison against
available literature is limited, if existing at all. Therefore by choosing a big value of
convective parameters, a comparison can be undertaken with the existing and relevant

published research works.

2.3 Keller-box Method

The box scheme for the numerical solution of parabolic differential equations was
originally proposed by Keller (1970), namely Keller-box method. Keller-box method is
an efficient and accurate implicit numerical scheme devised specially for case of parabolic

differential equations. The method has few desirable characteristics that make it suitable
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and fit for the solution of all parabolic partial differential equations (Cebeci and Bradshaw,
1988). There are other desirable features which are not so apparent. Being implicit, the

method will be unconditionally stable.

The procedure of fourth - order accurate extension of Keller-box method is capable of
treating laminar or turbulent boundary layers up to separation point and includes transverse
curvature effects. The analysis has been coded and has been shown to provide solutions
comparable in accuracy to similar second order schemes but with fewer grid points and with

less computer time (Cimbala, 1979).

This method has been applied widely and it seems to be the most flexible of the
common methods. It has been tested extensively on laminar boundary layer flows and
turbulent boundary layer flow (Keller, [1970). It has also been shows by Keller and Cebeci
(1972) and Mucoglu and Chen (1988) that Keller-box method is to be much faster, easier to

program, more efficient and flexible to use.

The scheme is also applicable to various type of boundary flow problems, which are
the free and mixed convection flow. |Na| (1979) discussed the isothermal free convection over
a vertical plate using the Keller-box method. Kumari et al. (1987) considered the mixed
convection boundary flow over a sphere embedded in a saturated porous medium using this
numerical method. Next, Kumari et al. (1996) extended this method to solve the unsteady

free convection flow over a continous moving vertical surface.

The procedure includes an implicit finite difference scheme in conjuction with
newtons method for linearisation. Implementation of the box scheme will entail the solution
of linear systems of algebraic equations. We shall use the method of factorization of block
tridiagonal matrices recommended by Keller (1970) in the five problems consider in this

study.

2.4 Forced Convection Viscous Fluid

The first solution of the steady forced convection momentum was been described
initially by Blasius|(1908) who determined the flow from the stagnation point by using series-
expansion. In 1940, Frossling (1940) then solved the thermal equation of this problem for
the case when the surface temperature of the cylinder is subjected to a constant temperature
(Schlichting, [1968). Apart from series expansion method, Merkin and Pop| (1988) proposed
a numerical solution for the case when there is constant heat flux from the cylinder. The

numerical solutions obtained were then used to compare with the series expansion where
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it was determined that the Blasius expansion was better in estimating temperature profile,

whereas the Gortler-type expansion was better at estimating the velocity profile.

Nonetheless, research on forced convection has been extended where the flow and
thermal equations are solved simultaneously using various numerical methods. (Bharti
et al., [2007) presented in their paper two types of thermal conditions which are constant
temperature and uniform heat flux on the surface of the cylinder. Furthermore, they
investigated numerically the momentum and thermal energy equations using the finite
volume method. Indeed, they stated that uniform heat flux always shows the higher value of
the heat transfer coefficient than the constant wall temperature at the surface of the cylinder.
Next, |Sumaily et al.| (2012) in a separate study, applied high-order finite-element in solving
forced convection embedded in the porous medium. The study analyses forced convection
heat transfer from a circular cylinder by applying constant wall temperature as the thermal
boundary condition. Further, Soares et al.| (2005) studied flow and heat transfer behaviour
of non-Newtonian fluids by incorporating the iterative Gauss-Seidel relaxation method.
They reported that kinematic condition is a major factor that influenced the power law index
and less by the type of thermal conditions. In a recent study on forced convection, Durgam
et al. (2017) and Sheikholeslami and Bhatti| (2017) demonstrated the optimal distribution of
the heat source array under forced convection and nanofluid forced in the presence of a
magnetic field respectively. The numerical solution was executed using COMSOL as in the

former paper and the control volume based finite element method was used in the latter.

Equally important in the numerical approach, the analytical solution on forced
convection also available in the literature. [Magyari and Keller (2001) provided the solution
for the problem of forced convection flow over plane or axisymmetric bodies of arbitrary
shapes and power-law surface temperature distribution analytically in porous medium.
Meanwhile, Mirgolbabaei et al. (2010) solved forced convection over a flat plate and
applying the Adomian Decomposition Method (ADM) with the series solution of the
nonlinear differential equations governing on the problem thereby developed. The ADM
combined with the Pade approximant to provide efficient alternative tools for solving

nonlinear models.

However, the literature on forced convection on the experimental work has not been
studied as extensively compared to the numerical methods. Some of the studies on the
mechanism behind the forced convection flow using experimental techniques may be found
in several papers by [Sanitjai and Goldstein (2004), Mohammed and Salman| (2007) and
Mahgoub (2013). The latter researcher investigated forced convection heat transfer over a
flat plate in a porous medium with air as the working fluid. The experiments have been

carried out for the Reynolds numbers ranging from 10° to 10° based on the test plate length
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under the condition of constant heat flux. Accordingly, it was found that higher heat transfer

coefficients were obtained with larger particle size and higher particle thermal conductivity.

On the other hand, Salleh et al.|(2011) conducted a study on forced convection over a

horizontal circular cylinder with Newtonian heating boundary conditions. It was shown that

the flow problem is unaffected by the heat transfer due to the decoupling equations and there
are critical values in the parameters to achieve an acceptable solution for the temperature
profiles. The Newtonian heating conditions were introduced by (1994), and the

condition has also been used in many studies by investigators such as in/Chaudhary and Jain|

(2006), Salleh et al.| (2009, 201 1)) and many more.

In addition, another type of boundary conditions which is convective boundary

condition has been investigated over a flat surface by Merkin and Pop| (2011). The result

was obtained numerically based on the Crank-Nicolson method and the Newton-Raphson
iteration to finite difference equations that arise at each step space. Before that,
had already solved the forced convection problem numerically using the finite
volume method. These researchers considered viscous fluids in their studies. However in

more recent research, Mohd Rohni et al| (2013)) expanded the work and focused towards

nanofluid as this fluid gave promising results in increasing the thermal conductivities. These
authors incorporated constant wall temperature in their studies concluding that by
increasing the nanoparticles thereby leads to the increase in thermal conductivity.
Moreover, a most recent paper by [Mabood et al| (2016) studied nanofluid in the forced
convection numerically considering convective boundary conditions as the thermal
conditions. Also, the experimental investigation by Vimala et al. (2016) in the forced

convection considered nanofluids as a base fluid as well.

Therefore, the above literature review demonstrates that even though a significant
work has been performed in the area of forced convection, the effect of the convective
parameter on heat transfer has not been investigated in detail. Accordingly, this research
aims to is examine the steady forced convection flow over a horizontal circular cylinder
with convective boundary conditions. Motivated by the studies of [Merkin and Pop| (2011
and [Salleh et al.| (2011), problem in Chapter 4 follows closely the formulation of that

proposed by the latter. Next subtopic discussed the development of free convection in

micropolar fluids.
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2.5 Free Convection Micropolar Fluid

Several of the earlier studies on free convection can be found in the articles written by
(1969) and [Peddieson and McNitt| (1970). Indeed, Willson introduced the concept
of the boundary layer in the theory of micropolar fluids meanwhile Peddieson and McNitt

applied the micropolar theory to the problem of steady stagnation point flow, steady flow over

a semi infinite plate and impulsive flow past an infinite plate. [Balaram and Sastri| (1973)) and
(1975)) further studied convective heat transfer in a micropolar fluid through a vertical
channel and horizontal flat plate respectively. In the following year, Sastry and Maity| (1976)

collaborated together on the problem of forced and free convection in a micropolar fluid in an
annulus of two vertical pipes. Notably, in the previous three studies mentioned, the boundary

layer concepts in convective flow are not considered.

investigated and pioneered work on free convection flow on a two
dimensional or axisymmetric body. However, it appears that was the first to
present the complete solution of this classical (Newtonian) fluid using the Blasius and
Gortler series expansion method along with the integral and finite difference scheme.
Nonetheless, over the years, many numerical techniques have been applied to solve the free
convection problem. Some of the methods include the Runge Kutta integration scheme with
the Newton Raphson shooting method by [Hassanien| (1997), McCormick’s technique
(2007), Runge-Kutta Fehlberg [Yacob et al| (2011), and the finite element method
using the variational Ritz model by [Takhar et al.| (1998). Also, Elgazery and Elazem| (2009)

studied the effect of thermal radiation and variable viscosity and thermal conductivity of

micropolar fluids using the Chebyshev finite difference method. The method proposed by

Elgazery and Elazem (2009) demonstrated that the variable viscosity and thermal

conductivity in the presence of thermal radiation had significant influences on the velocity,
the angular velocity and temperature profiles, shear stress, couple shear stress and the

Nusselt numbers.

Recently, Borrelli et al.| (2013) solved MHD flow in micropolar fluids by using
numerical method. The numerical solutions are obtained using the MATLAB routine
BVP4C. Most recently, |Abdallaoui et al. (2015)) studied this numerically using the lattice

Boltzmann method where heating is maintained at a constant wall temperature. One

remarkable finding in their research is that fluid flow and heat transfer are profoundly
affected by the heating cylinder position. Later, Zhang et al| (2016) investigated

numerically a natural convection elliptic cylinder using the variational multiscale element

free Galerkin method.
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On the other hand, Kim and Lee (2003) performed several analytical studies on the
MHD oscillatory flow of a micropolar fluid over a vertical porous plate, and the effects of
non-zero values of micro-gyration vector on the velocity and temperature fields across the
boundary layer. Moreover, this was studied using small perturbation approximation.
Furthermore, the Homotopy Analysis method is noted to be among the most popular
analytical methods in solving flow problems and is frequently applied to obtain the
expression for velocity and microrotation profiles [Sajid et al.| (2009). Meanwhile, Deka
et al.| (2017) studied one dimensional unsteady free convection past an vertical cylinder
under constant heat flux at the surface. The closed form solution obtains the Bessel function
& modified Bessel functions by Laplace transformation. Also, |Abou-Ziyan et al. (2017)
investigated a short horizontal cylinder experimentally with a large Pr number under
constant heat flux for both Newtonian and non-Newtonian fluids where the results indicated
that the Newtonian fluid achieves a higher free convection heat transfer coefficient than the

non-Newtonian fluid.

The effect of the micropolar parameter in the unsteady mixed convection was
investigated by |Gorlal (1995). The findings by Bhargava and Takhar (2000), Mathur et al.
(1978) on the boundary flow immersed in micropolar fluid demonstrated that temperature
increases inside the boundary layer compared to the Newtonian flows. Likewise, Mansour
et al.|(2000) studied the effects of heat and mass transfer on the magnetohydrodynamic flow
of micropolar fluid on a circular cylinder with uniform heat and mass flux. The results
indicated that micropolar fluids display a reduction in drag as well as heat transfer when
compared with Newtonian fluids. Accordingly, Kelson and Desseaux| (2001) set self-similar
solutions for the boundary layer flow of micropolar fluids driven by a stretching sheet with
uniform suction or blowing through the surface. In a separate study, [brahim and Hassanien
(2001)) obtained local similarity solutions for mixed convection boundary layer flow of a
micropolar fluid on horizontal flat plates with variable surface temperature. More recently,
Gibanov et al.| (2016) studied convection in a trapezoidal cavity filled with a micropolar
fluid and (Hussanan et al. 2017) extended the convection flow in micropolar nanofluids

with oxide nanoparticles in water, kerosene and engine oil.

Research on free convection over flat plates in micropolar fluid has been carried out
by Jena and Mathur| (1981). The authors studied free convection in the boundary layer flow
of a micropolar fluid past a non-isothermal vertical flat plate. Undoubtedly the study of the
free convection boundary layer over horizontal circular cylinder is not as extensive as the
boundary layer flow over a flat plate. Among the early investigations over a horizontal
circular or elliptic cross section are given by Bhattacharyya and Pop (1996) where they

studied free convection in a micropolar fluid. This work is an extension of the problem
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studied by (1977) in a viscous fluid. [Hassanien and Gorla (1990) examined
combined forced and free convection in micropolar fluid over a horizontal cylinder. Next,

'Amin and Riley| (1990) analysed the problem over a heated horizontal plane and

(1976)) considered free convection on the isothermal horizontal cylinder in a viscous fluid.

Free convection over a horizontal circular cylinder was likewise studied by Merkin and Pop
(1988) by incorporating constant heat flux in a viscous fluid. Notably, Nazar et al.| (2002b))
extended the work of of the problem in a micropolar fluid with constant wall
temperature. [Nazar et al.| (2002a) then revisited the same problem applying the constant
wall heat flux. Recently, [Salleh and Nazar (2010) investigated Newtonian heating in the

boundary condition, in this problem to study the effect of the convective parameter and
Mahfouz (2013) examined free convection within an eccentric annulus filled with

micropolar fluid and was solved using the spectral method and applied CWT.

Motivated by the studies conducted by [Salleh and Nazar (2010), and Nazar et al.
(2002ab), the present study in Chapter 5 consider the laminar free convection boundary

layer flow over a horizontal circular cylinder in a micropolar fluid.

2.6 Mixed Convection Viscous Fluid

(1966) was first to theoretically proposed the problem of mixed convection
flow from general bodies in the existence of a boundary layer. Joshi and Sukhatme| (1971)

solved the boundary layer of this problem using the series method in which the cases of

assisting and opposing flow considered by using the technique of Gill Runge-Kutta

integration technique along with the Shooting method. Conversely, Nakai and Okazaki

(1975) studied the mixed convection problem of a circular cylinder for the cases of both

small Grashof and Reynolds numbers.

Further, [Sparrow and Lee| (1976) studied mixed convection of a horizontal circular

cylinder subjected to constant wall temperature. However, these authors only considered
the opposing flow in their research studies. Then, extended the problem
discussed by latter, where a numerical solution to the boundary layer equations with Pr = 1
is obtained, and solved it based on the Crank - Nicolson method, using Newton - Raphson
method coupled with the Choleski decomposition technique. The solution was restricted to
the region preceding the point of boundary layer separation since boundary layer are not

valid beyond that point.

The study on mixed convection boundary layer flow over a stretching cylinder in a

porous medium was conducted by Mukhopadhyay| (2012). The results were numerically
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obtained using Shooting method, where the skin-friction coefficient increased with an
increasing mixed convection parameter. Notably, the research on mixed convection in the
horizontal circular cylinder is not only limited to the case when fluid viscosity is constant,
but is also found in the case where the is variation in viscosity. For instance, |]Ahmad et al.
(2009) considered the problem of mixed convection with temperature dependent viscosity
and the obtained results indicated that the flow and thermal characteristics are significantly
influenced by the effect of temperature-dependent viscosity especially when the viscosity of
a fluid is sensitive to temperature variations. More recently, | Malik et al. (2016]) extended the
problem carried out by |Ahmad et al. (2009) by investigating temperature dependent
viscosity and thermal conductivity. The authors have also indicated that the effect of

viscous dissipation is considered in the energy equation.

On the other hand, Roca and Pop|(2013) performed stability analysis for the problem
of mixed convection flow past a vertical flat plate in the case of heat flux where they obtained
a dual solution to establish which of the solutions was stable; the stability analysis was
therefore required in this case. Other studies covering practical applications in engineering
heat transfer on this topic are those by Chin et al. (2007), Merkin and Pop (2002), Chen
(2000) and recently Danai et al. (2016). The more recent reference is given by [Seshadri
and Munjam| (2016) and Elsherbiny et al. (2017 where they designed a study to observe

convection across a horizontal square isothermal cylinder.

This problem has also been expanded to different geometries and extended in
several cases in viscoelastic, micropolar and the more recent development in nanofluids.
The problem of mixed convection flow of a micropolar fluid over a stretching sheet has
been solved by [Takhar et al. (1998). Anwar et al. (2008) has also analysed the mixed
convection boundary layer flows in the viscoelastic fluid over a horizontal cylinder with a
constant temperature while |[[shak et al.| (2009) considered mixed convection in a micropolar
fluid and found that dual solutions exist in assisting flow. On the other hand, |Ahmad et al.
(2012)) reported that for the case of mixed convection in laminar film flow of a micropolar
fluids, a dual solution exists for the case of assisting flow and with no dual solutions for the
case of opposing flow. Recently, Tham et al. (2014) considered mixed convection flow from
a horizontal circular cylinder embedded in a porous medium and nanofluid using the model
proposed by Buongiorno. The authors discussed the influence of several parameters of
nanofluids and concluding that the parameters affected the flow and heat transfer

characteristics.

Various numerical techniques and methods have been adopted to solve the mixed
boundary flow problem. Mukhopadhyay and Mandal (2015) reported the effect of velocity
slip and thermal slip on magnetohydrodyamic by applying the Shooting method. On the
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other hand, Bhowmick et al.| (2014) solved numerically non-Newtonian mixed problem by
applying the marching order implicit finite difference method with the double sweep
technique. For an analytical solution, the Homotopy analysis method has been widely used.
See for example Abbasi et al.[ (2016) and [Wagas et al.| (2016)). Recently Samyuktha and
Ravindran| (2015) examined the thermal radiation effect on mixed convection flow over a
vertical stretching sheet using CWT. More recently, Abbasi et al.| (2016) and |Altunkaya
et al. (2017) investigated the vertical parallel plate by using the pertubation series method

and CHF respectively.

Furthermore, Nazar et al| (2003, 2004) investigated the problem of mixed
convection in the horizontal circular cylinder for both heating conditions namely, constant
wall temperature and constant heat flux. In their papers, they explained how the governing
parameters affected the flow and heat transfer characteristics as well as the position of the
boundary layer separation. Following Nazar’s work, Salleh et al. (2010b) solved the same
problem by incorporating Newtonian heating in boundary conditions. Therefore, in the
present study in Chapter 6, the problem of mixed convection boundary layer flow over a
horizontal circular cylinder is considered by extending the work of Salleh et al.| (2010b)) by

changing the thermal heating from Newtonian to convective boundary conditions.

2.7 Mixed Convection Nanofluid : Tiwari and Das Model

Early investigation on nanofluid using the Tiwari and Das model in the horizontal
circular cylinder is presented by Eiyad et al|(2008) using the second order finite volume
scheme. Thanks to the advancement of numerical methods, most problems are solved via
the numerical approach and modelled by the nonlinear ordinary or partial differential
equations. In particular, Soleimani et al. (2012)) conducted a numerical investigation on the
natural convection inside the semi-annulus cavity filled with a nanofluid using the Control
Volume based Finite Element Method (CVFEM). Moreover, [Seyyedi et al.| (2015) applied
the finite volume method numerically to analyse the natural convective heat transfer in an
annulus filled with a Cu/water nanofluid. Through finite volume as well, Nayak et al.[(2015])

concluded that the heat transfer rate increases remarkably by the addition of nanoparticles.

Besides the finite volume and finite elements, some researchers have employed the
Lattice Boltzmann in solving the nanofluid Tiwari and Das problem. Among the
investigators using this method are Ashorynejad et al.| (2013) and [Rahmati et al.| (2016).

These authors studied numerically the effect of magnetic field on natural convection in a
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horizontal cylindrical annulus and mixed convection in a double lid-driven cavity

respectively. Sheremet et al.| (2015) conducted a similar study in the cavity

Interestingly, Dinarvand and Pop| (2017) combined both methods; analytical and

numerical in solving the convection flow problem for a rotating down-pointing cone. A
general analytical method known as the Homotopy Analysis Method is proposed together
with the Keller-box method in this study. Before that, Hassani et al. (2011) previously

applied HAM in their research and found that their result in nanofluid over a stretching

sheet for the Nusselt number are contradicted with the result obtained by [Khan and Pop|

(2010).

The studies of nanofluid in the horizontal cylinder are less than those studies
associated with the stretching sheet. Indeed, major attention is given to the problem caused
by a stretching surface because of its immense potential as a technological tool in many
engineering applications. The effect of the parameters namely the Soret effect, the
inclination angle and the thermal radiation effect in nanofluids have recently been
investigated by RamReddy et al.| (2013])), /Abu-Nada and Oztop|(2009) and Das et al.| (2015)),
respectively. In addition, Bachok et al.| (2012)) studied the stagnation point flow over a

permeable stretching/shrinking sheet. Subsequently, these authors focused on Copper

nanoparticles diluted in a water based fluid. Furthermore, they concluded in their study that
the inclusion of nanoparticles into the base fluid produced an increase in the skin friction

coefficient and the local Nusselt number.

Also, Mabood et al.|(2017) and [Tham et al. (2012) investigated the effect of viscous

dissipation on unsteady mixed convection and steady mixed convection for a horizontal

cylinder using the Tiwari and Das model by considering the constant wall temperature,
respectively. Notwithstanding, constant heat flux has also been used in mixed convection in
the lid-driven square cavity with Cu-water nanofluid by Ismael et al.| (2016).

The pioneering work of (2009) on convective boundary conditions stimulated a
vast number of subsequent papers concerning different boundary layer problems. See for
example, Yacob et al.| (2011) who investigated the problem of stretching shrinking in

nanofluid numerically using the Runge-Kutta-Felbergh method with shooting techniques by

incorporating convective boundary conditions. Further, |Haymohammadi et al. (2015)

analysed nanofluid flow and heat transfer over a permeable flat plate using convective
boundary condition. More recently, Khan et al.| (2016) investigated the rotating flow of

nanofluid induced by a convectively heated deformable surface using a combination of the

shooting approach with the fifth order Runge-Kutta method determining the velocity and

temperature distributions above the sheet.

25



Although there are great number of studies conducted on different variations of
geometry, temperature and heat flux, limited work has been undertaken (perhaps only a
few) to investigate nanofluid using the Tiwari and Das model of a circular cylinder using
convective boundary conditions. Therefore, problem in Chapter 7 concentrates on
employing the convective boundary condition whereby three different nanoparticles namely
Cu, Al,O3 and TiO; are diluted in water-based fluid to form a nanofluid. Indeed, particular
efforts is concentrated on the effects of the skin friction coefficient, the local Nusselt
number, flow field, temperature distribution, mixed convection and convective parameters.
To the author’s knowledge, little focus has been undertaken in studies highlighting the

boundary layer flow of nanofluid over a surface with convective boundary conditions.

2.8 Mixed Convection Nanofluid : Buongiorno Model

The other popular nanofluid model besides Tiwari and Das is Buongiorno. Based on
Buongiorno’s exploration on nanofluid, the study on the flow in porous medium filled with
nanofluid has garnered considerable interest and attention. Nield and Kuznetsov| (2009)
pioneered the study of porous medium saturated in nanofluid by presenting the influence of
nanoparticle on natural convection past a vertical plate, using model in which Brownian
motion and thermophoresis are accounted for. This problem is initially extends from the
classical problem of porous medium studied by (Cheng and Minkowycz (1977) while |[Nield
and Kuznetsov (2009, 2011) extended the Cheng-Minkowycz problem for natural
convective boundary layer flow in a porous medium saturated by a nanofluid. Moreover,
Nield and Kuznetsov| (2009) analysed free convection boundary layer flow along a vertical
flat plate embedded in a porous medium and Nield and Kuznetsov| (2011)) investigated the
problem of thermal instability in a porous medium layer saturated by a nanofluid. In this
model, the Brownian motion and thermophoresis enter to produce their effects directly into
the equations expressing the conservation of energy and nanoparticles. Notably, this is so
the temperature and the particle density is coupled in a certain way, and that the results in

the thermal and concentration buoyancy effects being coupled in the same way.

In a series of papers, [Kuznetsov and Nield| (2010} 201 1) further presented the natural
convective boundary layer flow of a porous medium filled by a nanofluid past a vertical
plate. The boundary layer flow over a moving semi-infinite plate in a flowing fluid is
investigated by Bachok et al.|(2010). [Khan and Aziz (2011) examined the double-diffusion
natural convection from a vertical plate embedded in a porous medium saturated with a

nanofluid. Recently, Tham et al. (2014) studied the steady mixed convection boundary layer
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flow of a circular cylinder in a nanofluid with a constant wall temperature. It is also worth

mentioning that in this chapter, the work of [Tham et al.|(2014) has been carefully examined.

Convection in fluid-saturated porous media has a remarkable impact upon some of
the applications in industry, such as heat removal from nuclear fuel debris, underground
disposal of radioactive waste material, storage of foodstuffs and exothermic and/or
endothermic chemical reactions and dissociating fluids in packed-bed reactors
(Mukhopadhyay, 2012). Since nanofluids are being used as coolants for the future, it is
therefore useful to conduct further studies involving nanofluid in porous media. A recently
published paper by Sakai et al.| (2014), reviewed a macroscopic set of governing equations
for describing the heat transfer in nanofluid saturated porous media. Moreover, the
equations were derived using a volume averaging theory, and a numerical method for a
solution to the boundary value problem for the partial differential equations. At the same
time it is possible to transform these equations to Ordinary Differential Equations (ODE)

and to solve them using semi-analytical methods (Sheremet and Pop, [2015).

Most of the work in Buongiorno nanofluid were solved numerically due to the
ramification of governing equations in a nanofluid. However, several problems being solved
via analytical solutions. For instance, [Hassani et al.| (2011) investigated analytically
convection flow past a stretching sheet using HAM. The comparison has been made with
the numerical method presented earlier by Khan and Pop| (2010) and the result is found to
be in excellent agreement. The extended HAM known as the Optimal Homotopy Analysis
Method (OHAM) has been applied recently by Nadeem et al. (2014) in the study which

deals with the Casson nanofluid in the presence of convective boundary conditions.

On the more recent development by Dhanai et al| (2016]), they investigated
numerically mixed convection slip flow and heat transfer of uniformly conducting nanofluid
past an inclined cylinder under the influence of Brownian motion, thermophoresis and
viscous dissipation via the fourth order Runge Kutta Fehlberg (RKF) method with shooting
method. Meanwhile, |Kefayati (2017) extended mixed convection non-Newtonian
nanofluids using the Buongiorno’s mathematical model in a cavity analysed by finite
difference Lattice Boltzmann method. Numerical simulation applying the finite volume

method using Buongiorno’s model has also been discussed by (Garoosi et al.[(2015).

Further studies on nanofluid are observed on a stretching sheet by Mansur and Ishak
(2013)), Das et al.| (2015) and Othman et al.| (2017). The first two papers applied the
convective boundary condition and the latter incorporating constant wall temperature. In a
further study, Othman et al. (2017) and Moshizi et al. (2017) used CWT to investigate

mixed convection magnetohydrodynamic nanofluid inside microtubes. The authors were

27



specifically interested in the effect of nanoparticle migration on fluid flow and heat transfer
characteristics, and examining the figure of merit of thermal performance. In contrast,
Ramzan et al. (2016) applied convective boundary conditions in investigating radiative flow

of second grade nanofluid.

Heat transfer under convective boundary conditions plays a vital role in the process.
Despite the considerable research previously undertaken and the enhancement efforts on
the development of heat transfer, only a few papers have highlighted convective boundary
conditions. A significant portion of the literature has focused on other geometries such as flat
plate and stretching sheet. Indeed, this form of thermal heating in complex geometry is very
important in processes involving high temperatures and in many engineering applications.
Therefore, assuming that the nanoparticles being suspended in a nanofluid, the convection
flow by implementing the convective boundary condition as thermal condition is further
studied in this thesis, extending the research by [Tham et al. (2014) by applying convective

boundary conditions.

As a summary, the development of research in five different flow problems are listed
in the Table [2.]]to Table
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Table 2.1. Development of forced convection in viscous fluid

Author Year Contribution
Blasius 1908 Solved the steady forced convection momentum at the
stagnation point using series-expansion
Frossling 1940 Solved the thermal equation for the case of when surface
temperature is subjected to constant wall temperature
Merkin and Pop 1988 Proposed numerical solution for the case when constant heat
flux is applied
Magyari and Keller 2001 Provide analytical solution for flow over axisymmetric
bodies of arbitrary shape
Sanitjai and Goldstein 2004 Obtain experimental result for the forced convection of the
horizontal cylinder
Soares et al 2005 Study flow and heat transfer behaviour of non-Newtonian
fluids using iterative Gauss Seidal relaxation method
Bharti et al. 2007 Investigated momentum and thermal equation of forced
convection using finite volume method for case constant
temperature and uniform heat flux
Mirgolbabaei et al. 2010 Apply analytical method namely Adomian Decomposition
method with the series solution on forced convection
over flat plate
Salleh et al. 2011 Derive a numerical study on forced convection
with Newtonian heating are applied as the thermal boundary
condition over horizontal circular cylinder with Keller-box
method
Merkin and Pop 2012 Construct numerical study based on Crank-Nicolson
method and Newton-Rhapson iteration with convective
boundary condition
Sumaily et al. 2012  Study high order finite element method in solving forced
convection in porous medium with constant wall temperature
Mabood et al. 2016 Extend the research in forced convection by using nanofluids
Tiwari and Das model with convective boundary condition
Durgam et al. 2017 Demonstrate the optimal distribution of heat source under

forced convection where the numerical solutions are
obtained via COMSOL
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Table 2.2. Development of free convection in micropolar fluid

Author Year Contribution
Eringen 1966 Proposed the theory of micropolar fluid
Willson 1969 Introduced the concept of boundary layer in the theory
of micropolar fluids
Peddieson and McNitt 1970 Apply the micropolar theory to the problem of steady flow
past an infinite plate
Elliot 1970 Pioneered in free convection flow on a two-dimensional or
or axisymmetric body
Merkin 1976  Present the complete solution of the Newtonian fluid using
the Blasius and Gortler series expansion over horizontal
circular cylinder with constant wall temperature
Merkin 1988 Study the same problem as in 1976, but using constant heat
flux as thermal heating
Bhattacharyya and Pop 1996 Extend the work of Merkin(1976) by considering
microplar fluid instead of Newtonian
Nazar et al. 2002 Revisit Merkin’s (1988) work of steady free convection
by considering microplar fluid
Rebhi et al. 2007 Investigate the unsteady free convection in microplar with
constant heat flux numerically using McCormick’s
technique
Sajid et al. 2009 Perform analytical study to obtain the expression for
velocity and microration profile using Homotopy Analysis
method
Salleh and Nazar 2010 Construct a study on free convection micropolar fluid by
considering Newtonian heating at the boundary conditions
via numerical approach using Keller-box method
Abdallaoui et al 2015 Provide numerical study of free convection using lattice
Boltzmann method where heating is maintained at
constant temperature
Abou-Ziyan et al 2017  Set up experiment under constant heat flux for free

convection micropolar for Newtonian and non-Newtonian
fluid
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Table 2.3. Development of mixed convection in viscous fluid

Author Year Contribution
Acrivos 1966 Proposed the problem of mixed convection from general
bodies in the existence of a boundary layer.

Joshi and Sukhatme 1971 Solve mixed convection using Gill Runge-Kutta with
shooting method

Nakai and Okazaki 1975 Study mixed convection using both small Grashof
and Reynolds number.

Sparrow and Lee 1976 Considered constant wall temperature for the problem of
mixed convection of horizontal circular cylinder and only
focus on opposing flow

Merkin 1977 Extend the work of Sparrow and Lee (1976) and solve based
on Crank-Nicolson using Newton-Raphson coupled with the
Choleski decomposition technique

Nazar et al. 2003 Investigate mixed convection in the horizontal circular
2004 cylinder for both heating conditions namely, constant
wall temperature and constant heat flux.

Anwar et al. 2008 Present the mixed convection problem with viscoelastic
fluid with constant temperature

Ishak et al. 2009 Formulate the mixed convection problem with micropolar
fluid with constant temperature

Ahmad et al 2009 Construct derivation of mixed convection with temperature
dependent viscosity

Salleh et al. 2010 * Revisit Merkin’s (1988) work of steady free convection
by considering Newtonian heating

Roca and Pop 2013 Perform stability analysis and obtained dual solution
which can determine the stableness of the solution

Abbasi et al. 2016 Investigate the mixed convection over vertical plate by
using pertubation series method with constant heat flux

Malik et al. 2016 Extend the problem carried out by Ahmad et al. (2009)
by adding the effect of viscous dissipation in the
energy equation
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Table 2.4. Development of mixed convection: Tiwari and Das model

Author Year Contribution
Tiwari and Das 2007 Proposed the concept of heat transfer enhancement via the
solid volume fraction of different nanoparticle at the base
fluid.
Daungthongsuk 2007 Provide review on the convective transport in nanofluids
Eiyad et al. 2008 Pioneer researcher of mixed convection nanofluid and solved

numerically using the second order finite volume scheme

Yacob et al. 2011 Study problem of mixed in nanofluid past stretching sheet
and solution obtained via numerical approach namely Runge
Kutta Felbergh with shooting method

Hassani et al. 2011 Obtain an analytical solution via Homotopy analysis method
for case boundary layer flow filled with nanofluid

Bachok et al. 2012 Derive the unsteady case of flow and heat transfer problem
over a permeable stretching and shrinking sheet

Soleimani et al. 2012 Conducted numerical investigation inside semi annulus
cavity in nanofluid using control volume based finite
element

Tham et al. 2012 Present output of mixed convection over circular cylinder

applying Tiwari and Das model by considering
constant wall temperature

Ashorynejad etal. 2013 Perform analysis using Lattice Boltzmann method to check
the effect of magnetic field over a horizontal circular cylinder

Hajmohammadi et al. 2015  Analysed nanofluid flow and heat transfer over permeable
flat plate using convective boundary conditions

Khan et al. 2016  Study the rotating flow of nanofluids using numerical
approach via 5th order runge Kutta and shooting using
convective boundary conditions

Dinarvand and Pop 2017 Combined analytical and numerical approach in solving
problem rotating down pointing cone. Homotopy analysis
together with Keller-box is proposed in this study

Mabood et al. 2017 Investigate the effect of viscous dissipation on unsteady
mixed convection in nanofluid using Tiwari and Das
model
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Table 2.5. Development of mixed convection: Buongiorno model

Author

Year

Contribution

Buongiorno

Nield and Kuznetsov

Nield and Kuznetsov

Khan and Aziz

Mansur et al.

Tham et al.

Nadeem et al.

Garoosi et al.

Sheremet and Pop

Dhanai et al.

Kefayati

Othman et al.

2006

2009

2011

2011

2013

2014

2014

2015

2015

2016

2017

2017

Conducted extensive study on convective transport
focusing on heat transfer enhancement observed during
convective situation.

Pionereed the study of porous medium immersed in
nanofluid and present the effect of nanoparticle on free
convection problem past a vertical plate

Extend the previous problem by investigating the thermal
instability in a porous medium

Examined double diffusion from vertical plate
embedded in porous medium immersed in nanofluid
Kutta Felbergh with shooting method

Analysed flow and heat transfer nanofluid past stretching
& shrinking sheet with convective boundary conditions

Studied the steady mixed convection embedded in porous
medium by applying constant wall temperature as thermal
heating

Extended HAM known as Optimal homoptopy analysis
is applied in oblique flow of Casson fluid with
convective boundary conditions

Applied finite volume method in convection flow problem
using Buongiorno’s nanofluids model

Investigate the convection problem in a porous horizontal
cylinder annulus with nanofluids and solve the governing
equations using semi-analytical method

Perform the numerical analysis on mixed convection slip
flow on uniformly conducting nanofluids past an inclined
cylinder via the fourth order Runge Kutta Felhbergh due

to velocity and thermal slip effects

Extend non-Newtonian nanofluids in cavity by using finite
difference method namely lattice Boltzmann.

Investigate the effect of constant wall temperature in
the problem of mixed convection past a vertical stretching
surface in nanofluids
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CHAPTER 3

PROBLEM FORMULATIONS AND NUMERICAL METHODS

3.1 Introduction

The purpose of this chapter is to provide description of mathematical model used in
this study. Two essential elements in the mathematical model are the governing equation
and the numerical method. The derivation and formulation of governing equations from
basic fluid mechanic principles that consist of the continuity equation, momentum equation,
energy equation and nanoparticle volume fraction are discussed for a case of mixed
convection boundary layer flow in a nanofluid using Buongiorno’s model, where the finding
of the results and discussion can be found in Chapter A detailed explanation of the
equations and process that governs the flow such as the non-dimensional equation,

approximations and transformation are highlighted in the Section[3.2]

Section elaborates on the numerical method used which is the Keller-box
method. This method has been used extensively in solving boundary layer problems due to
the desirable features that thereby makes it appropriate for the solution of the parabolic
differential equation. The full procedures of the Keller-box method are presented in
Subsection [3.3.1] to [3.3.4] These procedures are required later in solving another four

convection flow problems presented in Chapters @] to[8]

A further crucial element in modelling the convection flow are the boundary
conditions and initial profile. Therefore in Sections [3.4] and [3.3] the description of the

boundary condition and initial profile are provided.
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3.2 Problem Formulations

This section provides thorough derivation of the governing equations of the problem
that is presented in Chapter [§] starting from the conservation of mass, momentum, energy
and nanoparticle equation derived based on the principle of conservation law. Initially, the
governing equations are in elliptical form which consists of field equation embody the
conservation of the total mass, momentum, thermal energy and nanoparticles that given in
the following section (Buongiornol, 2006). The governing equation are then simplified into

a parabolic form by the analysis of the magnitude, non-dimensional variables and

non-similarity transformation as given in Section [3.2.7} [3.2.8| and [3.2.9] respectively.

3.2.1 Conservation of Mass

Generally, mass can be added or removed and can be changed into different types
of particles. However mass can neither be created or destroyed. In an isolated system, a
volume fixed or moving in a frame through which gas or liquid can flow is called control
volume V/(¢) and enclosing surface to control volume is known as control surface, S(¢). The
conservation of mass can be written as follows

DM;
Dt

=0

where M; = fv(z) pdV is a total mass and p is the nanofluid density. Applying Reynolds

transport theorem on total mass, then

DM, / ap / d
=/ Fav+ V.dS 3.1
Dt Jve ot ol

Assume that there is no sources or sinks of mass within dV. Then DM, /Dt = the rate at
which mass enters or leaves through the surface dS. For nanofluid, pV 1s considered as
pV+j p (Anwar, 2013). Equation 1) then becomes,

ap —
—dV / V+ir)-dS=0 32
/V WV Vi)
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Note that j, is the nanoparticle mass flux defined as

. . _ vT
Jp=lJrBtirr =—pp (DBVC— DTT_) 33

(o)

where jpp and jpr are the mass fluxes due to Brownian and thermophoresis diffusion
respectively. Equation [3.2] shows that summation rate of change for mass in control volume
with net mass flow rate from the control surface is zero and Equation [3.2] is a continuity
equation in an integral form. The continuity equation in differential form can be derived by
transforming the surface integral which is the second term in Equation [3.2) to a volume

integral. By applying the Gauss divergence theorem, Equation [3.2] becomes

/ (Lpdv+/ V- (pV+jp)-dV =0 3.4
V(a) Ot Jv(a)

This expression must hold for every arbitrarily shaped volume, the only way that it can be

satisfied is if the integrand vanishes identically, or

d _
L V-(pV+ir)=0 35

According to Buongiorno (2006)), the nanofluid density p can be written as

p=Cpp+(1—C)pys 3.6
where py, ¢ is the density for the base fluid. Therefore,

2[Cpy+ (1=C)pus)
ot

£V (ICpp + (1~ O)pyy IV +ir) = 0 31

Equation [3.7) can be split into base fluid and nanoparticles term as follows:

a(1-C o
(at)pbf—l—V-(l—C)pbszo 3.8
and
aC _
T4V (CppV +ir) =0 3.9
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Equations [3.8] and [3.9] are the continuity equations for base fluid and nanoparticles,
respectively. In Equation [3.8] since the volume fraction nanoparticles is infinitely small,
then (1—C)py, ¢ ~ p, therefore Equationreduces to

ap -
—+V.pV= 1
5 +V.pV=0 3.10

For a steady incompressible flow, p is constant and flow is independent on time ¢, hence

V.V=0 3.11

Equation is the continuity equation where V is the nanofluid velocity.

3.2.2 Conservation of Momentum

Fundamental physical principle namely Newton’s second law of motion is the
conservation of momentum with a total force F, = MtA where F; is the combination of
surface forces Fy and body forces F; while A, = E is the acceleration. Based on the

definitions, two relations are obtained:

F, = DM.Y) 3.12
Dt
and
F; = F,dS + F,dV 3.13
S(a) V(a)

Equation [3.12]can be written in integral form as
D _
= — vav
L= Dy /V . p

Comparing Equations [3.12] and [3.13] and by applying the Reynolds transport theorem, the

following equation is obtained

0 / — _
2 [ pVav+ / VoV.dS = / Fds+ [ Fdv 3.14
dt Jv(a) S(a) S(a)

V(a)
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The surface forces F; are the forces acting on the surface of the control volume, It is a
combination of shear stress and normal stress. According to Darus| (1994), F; is ordinarily

denotes as Cauchy stress tensor 7 and defined by

Oxx Txy Txz
T= [Ty Oy Ty

TZX TZ}' GZZ

Therefore, the total surface forces can be written as

/ Fst:/ zdS 3.15
S(a) S(a)

Substituting Equation [3.15]into Equation [3.14] then applying the Gauss divergence theorem,
Equation [3.15|becomes

i/ dev+/ V-pVVdV:/ V-de—i—/ F,dv 3.16
dt Jv(a) V(a) V(a) V(a)

Equation[3.16]is written in differential form as

dpV —
%+V-pVV:V-f+Fb 3.17

Expanding V- pVV = pV-VV + VV . pV and substitute into Equation [3.17, we obtained
Vel B .Y - 4
Y oV VWAV (V-pV) = V-7 +F, 3.18

ot

Eliminate the first bracket which is continuity equation, the Equation [3.18]is reduced to
0 VISREEREE
Referring to Anwar (2013), 7 is defined as

T=—pl+ A, 3.20
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where p is the pressure, I is the identity tensor, y is dynamic viscosity and A is the first

order Rivlin-Ericksen tensor which is given as
A =VVH(VV)T 3.21

VV and (VV)7 are the velocity gradient and its transpose, respectively which is defined in

matrices form as:

R

VV:&_V@a_ﬁ 3.22
dx dJy 0%
dw Jdw Jdw

Equation [3.19]is rewritten by substituting Equations [3.20|and [3.21]

aa—f +pV-VV = —Vj+uv- [VV+ (V)] +F, 3.23

Equation [3.23] shows a vector form equation for momentum. By deleting several terms, the

momentum equation of a steady form in x, y, and z can be written as

da  diu _di\ JIp d% Jdia  Ji

Jv 9 _adv\  dp 9*v  dv I
P(“ax”a—y—wa‘z) __§;%+“(W+a—y2+az2>+ﬂ’y 2

oW _ow _ow\  0p ’w  ow oW
p(”ax+vay—+wa_z)__E+”<W+ay‘2+az2>+ﬂ’z 20

where Fj,, Fj,, and Fj, are the body forces or external forces in a direction of x,y and z,
respectively. In addition, based from the Equations 3.24 to[3.26] the vector of Equation [3.23|
can be simplified as stated by (2013)) for case porous medium saturated by a nanofluid
given by

ov -
SV YV = VvV

\Y 3.27
3 +pg
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Then, we assume that the variation in density is neglected everywhere except in the
buoyancy term. Hence, the Boussinesq approximation is adopted in the buoyancy term and

is approximated by

pg= [Cpp+(1-C){ps[(1-B(T~Tx))}] & 3.28

The nanofluid density p can be approximated by the base-fluid density ps when C is small
and Darcy velocity is related to V/¢. Substituting Equation into m yields

oV u—
prov , 1

=5 TV = V+Cr,+(1-O)fpsl(1-B(T-T=))}| 2 3.29

Unlike Boussinesq in which the density difference are being ignored, Oberbeck-Boussinesq
approximation assumed that fluid have a uniform density; density differences are
recognised only in those terms which drive the motion. In keeping with the
Oberbeck-Boussinesq approximation and an assumption that the nanoparticle concentration
is dilute, and with a suitable choice for the reference pressure, momentum Equation @

can be linearized and written as
Lt 4+ oV =[(pp—pr)(C—Cou)+(1—Co)pr.B(T—T)| g 3.30

Elimination of p can be done from Equations [3.30] by cross-differentiation.

prddvV  J(ap\ 9 (m<)\ 0 s _
?a—yaﬁay<£> +a_y<EV) h a;y([(pp—pfwxc—cw)wcw>pfmﬁ<T—Tw>} g)
3.31

prd dvV d (dp\ p(dia IV oC
88y8t+8x +

i oT
)% $+a_y>: [(1—Coo)ﬁpfooay+(Pp_Pf°°)a_)—Jg 3.32

where dp/dy and g are given as follows (Nield and Kuznetsov, [2011)),

a —
—p:0 and g = gsin (f)
dy a
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Equation [3.32]reduces to

pra oV p(an 90\ [ _gogo 9T, C]
e Jy &t+K ax—l—ay = (1 Cw)Bpfway—F(pp pfoo) 5 gsin p 3.33

where py.. is the density of the base fluid, 4 and B are the viscosity and volume expansion
coefficient of the fluid, p, is the density of the particles, py is the density, K is the

permeability of the porous medium and g is the vector gravity.

3.2.3 Conservation of Energy

Conservation of energy derived based on the first law of thermodynamics. According

to the first law of thermodynamics

DE; DQ,  DW,
- D¢, DI 3.34
Dt Dt Dt

DE; - . . . 1 DQ DW;
where == is rate of change in energy inside fluid, =5 D

is the rate of work done on element due to body and surface forces element 2014).
From Equation [3.34]

5 1s the neat flux into element and

DE;
Dt

D
= — e dV 3.35
Di !/V(I)P 1

where p is the fluid density, e; is total energy defined as the combination of internal energy
due to random molecular motion e;,; and the kinetic energy due to translational motion of

. 2
the fluid element V7

V2
€ = ein[+_ 3.36
2
DO !
Next, D Js(@) 4 dS+ Jg(a) hpip-dS where
Q= —knVT +hypj, 3.37
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Further, DD“;S =L (F;+F)) Where = Jv(a)FpdV and %ljs = J5(4) T - dS. Using definition

stated above, the energy equation for ordlnary viscous fluid can be defined as

Dt/ pedV = — / qu+/ i dS+/ Tast [ Favo 338

Applying Reynolds transport theorem on the left hand side Equation [3.38]and obtained

d
—/ peth+/ pedS = —/ q-dS—l—/ h,,j,,-ds+/ zdS+ [ Fpdv
ot Jv(a S(a) S(a) S(a) S(a) V(a)
3.39
According to Gauss divergence theorem, Equation [3.39| can be written in a convenient way

as

d(per) / <
av V. pe,VdV —
/v<a> a T v P
3.40

—/ V.qdv+/ th«jpdV—i—/ V-fdv+/ FydV
V(a) V(a) V(a) V(a)

Since the integral is consistence in right and left, the integral function can be eliminated in

Equation [3.40]and simplified in differential form as

d(per)
ot

+V-pe,V=—-V-q+hpV-jp,+(V-T+F) 3.41

Noticed that V- pe;V = ¢,V -pV + pV - Ve,. Continuity expression can be eliminated and
Equation [3.41]is written as follow

de -
P, +PV-Ver==V-a+mV-j,+ (V- T+F;) 3.42
De; Jde;
The definition D = ar +V - Ve, is applied in order to make this analysis easier to be

understood. Equation [3.42)is simplified as

De _
th’:—v.q+hpv.jp+(V-r+F,,) 3.43
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Substituted the definition of q from Equation then Equation [3.43| becomes

De =
5 =V (KT +hpjp) +hpV G + (V- 2+ Fy) 344

Notice that V- (h,j,) = h,V -jp+ip - Vh,. Equation is simplified as

De —
pﬁf:v-k,nVT—jp-Vhﬁ(v-erFb) 3.45

The term Vh,, is set equal to C, VT where C), is the specific heat of nanoparticles, then using
Equation[3.3] Equation [3.45]becomes

D ul ___ [
pFe; =V luVT + &(pc),[DpVT.VC + =LVT.VT| + (V- T+ Fy) 3.46

Term on the right hand side of Equation[3.46]is written in the form as follow

i d (0T d (0T d [T
V-kaT:km[ax <ax> +ay<8_)7) +a_z<a_z>] 3.47

Second term are define as

_ _— Dy
e(pc),[DVT.VC + T—TVT.VT] —¢(pc),

3.48
dCOT dCIOT JCIT Dy (0T 0T 0T T OT dT
Dp| == - B p—
dx dx dy dy 07 97 T.\dx dx dy dy 097 97
Total work done on the moving fluid due to the surface and body forces are as follow
_ diip UOy, UTyy 0T avp VIy  VOyy, VT
V- T4+Fp) =— — 2 Y x| y RA) 2y
(VT4 Fb) == 72 [8)2 o ox "oy oz
3.49
awp WTy, WOy, WO
2 Fpy+ Fpy + F
7 {aij % | oz | ot oyt i)
Next the term on the left hand side is expanded by Equation [3.36 and becomes
De; De;y; D [V?
— = —| = 3.50
P =P TPy < 2 )
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According to Incropera et al.| (2006) and Bejan| (2013)), in order to express the energy

equation in terms of temperature, it is tempting to replace the internal energy e;,; with the

product of specific heat at constant pressure of fluid ¢,, and temperature 7 that is

=Cp— 3.51
Dt "ot

Substitute Equation [3.5T]into Equation [3.50] yields

De: _ - £+,£+_E+_£ I i _8ﬁ _aﬁ
o B “ox TV 57 T oz ) WS
3.52

N @{av _ v : __—+__+__
py "oz Va vz v "oz vay- "oz

Combine term that represent left and right

Y G N A W ETI THO.
ERReR e " 5z ) P\ o

v _Jdv _Jv [ ow _Jdw _dw
+pv| U=+ Vst W= | tPpW| U=+ Vs + W= | =
Jdx dy d7

ki£+ii+287 —|-8()
"ox\dx ) 9y\ady /) 9z\ oz PClp

Dr 8_T8_T+8T8T+8T8T
T. \dx dx dy dy J7 97

3.53

[ <8C8T dC T 8C8T>
Dp +

8x8x+8y8y+3zaz

k&ﬁﬁJr UOxx | UTyx | AT | JVP VT Vny+\71:Zy
ox Ox LY B ay dx Jdy 0%

_owp [mxz WOy, wc;ZZ
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Equation [3.53|can be expanded by using chain rule

C aT—l— a—T-I-_aT-i- i + @-i- @-i- %
PCP\ o T TV Wz ) TP\ Mo TV o5 T oz

ool T VN (aw W aw
PV IS TV oz ) TPV Mo oy Tz ) T

0°T +k827 N 0°T
oxr oy: 972

py(2C9T  9CIT 9COT\ Dr((9T\* (9T°\ (dT"
B\ 9z 0z "9y ay oz 0z)  T.\\ox 9y 9z 3.54

Kin +&(pc)p

- a_p__aa+ ‘aG”Jrc @—F aTyx—FT %+‘—ar""+r o + F
“ax Tax M| ax T ™ r Yoy TR -
_dp _ov @)y ov Oyx v _IdTy v

~"%5 P55 {V 9x WtV oy Toppt ez T @z T
_dp _ow ol 8 Iw Ty, dw _doy aw

_Waz_p32+ [ o +szaf+ oV yzay‘i‘ 82 +Gzza_ +sz

Equation [3.54]is rearranged as follow

CaT T T 3T | au ou o
p - " o0 TP " g

- Al 78 +w o +pw _a_w+_a_w+_a_w =
PV IR T . o B

LT T T on
moxr oy o2 Pom

8( ) D Ei_i_gﬂ_l_gi +& i 2+ iz + Ez
POPIPB\ 9% 0% "oy 9y 0z 9z) " T \\ ox Jy 0z 3.55

__@4_ [ anx+aTyx+sz - Ju e 8u+ Ju LR
u Mu o 8)/ 0z xxa yxa_ xa bx

dp 8ryy doy, IJT av av 8

_@Jr _ 8sz+8ryz+% Lr 8_+T 8W+G ow LR
w Hiw P 8}7 oz Y 0% vz a_ zza bz
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du Jdv Jdw
The terms — + = + —— = 0 are continuity equation. Further, Equation (3.55

dx dy 9dz

combination of momentum and energy. Eliminating momentum, the energy equation is

is a

expressed in

(2L a2 59T 50T _ 2T 4, 2T 2T
PEP\ 5r THOx Ty Wz ) Timom T oy T2

+£( ) D ££+E£+E£ +& i 2_|_ iz + Ez
POIPIPB\ 9% 0 "oy 9y oz 9z) T \\ ox Iy 9z

du du du v v v aw ow ow
+ U Gxx%+7yxa_+fzxa_+Txya_+c)ya_+7zya_+fxz % + Ty o= 95 +GZZ8_Z
3.56

By referring to Rivlin-Ericksen tensor, Ty, = Tyx, Ty = Tox, Ty = Ty Equation [3.56] can be

factorised as follow

C £+—i+—£+—£ =k azj+k 82_T+k82_T
P\or " "ox oy "9z) Mow TMoR Mo

+e(pe), Dy 2COT 4 9CIT | OCITY Dy ((OT LT, (0T
POr|PB\ 5% 0x " ay 9y 9z 9z ) " T. \\ ox oy 9z

B (27 9V
0z “ox Y\dz 9y

3.57

+ Ga+ca_+agw +7 @+@ + Tox
H1o05 0 gy " %29z "\ 55 T oz

The vector form of energy equation for nanofluid can be espressed as (Buongiorno| (2006))

T Dr
(pc)m% +(pc)fV.VT =k V2T + £(pc) ,[DpVT. VC+T—VT VT|+uo 358

[}

where
()aT() AT | 9T _ 82T O°T
Pemar TP "oz TV gy o7

) )2 (2 (2))

3.59
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Rearrange [3.59] we obtained

(pe)n T | OT T _ (327 aZT>

(po); o ox ey %\ ae T op

b 8T8C+8T8C . DT oT 2+ T\’
B\ 9% ox dy dy ox dy

3.60

in which

Oy = R

(pc)s

where @, is the effective thermal diffusivity of the porous medium and 7 = (pc),/(pc)r
with (pc), is the effective heat capacity of the nanoparticle material,(pc),, is the effective
heat capacity, k,, is the effective thermal conductivity and (pc) is the heat capacity of the
fluid.

3.2.4 Conservation of Nanoparticles

The conservation equation for nanoparticle volume fraction will be treated as a two-
component mixture base fluid and nanoparticles with several assumptions: incompressible
flow, no chemical reactions, negligible viscous dissipation, negligible radiative heat transfer

and negligible external forces is

Al

e, A
+V-VC=—-—V.j, 3.61

t Py

NS

Substitute jp from Equation[3.3]into Equation [3.61] yields

oC P

Prg, + L (VVCHCEY V) =p,V- {DBVC%— 3.62

DTVT]

o5}

Notice that continuity equation is V-V =0 and V-V = V2, therefore the Equation is
simplified to

DrV?T
JC Vv.e- DgV2C+ 2L

3.63
ot + € To
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Substituting Equation [3.3]in Equation [3.61] we get

aC V __ _ VT
—+—-VC=V-|DgVC+Dr— 3.64
Jdt € T.

(o)

In the case of porous medium, the nanoparticles equation is also known as the concentration

equation. The conservation equation in the vector form is given as follow

0C l— _— — Dy __
“~ 4 _V.VC = DgV?C + —LV*T 3.65
dt € T.
Therefore,
g-ﬁ-l ﬁ@ﬁ.ﬁ@ =D azj+azj L & az_T+az_T 366
gt e\ dx  9y) “Plox ' o2 T. )| 92 " 072 '

where V is the fluid filtration velocity, T is the temperature, C is nanoparticle volume
fraction, p is the pressure, € is the porosity of the porous medium, Dp is the Brownian
diffusion coefficient, D7 is the thermophoretic diffusion coefficient of the nanoparticle

. =2 . .
volume fraction, and V' is the Laplacian operator.

3.2.5 Governing Equations

A steady state flow is considered which defines the behaviour of the system
unchanging with time, meaning that the partial derivative with respect to time is zero.
Therefore, the steady state of two-dimensional governing dimensional Equations [3.11} [3.33]

[3.60] and [3.66| can be written in the two dimensional Cartesian coordinate system as follows:

ou Jv

_3X+_3y:0 3.67
pwioa v\ [, = oT _\9C] (X
E(&*a_y)‘{(l Co)Bore 35+ (Pr =pr=) g5 gsin | o8
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“or TVoy T P\ o2 T o 0% 9% 95 9y
— 3.69
Dr oT
(2 ((50) +(30))]
oC _aC 7T 9°C T I°T
(ax 55) =2+ 5l Lam ay} 70

3.2.6 Boundary Conditions

In order to solve the above equation, we need to specity boundary conditions. The
boundary conditions will either specify pressures or flow rates at two positions of the system.
The boundary condition on the velocity depend on the nature of the fluid flow and geometry
of the boundary wall. The mathematical form of the velocity boundary conditions can be

expressed as follow

Convective boundary condition corresponds to the existence of convection heating at the
surface and is obtained from the surface energy balance. Therefore, we assume the bottom
surface of the cylinder is heated by convection from a hot fluid at temperature Ty which
provides a heat transfer coefficient 4. The heating conditions at the cylinder surface and far

into the hot fluid may be written as
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The relevant concentration boundary conditions associated with the physical problem under

discussion are
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By combining the boundary condition for velocity, temperature and concentration, we obtain
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3.2.7 Boundary Layer Approximation

The dimensionless Equations [3.67] to [3.70] are also nonlinear partial differential
equations in an elliptic system. Therefore, by applying the boundary layer approximation,
the number of governing equations can be converted from elliptic to the parabolic system.
The parabolic partial differential equations can be solved much easier (Nazar, [2003)). The

following assumptions are made to derive the boundary layer equations (Schlichting, [ 1968)):

1) All the viscosity effect of flow field is restricted to the boundary layer, which is closed
to the surface. The viscosity effect is not important for the outer boundary layer, so that

flow can be determined by inviscid solution such as potential flow or Euler’s equations

ii) The boundary layer is assumed to be much less than the length of the surface. If § is the
boundary layer thickness and L is the length of the surface, then 6 /L <1, x = O(L) and
y=0(5)

iii) The fluid has no slip condition at the surface when the velocity is zero (Acheson, [1990)
and the free flow conditions outside of the boundary layer given by u(x,0) = 0,v(x,0) =
0,u(x,0) = U, v(x,00) = 0, where « and v are the velocity components along x— and y—

axes, respectively and U is the free stream velocity.

iv) At the boundary layer, u = O(Us)

By referring to the assumption above, we write

x~L, y~868, u~Ue, T~t, C~c 3.72

where L is the length of the cylinder, 0 is the boundary layer thickness, U is free stream
velocity, ¢ is the fractional nanoparticles and ¢ is the temperature of fluid. The process

of analysis order of magnitude will be done for each of the conservation equation. For
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continuity Equation

du Jdv

=t =0

By using analysis of magnitude, du/dx and dv/dy is defined as U /L and v/8. Note that
du
dv/dy should be in the same order with du/dx or in other word ( > # O) . Therefore, v is
x
given by

U0

Vo~ —

From the boundary layer approximation, second assumption stated that 6 < L where 9 is

very small compared to characteristic length L(i < 1) and velocity component in the
direction of fluid flow u is greater than the velocity component normal to the fluid flow (u >
v). Order of analysis magnitude coupled with the boundary layer approximation produced a
powerful tool for the simplification of equations where some negligible small terms may be

neglected from the full equation without affecting the accuracy of the solution.

Table 3.1. Analysis order of magnitude for momentum equation Buongiorno model of

nanofluids
Terms of Used Equations  Simplified Magnitude Order 0<L
0
equation 3.68 X —
Us
ou U 8«1 I can be negligibl
o 7 - i 7 °an e negligible
du o .
- —n - O(1) remain unchanged
dy o
oT t t ‘ Faneed
5 5 A remain unchange
aC c c _ haneed
5 5 A remain unchange

Table [3.T]illustrated the analysis order for momentum equation. Comparing the first
two terms, we see that the force in the x direction is negligible when compared to that in the
y direction. Therefore, the first term is neglected whereas the other three terms remained

unchanged

pou — oT aC| . (%
——= (1—Cw)ﬁpfooa—)_)—(pp—pfw)a—)_)}gsm(a) 3.73



The analysis order of magnitude for energy equations are shown in Table[3.2] Several terms
have been ignored due to size of magnitude order which is much smaller when paired with

another. Therefore, the following terms will be neglected.

T  aCIT IT\ 2

Table 3.2. Analysis order of magnitude for energy equation Buongiorno model of nanofluids

Terms of  Used Equation Simplified Magnitude Order 0<L
L
equation 3.69 X ==
Ust
T t )
U— Us— (1) remain unchanged
ox L
_daT Usb t Usot o . haneed
v % 75 7 ) remain unchange
J°’T t L °T . J’T
p— a a’ - - ppe—
" 9y2 " 52 " 862U. a2~ ox
0°T t 1 9°T o
amﬁ amﬁ amm ﬁ can be negligible
dCAT = ct o dCoT b foibl
T B o= T BT T BT 8‘)?87)?%“1 e negligible
dCoT - ct - cL 86&7» 0CoT
TDp——— tDp—=—= TDp—— —_—> ——
5oy oy 586 582U 0y 0y~ % ox
Dr(0T\*>  Dr[t\? Dr t OTN? e eotioib]
T_oo g Tioo Z T_W»LUOO g can o€ negligiole
D7 (OT\*>  Dr/1\? Dr 1L aTz>> oT\?
T. \ dy T.\ 6 T.. 62U., y ox

Thus energy Equation becomes

9T _oT 9T __ 9T aC <1ﬁ)<ar) -

—— 4 V== = Oy + TDp—— —
“ox TVay T %oy T 055 T\ )\ 5y
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Table 3.3. Analysis order of magnitude for nanoparticle volume fraction equation

Buongiorno model of nanofluids

Terms of Used Equation  Simplified Magnitude Order 0L
L
equation 3.70 X —
cUs
_aC c ,
U—— U — O(1) remain unchanged
ax L
e ULgilfc Usc o) : haneed
u 5 I35 T remain unchange
9%C c 1 0%C o
D a—; DBE DBE DBW can be neghglble
d’C D€ L J’C . d’C
32 Bs2 52U, 32 o
Dr 827 Dr t Dr t 827 o
— —— — —— can be negligible
T, 0x? T L? T LUxc o2
Dro°T Dyt Dr Lt ’T . 0°T
T 0y2 T 62 To. 62Uc 0y~ ox?

Further, an analysis order of magnitude for nanoparticle volume fraction equations is

shown in Table [3.3] Similar as energy equation, some of the terms in nanoparticle volume

d*’C  Dro’T
fraction is negligible such as Dgﬁ and 02 where

9°C 19*C T\ 2
dy?/ oJx? 6

Therefore new nanoparticle Equation is given by

l ‘E+‘E =D 826+ lﬁ azT
e\"ox "oy ) T o T\ 1. ) o2
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3.2.8 Non-Dimensional Variables

Equations[3.73] [3.74]to[3.75] are in dimensional form. Notably, the dimensional form

involves a wide number of variables and different physical quantities thereby causing

difficulties when needing to solve the problem numerically. Although by introducing the
non-dimensional variables, the equations can be further simplified by reducing the number
of variables used therefore making the problem much easier to solve. Also,
non-dimensional variables can rescale the parameters so that all the quantities are of the
same order and the effects of numerical error are minimised when calculating the residual.

Therefore, the following non-dimensional variable are introduced:

x Pe'/%y u Pe'/%y
X = 9 y - 9 u= o V= 5
a a Us U
I B 3.76
- 7. C—C.
= 9=
Tr—T. Cy—Cw

where Pe = U.a/, is the Peclet number. By using the expression in Equation into
Equations [3.73] 3.74] to 3.73] we obtain

Ju Jv
du (J6 P :
a_y_ (Ty—Nra—y>7Lsmx 3.78

26 "SRRy | (207 3.79

“ox Ty - 2 Py ay T\ 5y '
L aﬁ_}_ aﬁ —ﬂ_f_ % 8276 3.80
N\ ox V&y 0?2 N, ) dy*? ’

where u,(x) = sinx. Here A is the constant mixed convection parameter, Le is the Lewis
number, Nr is the buoyancy ratio parameter, Nb is the Brownian motion parameter and Nt is

the thermophoresis parameter which are defined as
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Ra o (Pp—pr)(Cv—Cx)
Pe’ eD,’ By (1 —Co)(I; — 1)
3.81
_ ’L'DB(CW — Coo) Nt — ‘L'DT(Tf — Too)
Oy, [0 /950 IS

The modified Rayleigh number for porous medium filled by nanofluid is
Ra= (1—-C.)gKps. B(Tr —To) /(1 Oy) (Tham et al| 2014).

For case of boundary condition, the conditions for this problem is assumed to be

i) The velocity of external flow (inviscid flow) is ue(x), where x is the coordinate
measured along the surface of cylinder starting from the lower stagnation point and y is

the coordinate measured in the direction normal to the surface of the cylinder.

i1) The uniform temperature and the uniform nanoparticle volume fraction of the surface of

the cylinder are Ty and C,, while the ambient values are Ty and C where 7y > T,,.

ii1) The nanofluid particle on the boundary is passively rather the actively controlled. The
fractional nanoparticles in the boundary layer approach to free stream fractional

nanoparticles C — Ce.

Therefore, by substituting the non-dimensional variable into boundary conditions, Equation
B.71Ibecomes

v(x,y) =0, 0'(x,y)=-y(1-0(x,y)), ¢(xy)=1 at y=0, 0<x<mw
3.82
u(x,y) — ue(x), 0(xy) =0, ¢(xy) —0 as y—=o, 0<x<7

It is worth mentioning here that Equations[3.77]to[3.80are now the non-dimension equations.
3.29 Non-Similar Transformation

In this section, non-similar transformation variables are used to reduce the parabolic
nonlinear partial differential equation to an ordinary differential equation. This method
reduces several independent variables to single variable. The dimensionless variable as

proposed by Merkin| (1977)) is given as follows:

v=xf(x,y), 0=0(xy), ¢=0(y) 3.83
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where V is the stream function defined as u = dy/dy and v = —dy/dx. Substituting these
variables into Equations [3.78] [3.79] and [3.80}, the following boundary layer equations for the

problem under consideration in dimensionless form are obtained:

oIf sinx
926 e v, 2099 26\° df a6  dfdb
Getig a5 (5 G5 5%5) 5
an) a¢> Nba2 ofd¢p df Ao

with the boundary conditions

f(xay):07 el(xay):_’}/(l_e(x’y))’ (P(X,y):l at y=0, OSXSTC

0(x,y) =0, o¢(x,y) =0 as y—ew, 0<x<7T

3.87

Since most of the nanofluids examined to date have focused on constant wall temperature
and constant heat flux, interest at this moment is mainly in the effect of convective boundary
conditions. Also we are interested in the case where it is heat transfer (rather than mass

transfer) that is driving the flow.

The boundary layer equations described in Equations[3.84]to[3.86]subject to boundary
conditions are solved numerically using the implicit finite difference method known
as the Keller-box method. The following section provides insight regarding the numerical
procedure in solving these nonlinear partial differential equations, while the complete result

is discussed further in Chapter 8.

3.3 Keller-box Scheme

All the flow problems presented in this thesis are solved numerically using the Keller-
box method. Keller (1970) first proposed this method and it is found to be efficient and most

suitable to solve convective boundary layer problems. The Keller-box method described in
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this study is explained clearly by |[Na| (1979) and Cebeci and Bradshaw| (1988). Indeed the

Keller-box method is implicit finite different method.

Generally, there are four steps in Keller-box method which will be explained in
detail in the next subsection. Firstly, the equations are reduced to first order equation. Then,
equation are written into finite difference forms. These equations are nonlinear. Newton’s
method is proposed to linearized the nonlinear equations and finally, the solutions are
obtained using the block elimination techniques, by employing a block tridiagonal
factorization scheme on the coefficient matrix of the finite difference equations for all y at

given Xx.

3.3.1 First Order System

The first procedure of Keller-box method for problem presented in Chapter 8 are
written here as a system of first order equations. For this reason, new dependent variables

are introduced,
ff=u u=v, =t pl=gq 3.88

where prime denote differentiation with respect to y. Applying above equations into

Equations [3.84] to [3.86] first order equation is obtained as given below:

f'=[1+(s—Nr-p)A] == 3.89

d )
t' + ft+Nb-tq+Nt-(t)> =x u—s—t—f 3.90

dx  Ox

e My (20

q +Lefq+th =xlLe uax qax 391
the boundary conditions [3.87|becomes

f(x7y):Oa t(x,y):—y(l—s(x,y)), p(xvy): at y:07 0<x<m 392

s(x,y) =0, p(x,y) =0 as y—e, 0<x<7m
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3.3.2 Finite Difference Method

Once the equations has been transform to first order system, the following procedure
is discretization. Discretization concerns the process of transferring continous function into
discrete counterparts, making it suitable for numerical evaluation. For the discretization of
Equations[3.89|to[3.91] and[3.92] a finite difference method was employed. The net rectangle

considered in the x — y plane is shown in Figure[3.1} and the net points are denoted by

N
yi P4 P
N — I s x known
]
! J o unknown
yj—ll?._ """""""" "6' “““““ [+] “cen[ering"
i
]
]
yj—] 4 % !
P3|« P
I kn" .! ~ X
) 1 1 ~
xn-l xn-uz %"

Figure 3.1. Net rectangle for difference approximation

L =0 X=x"'+k, n=12,....N

y = 0, yjzyj,ﬁ—hj, n=12,..J VJ = Veo

where k, is the Vx— spacing and h; is the Vy— spacing. Here n and j are the sequence
numbers that indicate the coordinate location. The notation ()’; for points and quantities

midway between net points and for any net function are given by

05 1n=5105+ 000 07 =5105+05" 393

The derivatives in the x— and y— direction are replaced by finite difference. Generally we

have

20 _0"=0"" - 20 _0,=0it 394
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by using central differences. Hence, the following are obtained

n_ nyn
fi—Jia vt

hj 2 :uj_1/2

i P _ 4t
n 2

the following equatio

1 _
5( T+ =

1 _
@+
Rearranging these equations

(/)= [1+(s"=Nr-pHA]B = -1~
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3.95

3.96

3.97

3.98

3.99

3.100

3.101

3.102



() + (ft)"+Nb- (tq)" + (t*)" - Nt — a(us)" — au™'s" + as"'u"+
n— 3.103
alft)"+ot" -t = [—Lz—a(us)-i-a(ft)] 1

“—
-

3.104

3.105

3.106

3.107

3.108

3.109

Nt

! 3.110
Nb( )]

Ly =((¢)+Le(fq) +
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Next, we center Equations|3.102(to|3.104|at the point X2y by usin
p j—1/2) By g

n__ fn
fi —1fia

n - [1+(S;71/2—Nr-p?71/2)),}ﬁ = —Lﬁ"l

th—1t"
Jo il
» T i1t jp TNb 1y ndyfp + (8 ),—1/2'Nt_0‘”?—1/25’;—1/2

n—1 n n—1 n
— Q) S g+ ST U+ O oty e f

n—1
O‘f] 12ti—172 = [_LZ_auj—1/2sj—1/2+afj—1/2tj—1/2]

q;!_q" Nt tn_t;l 1 n n n—1 n
h—j+L€f i1t I —OU;_1pPj-1/2 T OP_ 1" 1)2

i~ 1/2p1 12+t 01241+ 0q” 1/2f] 12— 0f}" 1/2‘11 1/2

n—1
= [—L3 —OU;_1)2Pj-1/2+ ijf1/2€1j71/2]

where

n—1 _ fj_fj*1 n_l_ n—1
(L)1) = N B[14(sj—12—=Nr-pj_12)A]

B t; — . n—1
(Lz)_',i-,%/g = {% + fi—1/atis1jp+1tj-1/29-1/pNb+ Nt - (tz)jl/z}
j

n—1
qj—d4; NZ‘Z‘J—Z‘] 1
(La), 2= {TJrLef] 1/24j-1/2F 37 n
At x = x", the boundary conditions (3.92) become
f(’)1:0? t(')l:_']/(l_sg)7 p8:1, 5?207 pgzo
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3.3.3 Newton’s Method

Equations [3.111] to [3.113| are nonlinear equations, Newtons method is proposed to

n—-1 .n—1 n—1 _n—1 n—1
LS gL P g are

known for 0 < j < J then Equations 3.1T1] to 3.113] form a system of equations for the

linearized the nonlinear equations. Suppose f]’.i’l, u

solution of the unknown variables (f”,uj,vj,s] t;‘,p],q]) j=0.1,....,J. For simplification

the unknown variable ( j,uj,vj,sj t;’,pj,qj)ls written as (fj,u;,v;,s;,t;,pj,q;). By using

hj
fi—=Ffi-1—= (u;+u, i) =1t 3.118
”j*”jflfjj(vj+vj—1)=0 3.119
S./'_ijl—jj(fﬁr’j—l):o 3.120
hj
pj_pjfl_E(CIj"‘CIj—l):O 3.121

5jF58j-1 Pj+Pj-1 e
fi= fi-v=hi[l £ (=) =N (A B = (R 3.122
h; h;
t —1j_ 1+ — (f]"‘fj 1)(fj+f] 1)+ 4Nb (T —f—l‘] ])(q]—l—qj_])
h; h; h;
+Z](l/+l; D NE = Zrou ) (s sj1) = 5ol (s 4 1)
3.123
hj 1 hj hj
+5a l/z(u,+u, 1)+ 4oc(f,+f, D(tj+tj-1)+ zoctj 1/z(fJJrfJ 1)

hj -1 —1
— EOC 7_1/2(lj—|—l‘j,1) = (RZ)?—I/Z
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h;
Le(f, + fi- 1)(Q1+¢]J 1)+

Nt hi
qj=qj1+ Nb( ~tj1) = o+ ui)(pj+pj1)
hj n—1 h h
‘i‘EGPj_l/z(uj‘F”j—l) 2Gu] 1/2(pj+p] 1)+ G(fj+fj 1)(Q1+CIJ 1)
h; h;
+ 26‘]] 1/2(f]+fj 1) — G j— 1/2(6],+C[j )= (R3)] 1/2
3.124
where
fitfi- el
(Rl)] 1= —hj{»f hj-’ —B[1+(sj—1p=Nr-pj_12)A] 3.125

(141, n—1
<R2)j 1/2 _hj J h/ —l—fj l/zfj 1/2+Nblj 1/29 - 1/2+( )j 1/2Nl} 3.126
L J

-1
QJ+QJ 1 Nt ti+tj—1 "
(R3)"~ | B et ngiat— (— 3.127
]1/2 ™ h; J=1729-1/2 7 g, hj

(Rl)J 12 (R2)J 1/ and (R3) 1 /o involve known quantities if we assume that the solution

is known on x = x"~!. To solve the nonlinear Equations [3.122] to [3.124| by using Newton’s

method, we introduces

A+ _ fgi) 45 f(i)7 [ uy) il 5u§'i)

J J
§l+1) ()+59() tj(j+1) :t](i)+6tj(i) 3.128
p§i+1) a py) ) SPSZ)’ q§i+1) o0 qgi) +5q§i)

The iteration is substitute into Equations [3.118]to[3.124]

hj, (i G i
D oul +d) v8ul y=0 3129

1 +857) = (1 + 842%) =5

i i i i hj, (i NG i
(uﬁ) —|—5u§-)) - (uﬁz] —|—5u§.11) - Ej(vé) —|—5v§-) +v5-l] +5V§~Z|) =0 3.130
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(s

.

i i i i hj, (i
D osthy— (10 188t ) — 2](()+6t()+t()1+5t()) 0 3.131

(v + 89~ (b} + 80 -

hj, (i i i i
) O 18V )~ (g + 8444 + 84V ) =0 3.132

2 J J=1 Jj—1

P oif= Ui s 15 (6 wad o)
3.133
1 i i i i
—Nr-5{(p§-)+5p§~))+(p§-)l+5]9§'))})4ﬁ (Rl), 1/2

i i i i hjr, i i i i i i
(1) + 81" = @y + 860 ) + L [(7 +87) + (L + 2] [ +8¢)

i i hj i i i i i i i i
+ (9 8]+ b 6+ 807+ (1) + 882 ] (@) + 84P) + (@, + 84\ )]

hj

i i i i) 12 hj i ' ' i
+ [0+ 867+ (12, + 80" )] - Ne - L[ 8u)) + (2 4 81 )]

J 1 Jj—1

—

i : i i hj ._ i i i i
(557 + 85 62+ 858 )] = L) (68 + 85+ (5 +85) )

2 =12
hj [ i i i h;j i i i i
+Z a7} [ 4 8+ 2y 4+ 8u 2] + Fa[(F7 +8£7) + (12, +8£2)]

i i i i h K i i i i
[ +86) + (12, + 86201 + Fot= ) (£ #8170 + (72, +8£7)]

h;j i i i i
- Far L[] o)+ (0, + 860 )] = (R,

3.134
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i i i i hj i i i i i i
(¢ +84)") (¢ +8q) )+ JLel (1 +81) — (1] +870)][(d) + 84)

J J—1 J=1 4 J J

i i Nt i i ]
- (qul +5q§21)} +JE[( ()+5t()) (1,2 —o1;”

+ 5u5~lzl)} [(pﬁi) + 5P§'i)) - (PyL + 51’521)} + %Gp] 1/2 [( e 5“(1)) (ME'—I
+8ul )] - Jou'"| [P +8p0) = (02, +8p1 )] + %G[(ﬁ@

+810) (14 8120) (4 +540) ~ (¢, 4842 )] + Log'},

[(f}i) + 5f,@) - (f](i)l + 5f1(21)} - *an 11/2 [(qy) + 5q§i)) - (qyzl

+841)] = (Ra)'~1
3.135

For simplicity, the superscript i are neglected. After a few steps of algebraic operation and

ignoring the higher order terms for &/}, 8u’,8v',8s%, 815, 8p', 8q’; the system of the

equations can be written as below

1

5fj—5fj,1—§hj(5uj+6uj_1):(rl)j,l/z 3.136
l

5 5Sj il = (5Z‘J—f—5t] 1) (r2)j—1/2 3.137
1

5 6pj 1 (5q]+5q] 1) (rg)j,l/z 3.138

(a1);0fj+(a2)j0 fj—1+ (a3)s6s; + (as) ;051
+(as);j0pj+(ae)jépj—1 = (ra);_1)2

3.139
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(b1)jOtj+ (b2)j0tj 1+ (b3) ;O f; + (ba) ;S fj—1+
(bs);j0q;+ (bs);6q 1+ (b7);0u;+ 3.140
(bg)jOuj—1+(bo);0sj+ (b10)jsj—1 = (rs)j-1/2

(c1)j0qj+(c2)0qj—1+ (c3) ;0 fj+ (ca) ;0 fj—1+
(C5>j52‘j + (Cﬁ)jalj,1 —+ (C7)j51/tj + (Cg)jélh;l 3.141
+(c9)j6pj+(c10)j0pj—1=(76) j—12

where the coefficient for Equation [3.139]is

(a1)j =1
(a2)j = —1
1
(a3); = —5h;BA
3.142
(a4)j = (a3);
1
(615)j == il’lerBl
(a6>j = (aS)j
meanwhile the coefficient for Equation [3.140]is
(b1)j =1+ E] (14 @)fj_1/2+Nbqj_1/2+ (tj—1/2)*Nt Oﬂf;l,ll/z)
(b2)j = (b1)j =2
h.
(b3); = 5’((1 —!—Oc)tj*1/2—|—06t]_11/2)
(b4)j = (b3),
h.
b L (Nbt;_
( 5)] 2( J 1/2) 3143
(bs)j = (s);
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whereas the coefficient for Equation [3.141]is

h. _
cr)j=1+ EJLe((l +o)fj12— afjl?—ll/Z)

h, —
c3)j= > Le((1+)g; 12+ aq?~11/2)

2

ca)j= (c3);
Nt

(CS)j Nb 3.144
Nt

O

hj L
5“( —pj-1a+ Pl p)

)
~
~—
~.

I

Expressions of r;

(r1)jm1pp =fji—1 = fi+hjuj_i)

(r2)j—1/2=8j—1=Sj+hjti_1/

(r3)j—1/2 =Pj=1 = Pjthigj—1)2

(r4)j—1)2 :Rl?:%/z‘f‘fj—l — fi+hiB+hiBAs;_p—hiNrBAp;_ i)

(rs)j—1/2 :R2;F:I'/Z +tjo1—tj—hi[(L+a)fi_10tj_12— Nbqj_12tj_1 /2
—Nf(fj—l/z)z+0‘”j—1/25j—1/2—as?:i/zuj—l/z 3145

+ a”?:}/zsj—lﬁ) S a(f;l__1l/2tj—l/2) - at;l__ll/zfjfl/z}

Nt
(r6)j—12 :R3';j/2 +qj-1—4; —hjLe[(l +0)fi-1/29j-1/2+ ]%(tj —tj_1)
a(uj_12Pj—1/2— apl};l/zujfl/Z‘}' au’;:%/zpjfl/z

+ af7:11/2Qj—1/2 - O“I;:%/zfj—lﬂ]
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The system of [3.136] to [3.141] is completed with the boundary conditions According
to Cebeci and Bradshaw (1988), Equation [3.117] can be satisfied exactly with no iteration.

Therefore, to maintain these correct values, we take

§fo=0, 8try=0, Spy=0, &s;=0, Sp;=0. 3.146

3.3.4 Block Elimination Technique

The linearised difference equation can be solved by using block elimination
techniques 11979). It is because of the system consists of three diagonal block structure.

Normally, the three diagonal block structure consists of variable or constants.
However for Keller-box method, the approach is different because it consists of block
matrices. In order to solve the linearised difference Equations [3.136] to [3.141] by using the

block elimination technique, the elements of block matrices from Equations [3.142] to [3.144]
must be defined by considering three different cases which is when j = 1,
j=2,..,j=J—1and j=J.

When j = 1 the linearised difference Equations [3.136]to[3.141| become
1
0f1 =0 fo— 5hi(8ur + dup) = (r1)1—(1/2)
|
051 — O0sp— i/’l] (51‘1 = 5t()) = (”2)1—(1/2)

1
Op1=0po—5h (691 +6490) = (73)1—(1/2)

(a1)16fi+ (a2)10 fo+ (az)16s1 + (as)16s0

+(as)16p1+(ac)16po = (ra)1-(1)2)

(b1)16t1 + (b2)15t0 + (b3)15f1 + (b4)15f0
+(bs5)16g1 + (be)16g0 + (b7)16u1 + (bg)16ug

+(b9) 1851+ (b10)1050 = (7'5)1-(1/2)
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(c1)10g1+ (c2)18g0+ (c3)16 f1 + (ca)16 fo
+(c5)0t1 + (c6)16t0 + (c7)10u1 + (c8)18up

+(€9)16p1+(€10)16p0 = (r6)1-(1/2)

The corresponding matrix form is

o0 0 1 00 0| |Su
0 =1 0 0 =% o6
el -5 o o R
0 (@) O (a) O 0| |6A
(bg) (bro) (be) (b3) (b1) (bs)| | On
[(cg) 0 (c2) (c3) (c5) (en)] |[Oq1]

= 0 0 0 0| |Ou (r)1-1/2

0 1 0 0 0 Of |dsg (r2)1-1/2

i 0 0 00 0| |dp1| _ |(r3)i-1p2
0 (a3) (as) 0 0 Of [6f2 (ra)1-172
(b7) (bo) 0 0 0 0| |on (rs)i-12
[(¢7) 0 (co) 0 0 O] |g2f [(r6)1-1/2]

For the value of j = 1, we have [A;|[6;] + [C1][52] = [r1]-

When j =2,..., j = J, the linearised difference equations become

1

O /R | - ihjfl(aulfl +6us—2) = (r1)(y—1)-1,2
1

Osj—1— 08873 — Ehj—l (0ty—1+6t72) = (r2)y—1)-1,2

1
py—1=8ps—2—5hs-1(8qs-1+845-2) = (r3)y-1)-172

(a1)j-16fr—1+ (a2)j—18s5-2+ (az)j—10 fr—1+ (as)j—16s5-2
+(as)s-10ps—1+(a6)s-16ps—2 = (r4) (j—1)-1,2
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(b1)j—10t7—1+ (b2)s—18t;—2+ (b3)j—10 f1-1+ (b4)j-10 fr—2+ (b5)1-1647-1
+ (b6)j-10q7—2+ (b7)1—16u5—_1 + (bg)j—10uUj_2
+(b9)s-1057-1+ (b10)7-1057-2 = (r5) (1—1)—1/2

(c1)7-16q7—1+(c2)j-10q7—2+(c3)s—10f1—1+ (ca)s—18 fr—2+ (c5)7-16t1—1
+ (c6)s—10t7—2+ (c7)7—10uy—1+ (c8)j—10u;—2
+(c9)s-16ps—1+(€10)7-16p1-2 = (76) (1—1)—1,2

The corresponding matrix form is

000 -1 0 0 Ouy_3
000 0 —% 0|83
000 0 0 —%|6ps
000 (@) 0 0| |[8f
0 0 0 (ba) (b2) (bs)| | Oty—2
000 (ca) (co) cz)_ _5qj_2_
[ 10 0| [sus]
0 -1 0 -4 0|82
0 P e B L) 8psa
0 (aa) (ag) (a1) O 0 Ol
(bg) (b1o) O  (b3) (b1) (bs)| | 61—
(cg) 0 (cw0) (c3) (es) (1) |Ogs1]
o 00 0| |6u 4 (") —1)-1/2
0 1 0 00 0] |6s-1 (r2)g-1)-172
N 0 0 1 0 0 0] |bps _ (r3)g=1)=1,2
0 (a3) (as) 0 0 Of | ofs (r4)y—1)-1/2
(b7) () 0 0 0 0| | o1 (1) 1)-12
[(c7) 0 (co) 00 0] | 697 | |(r6)y—1)-172]

Hence for j =2,..., j = J, we can written as

[Bjl[6;-1] +[A;][8;-1] + [C}][8j41] = [r)]
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Finally when j = J, the linear system becomes

1
Of1—0fr-1— EhJ(SuJ +0uy—1)=(r1)s-12

1 '
87— 0sj-1— Ehl(étj +0t5-1) = (r2)1-12

+(a2)18 fr—1+ (az);é

0q;+ (ae)10q5—1 = (14

2)10t7—1+ (b3)16 f1+(

+(b7);0uy + (bg)s0u
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Subjected to the boundary conditions Equation the suitable matrices can be form as

000 —1 0 0| |8u_
000 0 —% o082
000 0 0 —%||8p>
000 (@) 0 0 ||8f
00 0 (ba) (b2) (be)| | Sty
000 (cq) (c6) Cz)J _5qj,1_
—% 0 I 0 0| |0u— (r1)s=1/2
0 -1 o0 o0 -4 o||[8s (r2)s-1 2
o o oo L) (6psa | )
0 (as) (ag) (@) O O 8 f (ra)s-1/2
(bs) (bro) O  (b3) (b1) (bs)| | o1 (r5)s—1/2
[(cg) 0 (ci0) (c3) (es) (e)] | Oqr | |(r6)y—1y2]

Therefore

[C2][63] = [r2]
[C3][84] = [r3]

j = J—=1:[Bj-1][07-2] +[As-1][6/-1] + [Cs1][6/] = [ry-1]
j = J:[Bjl[6s-1]+[As[6s] = [ri]

Generally in matrix form, the above system can be simplified as

Ad=r 3.147
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with

and

The elements of the matrices are

[Ay-1]
[Bj]
(]
[r2]
[ry-1]
(/]

0 0 1
—1 0 0
0 -4 0
(as) 0 (a1)
(bio) (bs) (b3)

O (cd) .lcs)
0 0 1
—1 0 0
0 —1 0
(as)  (as) (a1)
(bio) 0 (b3)
0 (ci0) (c3)
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000 -1 0 O
000 0 -4 o
000 0 o -4
[Bj] = 3.150
000 () 0 O
0 0 0 (ba) (b2) (b)
10 0 0 (ca) (c6) (c2))
[T 0 0 0
0O 1 0 00O
0o 0 1
[Gj] = R 3.151
0 (az) (615) 000
(b7) (bo) 0 0 0 O
(¢7) 0 (c9) O O O
_5u0_ -5u]_1-
5S0 5Sj_1
o opi_
&)= [, [5]= |2 3.152
O fi of;
52‘1 5tj
61 | | 9q; |
and
(ri) j-1/2)
(r2)j—1/2)
] = | V-0 3.153
(V4)j7(1/2)
(Fs)j—(l/z)
| (76) j—(1/2) |

The coefficient matrix A is known as tridiagonal matrix due to the fact that all elements of A
are zero except those on the three main diagonals. To solve Equation [3.147] according to the

block elimination method as described by Na (1979), we assume that A is nonsingular and

74



we seek a factorization of the form

A=LU 3.154
where
" _
[B2]  [ar]
» [B3] [os]
[Bj-1] [oy-1]
i Bj] [aj] |
and
1] 1] |
1] 2]
il 7] Fﬂ
1] [Ty-1]
I [7]

[1] is the identity matrix of order 6 and [o;] and [['j] are 6 X 6 matrices whose elements are

determined by the following equations:

[on] = [A1],  [A1][T] = [C1] 3.155

and

(o] = [Aj] = [Bi[|ITj=1], j=2,3,....J

3.156
By substituting into Equation [3.147] we get
LUO =r 3.157
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If we define

Us=W 3.158
Hence, equation becomes
LW=r 3.159
where
, W] :
[W2]
r—
(Wi-1]
| W] ]

and [W;] are 6 x 1 column matrices. The elements W can be solved from Equation 3.159

laa][Wh] = [r1] 3.160

[][W;] = [rj]—[Bj]Wj—i], j=2<j<J 3.161

The step in which [Wj], [a] and [[;] are calculated is usually referred to as the forward
sweep. Once the elements of W are found, Equation [3.158] then gives the solution in the

so-called backward sweep, in which the elements are obtained by the following relations:

[0/] = W] 3.162

[6)]= W]-[T)][6j11], 1</<J-1 3.163

Since the elements of 0 are found, Equations 3.136 to 3.141 then can be used to find (i +1)
iterates for Equation 3.128.

These calculations are repeated until some convergence criterion is satisfied. In the
laminar boundary layer calculations, the wall shear stress parameter is commonly used as
convergence criterion (Cebeci and Bradshaw, 1988). This is probably because in boundary

layer calculations, the greatest errors usually occurr in the wall shear stress parameter.
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Therefore, the wall shear stress parameter is used as convergence criterion in this study.

Calculations are stopped when
15v)| < g 3.164
where €; is a small prescribed value. The convergence criterion required that the maximum

absolute error between two successive iterations be £, = 107>, which gives the precise values
until four decimal places, as suggested by (Cebeci and Bradshaw] (1988]).

3.4 Initial Conditions

The numerical methodology was coded in MATLAB. To verify its validity, a
comparison with selective data from the published literature was conducted. In the
numerical calculation, the suitable step size and boundary layer thickness should be
determined. Accordingly, appropriate values must be defined so that the numerical results
for the quantities discussed are not affected by boundary layer thickness, y- and step size of
boundary layer, Ay. The computation can be initiated by determining the value concerning
the velocity and temperature profile. The non suitable values of the boundary layer
thickness which are too large or small may not fulfil the boundary conditions . In this study,
it is found that the boundary layer thickness y.. from 1 to 4 is considered suitable to provide

accurate numerical results depending on the problem involved.

Usually, the step size is sufficient to provide accurate numerical results
2003). However, the appropriate value of the step size must not affect the converged results
appreciably. For example, the value of the skin friction coefficient must be free from the
value of the step size chosen. Indeed, values too small may cause increased waiting time in

calculation while a large values of cause minimal time in the calculation, but may produce

inaccurate results (Ishak et al.| 2009).

The boundary layer thickness y. is almost constant for the case of the laminar
boundary layer flows. Once the proper value of y., has been obtained, a reasonable choice
of net spacing should be determined. Usually a step size Ay = 0.01 to 0.04 is adequate to
provide an accurate numerical result 2003). Meanwhile, the step size Ax can be

arbitrary as it does not affect the converged result appreciably.
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3.5 Initial Profile

The initial profiles are necessary for performing the numerical computations in
MATLAB. To proceed with the numerical computation, it is necessary to make an initial
guess or assumption for the function and in the boundary layer flow. The inital guess is
undertakan by adopting a trial and error approach. There are several possibilities in the

selection of initial guess, but it must obey and satisfy the boundary conditions stated [3.92}

The initial guess and assumption can commence with velocity, temperature
distribution and concentration distribution. It is because u,s and p have both boundary
conditions at y = 0 and y.. When the initial guess of u,s and p have been defined, the other

function f, v, and g can be obtained using differentiation and integration.

. 2

g 2 _ ysmx (3 3.165

2

o y
S— 0=y () i 3.166
and

. — o A 3.167

Voo

respectively. Integrate Equation [3.165] with respect to y produce

0 1 sinx [y \? 1/y)\*
f=/ udy = —yeo—— | — 3—-| = 3.168
Voo 4 X Voo 2 Voo

On the other hand, differentiate Equations [3.163]and [3.167 with respect to y produce

du 3 sinx y 2
it I TR A 3.169
Tdy 2 x ( (yoo)>
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_dp_ -1

q= = 3.170
dy Yo
and for case s’, following the convective boundary condition
ds
t=—=0"=—y(1—-06 3.171
R y(1—9)

The complete coding using MATLAB is provided in the Appendix B. Notably, the
complete numerical procedure is described here for the problem discussed in this chapter
which is the problem of mixed convection boundary layer flow over a horizontal circular
cylinder, as further presented in Chapter 8. From the numerical results, it is found that the
Keller-box method is considered to be the most suitable to provide accurate results to solve
the convection in an incompressible viscous fluid problem, because it can solve problem of

any order 2014). Hence, there is inequiveably no doubt of the accuracy in applying
the Keller-box method to solve the problems presented in Chapter 4 to Chapter 8

Figure 3.2 below shows the general flow diagram for the computations of Keller-box

method for problems discussed in this thesis.
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Input data : Boundary
layer thickness, conjugate
parameter, stepsize and related
parameters

Computes fluid parameter

Algorithm of Keller-box method

No

The computation of
related problems in
free, forced and mixed
convection

Converge?

Yes

Collecting the numerical data
and plotting graphical result

Figure 3.2. Flow diagram for Keller-box method
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Figure 3.3. Flow chart of the solution procedure
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CHAPTER 4

FORCED CONVECTION BOUNDARY LAYER FLOW OVER A HORIZONTAL
CIRCULAR CYLINDER IN A VISCOUS FLUID

4.1 Introduction

Forced convection as been described in first chapter is a mechanism in which the
motion of the fluid comes from an external sources such as fan, pump, blower and so forth.
Applications for forced convection include systems that operate at extremely high
temperatures for example transporting molten metal or liquefied plastic. Normally, forced
convection is used to increase the rate of exchange. In any forced convection situation, free
convection effects are also present under the presence of gravitational body forces
2003). In this chapter, the problem of forced convection over a horizontal circular cylinder

are demonstrated.

Forced convection over a horizontal circular cylinder is a classical problem in
boundary layer theory and heat transfer. The study of this problem have gained
considerable attention due to its application in physical, geophysical and industrial fields.
However, while often applied in applications, the study of forced convection appear less as
compared to the study of free and mixed convection (Sumaily et al., [2012).

In the next section, we provides a succinct description of the governing equations
and the boundary conditions for the forced convection over horizontal circular cylinder. This
is followed by a presentation and discussion of the numerical results in Section .3 which
include the variations of the skin friction coefficient and the heat transfer coefficient with
the effects of the Pr number, conjugate and mixed parameter on the flow and heat transfer.

Finally, Section [4.4] provides the concluding remarks about the finding of this problem.
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4.2 Mathematical Formulation

The problem under consideration in this study is regarding the steadily forced
convection boundary layer flow and heat transfer of a viscous and an incompressible fluid
of free stream velocity U, and ambient temperature 7., moving over a horizontal circular
cylinder. The bottom of the cylinder is heated by convection from the hot fluid at
temperature Ty which yields a heat transfer coefficient 7. The physical model and

coordinate system of this problem is shown in Figure 4.1.

Hot fluid T A,

Figure 4.1. Physical model and coordinate system

The assumption has been made that the buoyancy forces and the viscous dissipation effects
are neglected. The continuity equation has been given in Equation whereas
momentum and energy equations describing the flow can be written as (Salleh et al., 201T),

ox X
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subject to the boundary conditions

dy 4.3
U—u,, T —To as y—oo

where @, = 2U.sin(x/a) , (#,V) are the velocity components along the (X,) axes, T is the
local temperature, T is the temperature of the hot fluid, v is the kinematic viscosity, k is the
thermal conductivity, ¢ 1S the thermal diffusivity and /A is the heat transfer parameter for

convective boundary condition. By introducing the following non-dimensional variables:

x=x/a, y=Re'’(3/a), u=1u/Us, v=Re?H/U.,)
= 4.4
T -1, )
ue:I’t_E/U‘X’a 0=
T — T,

where Re = U.a/Vv is the Reynold number. Therefore, substituting Equation into
Equations [.T|to 3] the following differential equations are found

Ju Jdu du,  d*u

Ve Uyl — 4.5
“x TV T ox T a2
90 de. 1 9%
R 0 4.6
u8x+v8y Pr dy?
Boundary conditions become
a0
u=v=0, a—:—y(l—e) at y=0
y 4.7

Uu—u,, 0—>0 as y—oo

where u, = 2sinx, Pr is the Prandtl number and ¥ is the convective parameter defined as

follow

h
Pr=—, Y= %aRe_l/2 4.8

\%
(04
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To solve Equations [4.5]to [4.6] subjected to the boundary conditions and by introducing
v as

¥ =xf(xy), 6=06(xy) 4.9

where v is the stream function which is defined as u = dy/dy and v = —dy/dx. Using
variables 4.9} Equations {f.5]and [4.6] then become

’f I} (df\°  ,sinxcosx _[Idf f Ifd>f
i (%) v G heay) A

1% 06 _ (0700 _0f96 .
Pr dy? dy “\dydx dxady '
while the boundary conditions become
d a0
f:a—f:(), a—:—}/(l—e) at y=0
P { : ' 4.12
OF 580 9,0 as y—yes
dy X

Near the lower stagnation point of the cylinder x ~ 0, Equations #.10]and - T1] reduce to the

following ordinary differential equations

f///+ff//_(f/)2+4:0 4.13

1
—0"+f0' =0 4.14
Pr

where the prime denotes differentiation with respect to y and the boundary conditions are

f(0)=f"(0)=0, 6(0)=-y(1-6(0)) at y=0
fy)—=2, 68>y —0 as y—ow

4.15
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In practical applications, the physical quantities of interest are the skin friction coefficient,

Cy and the heat transfer coefficient Q,,(x) which can be written in non-dimensional form as

°f

1/2 1/2
Re'/ cf:xg—yz, Re'/ QW:—a—y:—y(l—e) 4.16
where
ou oT
= =, = —k— 4.17
=R q %

Cr = 1,/(pU2) is the skin friction coefficient with Oy, = agy,/(k(Tf —T)) and p is the fluid

density. Detailed formulation can be accessed in Appendix C.

4.3 Results and Discussion

The problem is given by Equations {.10] and [.T1] with boundary conditions [{.12]
were solved numerically using the Keller-box method for the case of the convective
boundary conditions. Three parameters were considered, namely the Prandtl number Pr, the
convective parameter Y and the coordinate along the surface of the cylinder, x. The
solutions are heavily reliant upon these parameters. In the numerical solution, the starting
point was a consideration of the solution at the lower stagnation point of the cylinder i.e.
x = 0 and proceeded round the cylinder up to the separation point denoted as x;. Therefore,
the solution for the local skin friction coefficient and heat transfer coefficient lies between
0 < x < x;. Outside this value, the solution became unstable and encountered singularity in
the numerical solutions. Therefore from the numerical solution, estimation of the separation
of the cylinder occured at the point, x; = 1.85 (104.50°) which is in good agreement with
the results reported by Zukauskas and Ziugzda (1985), Khan et al.| (2004) and Kaprawi1 and
Santoso| (2012)).

02

Table 4.1| provides the values of the reduced skin friction coefficient a—yz(x, 0) at
some position x when y = 1.0. To validate the implementation, results from this code were
compared to previously published numerical results at the lower stagnation points x ~
given by Salleh et al.| (2009) and |Ahmad et al.| (2005). These researchers solved the similar
problem under discussion, but they used different types of thermal heating process. |Ahmad
et al. (2005) investigate the case when constant heat flux is applied, whereas Salleh et al.

(2009) using Newtonian heating. Both investigators used Keller-box method to solve the
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problems. Eventhough the thermal boundary conditions are different, the momentum
equation remained the same. This is due to the fact that decoupled boundary layer equation
where the momentum and energy equations are independent from one and another. Change

values in the thermal condition are only reflect to energy equations. Therefore, there is only
°f

a unique value the reduced skin friction ﬁ(x,O) = 3.4866 for all cases of CHF, NH and
y

CBC. The comparisons between these results are found to be in a good agreement.

Table 4.1. Values of the reduced skin friction coefficient at some positions x when y = 1.0

Present Result Ahmad etal. (2005)  Salleh et al.[(2009)
2

x x° 5L (x,0) 7"(0) £"(0)
0.0 0 3.4866 3.4919 3.4864
0.2 11.46 3.4302 - -
0.4 22.92 3.2692 - -
0.6 34.38 3.0117 - -
0.8 45.84 2.6710 - -
1.0 57.30 2.2637 - -
1.2 68.75 2.8085 - -
1.4 80.21 1.3239 - -
1.6 91.67 0.8218 - -
1.8 101.13 0.2688 - -

Table 4.2. Values of the heat transfer coefficient Q,, when Pr = 1.0

X Y
0.05 0.10 0.20 0.30
0.0 0.0471 0.0889 0.1549 0.1786
0.2 0.0510 0.1049 0.2257 0.3702
0.4 0.0517 0.1079 0.2390 0.4037
0.6 0.0520 0.1092 0.2448 0.4185
0.8 0.0522 0.1098 0.2474 0.4253
1.0 0.0522 0.1099 0.2481 0.4272
1.2 0.0522 0.1097 0.2471 0.4249
1.4 0.0522 0.1091 0.2444 0.4183
1.6 0.0517 0.1078 0.2391 0.4052
1.8 0.0509 0.1044 0.2249 0.3710

The values of the local heat transfer coefficient, Q,, for various values of the
convective parameter are presented in Table .2} starting with y = 0.05 up to y = 0.30. It

can be observed from these tables that the values of Q,, increase to the maximum value
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when it reaches a certain point of x. After the maximum points, the values of Q,, start to

decrease at the rear part of the cylinder.

25 T T T T T T T T T

Cf (x,0)

—— Present result
m  Sdlehet a. (2011)

0.5

Figure 4.2. Variation of the local skin friction coefficient C¢(x,0)

The local skin friction coefficients, Cy are illustrated in Figure for the present
results and those reported by |Salleh et al.| (2011). There is no skin friction at the stagnation
point (Mabood et al., 2016). The graph is almost symmetric and the point of maximum

occurs at 0.96. The increase in the shear stress is caused by the deformation of the velocity

profile in the boundary layer, a higher velocity gradient at the wall, and a thicker boundary
layer (Kaprawi and Santoso, 2012).

Figure .3 shows the value of the local heat transfer coefficient for various values of
Pr. As Pr increases, the heat transfer coefficient also increases. However, at the lower
stagnation point x ~ 0, the value increases drastically before it becoming relatively constant
and decrease at separation points. A similar trend is observed when 7y increases as illustrates
in Figure f.4 Indeed, heat transfer coefficients increase with the increase of 7y i.e.
convective parameter helps in increasing the surface temperature. Figure 4.3 displays the

velocity profiles near the lower stagnation points of the cylinder, x ~ 0. Regarding this

figure, a unique graph of —(x,0) is found for all values of Pr number and convective

dy
parameter ¥ due to the decoupled Equations [4.10]and .11]
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Figures [4.6] shows the temperature profiles at the stagnation point of the cylinder
for various values of Pr. The temperature profile decreases when the Prandtl number Pr
increases. This is due to the fact that for small values of Prandtl number Pr(< 1), the
fluid is highly conductive. Physically, if Pr increases, the thermal diffusivity decreases and

this phenomenon leads to the decreasing manner of energy transfer ability that reduces the
thermal boundary layer (Mohamed, 2013)).

On the other hand, in {.7] temperature profile increases as the convective parameter
increases. Furthermore, the parameter y at any location is proportional to heat transfer
coefficient associated with the hot fluid /. Therefore, as y increase, the hot fluid resistance
increases and consequently the surface temperature increases 2009). From Figure
the variation of wall temperature is graphically plotted, 6,,(x,0) with y = 0.5 and 1.0.
To achieve an acceptable solution, Pr must be greater than some critical value, say Pr.
depending on y. As Pr approaches the critical value, 6(0) becomes large and the value of
Pr, =0.1713 and 1.9252 when y = 0.5 and 1.0 respectively.

Variation value of the wall temperature, 6(0) for different values of ¥ when Pr =
0.72,1.0 and 7.0 are shown in Figure .9 Also in this case, to obtain an acceptable solution,
Y must be less than some critical value, say ¥, depending on Pr. From the graph above, the
critical value of 7, is 0.7091, 0.8068 and 1.6750 when Pr = 0.72, 1.0 and 7.0, respectively.
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4.4 Conclusions

The results presented in this chapter provide a better understanding regarding the
influences of the presence of the convective parameter and Prandtl number Pr, on the rates of
heat transfer and the hydrodynamic and thermal behaviour around a heated circular cylinder
mounted in a horizontal channel. Though not surprising, the results demonstrate that the

presence of the convective parameter increases the heat transfer as expected.

The separation of the cylinder for forced convection occur when position of x = 1.85
of cylinder where it diminishes and we have shown how convective parameter, ¥ and the
Prandtl number affects the flow and heat transfer characteristics as well as the position of the

boundary layer separation point, x; . Therefore, we conclude that:

1) the unique valued exists for the skin friction coefficient due to the decoupled boundary
condition i.e. the flow is independent of the temperature and the maximum skin friction
takes place when x = 0.96 (55°)

ii) the heat transfer increases with the increase of ¥ as the convective parameter aids in

increasing the surface temperature

iii) an increase in the value of Pr leads to a decrease in the temperature profiles. However,

the rise in Y increases the temperature profile

iv) to achieve a physically acceptable solution, Pr must be greater or equal to Pr. depending
on 7, whereas y must be less than or equal to ¥, depending on Pr. Outside this value, the

singularity occurs and the solution becomes unstable
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CHAPTER 5

FREE CONVECTION BOUNDARY LAYER FLOW OVER A HORIZONTAL
CIRCULAR CYLINDER IN A MICROPOLAR FLUID

5.1 Introduction

This chapter demonstrates on a problem of free convection immersed in the

micropolar fluids. [Eringen (1966) was the first who proposed the theory of micropolar

fluids where the structure and microrotation of fluid elements give rise to the microscopic
effect. Later incorporated the thermal effects in generalizing the theory of
micropolar fluid. Eringen’s discovery led to the major advancement in fluid flow whereby
micropolar fluid takes account into the rotation of fluid particles using an independent

kinematic vector called the microrotation vector.

Accordingly, this model consider the biological fluids in thin vessels, polymeric
suspensions, slurries, and colloidal fluids. Due to the vast applications, numerous problems
regarding the solutions of flow of a micropolar fluid have been investigated by researchers.
The historical development of the free convection flow in a micropolar fluid has already

presented in Chapter 2]

In the next section, we provides a succinct description of the governing equations and
the boundary conditions for the free convection over horizontal circular cylinder immersed in
micropolar fluid. This is followed by a presentation and discussion of the numerical results in
Section [5.3] which include the variations of the skin friction coefficient and the heat transfer
coefficient with the effects of the Pr number, convective and material parameter on the flow
and heat transfer. Finally, Section [5.4] provides the concluding remarks about the finding of

this problem.
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5.2 Mathematical Formulation

Steady free convection boundary layer flow and heat transfer of a viscous and an
incompressible micropolar fluid of free stream velocity, and ambient temperature, over a
horizontal circular cylinder of the radius, are next examined. Under the Boussinesq and
boundary layer approximations, the basic equations are (Nazar et al. 2002bj Salleh and
Nazar, [2010)),

- — 2— i H
p(ﬁ@w@) = (1 +%) 2= + pgB (T — T)sin (E)Ha—f] >.1
v a dy

PRI LN | 52

) _ : -
pJ(ﬁa—I:I+vaH> :K<2H+a—f)+xi—£21 5.3
y

AR

Hot fluid

Figure 5.1. Physical model and coordinate system
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Assuming the spin gradient velocity is given by ¥ = (1 + (k/2))J. The boundary

conditions for the flow and thermal field are

oT — = ou
ﬁszO, —k—=h Ty—T), H=-—-n-— at y:O
i—0 T =T, H—0 as y—oo

where u and Vv are the velocity components along x and y respectively, p is the fluid density,
v is the kinematic viscosity, K is the vortex viscosity, g is the gravitational acceleration, f3 is
the thermal expansion coefficient, T is the fluid temperature in the boundary layer, H is the
angular velocity of the micropolar fluid, « is the thermal diffusivity, u is the viscosity, and
J is the microinertia per unit mass. The bottom surface of cylinder is heated by convection
from hot fluid of temperature 7 which provides heat transfer coefficient 7. Further, k is the

thermal conductivity and 77 > T...

Therefore to solve Equations [5.1]to[5.4] the following non-dimensional variables are
defined as

x=1Xx/a, y=Gr'/*(3/a), ulls (%)Gr_l/zﬁ

5.5
T-T. 2 —
V= 4 Gr*1/4v, 6= , A = Gr3/*H
v Ty — T v
where Gr is Grashof number which is given as
Ty —Too)a®
Gr = 8P Ty — I)a” 56

v2

Substituting Equation [5.5] into Equations [5.1] to [5.4] the following boundary layer

equations for the problem under consideration are given by

d d 9° oH
u—u+v—u:(1+l()—u+9sinx+l(— 5.7
dy? dy

oH  oH (1 K)ng—K(quL—) 5.8

ax T\ T2) 9
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ae+ 00 1 9%6 59
ox ' dy Pr&y ’

where the material or micropolar parameter K is defined as K = k/u , and k, u are the vortex

viscosity and viscosity, respectively. The boundary conditions become

20 10
u=v=0, =—y(1-0), H ey y=0

dy Zad 5.10
u—0, 6—+0, H—0 as y—>o

To solve Equations [5.7)to [5.9] subjected to the boundary conditions [5.10] we introduce the
following variables

v=xf(x,y), 0=0(xy), H=xG(x,y) 5.11

where y is the stream function defined as u = dy/dy and v = —dy/dx. Thus, Equations
B.7to[5.9 becomes

2
1T (&) sy, 36 (BE ay y

dy X dy dy dxdy Jx dy?

5.12

0°G 9G [(df 9%F dfdG dfaG
<1+ )az fay (ay>G K(ZG—}—&y)—x(——) 5.13

10% .98 <afae afae>

5.14
Pr dy? ay dy dx dx dy
subject to the boundary conditions
of 00 19%f
=0, —=-—y(1-6 G=—=5 a y=0
f ay Y ay Y( )7 2 ayz a y
5.15
d
8_§_)0’ 6 -0, G—-0 as y—o
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It can be seen that near the lower stagnation point of the cylinder, x ~ 0 , Equations [5.12]to

[5.14] reduce to the following ordinary differential equations,

(L+K)f" 4+ ff" = (f') +68 +KG' =0 >-16
<1+’§) G"+ /G =(f)G~K(2G+[") =0 317
%elurfg’:() 5.18

and the boundary conditions|[5.15|become

F0)=F0)=0, 0'0)=—7(1-0(0)), G(O)=—5f"(0) at y=0
5.19

fi») =0, 6()—0, G(y)—0 as y—e

where primes denote differentiation with respect to y. Indeed, in practical applications,
quantities such as surface heat flux and skin friction are very important. But, for free
convection problems, the former is more important than the latter. The following equation

provides both the skin friction coefficient Cy and the heat flux Q,, as

Gr=3/442 aGr—1/4
cr=—— 1,

_ il 5.20
uv T (1, —7.)

where 7, is the skin friction coefficient or the shear stress at the surface of the cylinder, g,

is the heat flux from the surface of the cylinder respectively, which are given by

_ dit _ (0T
Ty =U (a—y)yzo, Gw = —ky <(9)7>)-:0 5.21

Using Equations[5.5]and [5.1T} the dimensionless quantities Cy and Q,, are obtained as

K\ 0? 20
Gri/tc, = <1+5>xa—y];, Qw:—a—y:—}/(l—e) 5.22

Detailed formulation can be accessed in Appendix D.
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5.3 Results and Discussion

Equations [5.12]to [5.14] with boundary conditions [5.15| were solved numerically using
the same techniques as presented in Chapter 3. The numerical solution starts at the lower
stagnation point of the cylinder, i.e. x ~ 0 and proceeds round the cylinder until the upper
stagnation point, (x = 180°). In this study, the results are also focused on the case at the lower
stagnation point of the cylinder, and therefore Equations [5.17] to [5.18] are solved subject to
boundary conditions [5.19} Representative results for the velocity and temperature profiles
for the local heat transfer and the skin friction coefficient are obtained for various values of
the convective parameter ¥, material parameter K and at a different position of x. The values
of material parameter considered in this problem are K = 0 (Newtonian fluid), K = 1,2 and

3 for micropolar fluid.

To verify the accuracy of the present method, the present results are compared with
those reported by Bhattacharyya and Pop| (1996) as shown in Table [5.1} Bhattacharyya and
Pop| (1996)) studied free convection from cylinders of elliptic cross-section in micropolar
fluids using numerical approach. It is found that the values of Nusselt number for the
previous published results with the presents results when convective parameter reduces to
convective parameter i.e Y — o (CWT) are found to be in good agreement. Therefore, the

result presented here is considered to be accurate.

Table 5.1. Comparison for the local Nusselt number Nu for the Newtonian case when y — oo

(CWT).
. —0'(0)
Bhattacharyya and Pop| (1996) Present Result

0 0.4213 0.4214
0.4 0.4183 0.4183
0.8 0.4093 0.4093
1.2 0.3942 0.3942
1.6 0.3725 0.3726
2.0 0.3440 0.3440
24 0.3066 0.3069
2.8 0.2568 0.2575

T 0.1963 0.1939
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Figures [5.2] and [5.3] illustrate the behavior of the local skin friction coefficient and
local heat transfer for various values of convective parameter y. Indeed, from these figures,
it can be seen that there is no significant difference in the value of the heat transfer coefficient
for the different position of x. This is possibly because the value of Y is small, and the effect
of the heat transfer is not significant. However as 7y increases, the heat transfer coefficient is

increased. Notably, a similar pattern was observed in the case of the skin friction coefficient.

Figures[5.4)and [5.5]depict the behaviour of the local skin friction coefficient and local
heat transfer for various values of the material parameter K. The skin friction coefficient
increases as the value of K increases whereas the opposite pattern is observed for the heat
transfer coefficient. The increasing values of Cy increase with the parameter K due to the
factor of x(1 4+ K/2)). Consequently, an increase in the value of K implies a higher vortex

viscosity of fluids and this resulting the higher values of local skin friction coefficients.

The corresponding variation of the skin friction coefficient Cy and heat transfer Q,,
for various values of the Prandtl number are illustrated in Figures [5.6] and From
observing these figures, the values of the skin friction coefficient decrease with the increase
of Pr, while those of the heat transfer increase with the increase of Pr for the fixed value of
K.

Also, the temperature and velocity profiles, and angular velocity for some of the
values of parameter K are displayed in Figures[5.8] [5.9]and [5.10] Noticeably, as K increases,
the temperature profile increases, while the velocity and angular velocity decrease when K

is increased.

The effects of the Prandtl number on velocity, temperature, and the angular velocity
at the lower stagnation point are demonstrated in Figures[5.11}[5.12]and [5.13] The influence

of the Prandtl number is similar to that in classical problem of the constant wall temperature

case.

The effects of the convective parameter on velocity, temperature, and angular
velocity at the lower stagnation point are presented in Figures [5.14] [5.13] through [5.16 It
can be observed that the velocity becomes thinner as the convective parameter increases
(Pantokratoras), [2014)).

Note that for the case of free convection, the numerical solution demonstrates that
the boundary layer reaches the top of the cylinder (x = &) without separating. Therefore, the
boundary layer on each side of the cylinder must collide at (x = &) and leave the surface to

form a thin buoyant plume above the cylinder.
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5.4 Conclusions

In this chapter, the problem of the free convection boundary layer of a horizontal
circular cylinder immersed in a micropolar fluid with convective boundary condition was
numerically studied. Notwithstanding, to determine how the convective parameter 7y as well
as the material parameter K and Prandtl number affect the flow and heat transfer
characteristic. For the comparative result, the results were compared with the results
obtained with |Bhattacharyya and Pop (1996) for the case when y — c. The results were
illustrated graphically and from the obtained results, the following conclusions are

presented:

1) an increase in ¥ and K illustrate the increment in the Cy. However the increase in Pr

shows the decrease in Cy

ii) an increase in the ¥ and the Pr number leads to heat transfer enhancement Q,,.

Conversely, the different result are obtained with an increase of K.
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1i1) an increase in the K parameter from O to 2 leads to decrease in velocity and the angular
velocity profile. On the other hand, the temperature profile 6(y) increases with an

increase of parameter K.

iv) as the Prandtl number increases, the velocity f’(y) and the temperature profile 6(y)
decrease. The thermal boundary layer thickness decreases as the Pr increases. Therefore

the resistance to heat transfer is reduced.

v) the increased value of ¥ leads to the increase in the velocity and the temperature profile.
For the case angular velocity G(y), increasing 7y decreases G(y) initially, however after

y = 1.6, the result changes in opposite way
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CHAPTER 6

MIXED CONVECTION BOUNDARY LAYER FLOW OVER A HORIZONTAL
CIRCULAR CYLINDER IN A VISCOUS FLUID

6.1 Introduction

The previous two chapters have considered both free and forced convection. In this
chapter, attention is focussed on the problem of mixed convection over a horizontal circular
cylinder under a convective boundary condition. Mixed convection describes the situation
when the effect of the buoyancy force in forced convection, or the effect of forced flow in

free convection becomes significant.

Mixed convection heat transfer exists when natural convection currents are in the
same order of magnitude as the forced flow velocities (Dawood et al., 2015)). Indeed, mixed

convection flow from a horizontal circular cylinder constitutes an important heat transfer

problem from the standpoint of engineering applications and numerical analysis
2003). Mixed convection boundary layer flow from general bodies in viscous fluid has been
considered by numerous researchers as listed in the following paragraph. Over the past
decade, the study on mixed convection over a horizontal cylinder has progressed
tremendously due to the demand in industrial manufacturing processes, geothermal power

generation, the dispersion of pollutants, drilling operations and more.

In the next section, we provides a succinct description of the governing equations
and the boundary conditions for the mixed convection over horizontal circular cylinder. This
is followed by a presentation and discussion of the numerical results in Section [6.3] which
include the variations of the skin friction coefficient and the heat transfer coefficient with
the effects of the Pr number, conjugate and mixed parameter on the flow and heat transfer.

Finally, Section [6.4] provides the concluding remarks about the finding of this problem
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6.2 Mathematical Formulation

Next, we consider the problem of mixed convection flow of a viscous and
incompressible fluid impinges to a horizontal circular cylinder with radius a, where the
bottom surface of the cylinder heated by convection from hot fluid. The coordinates X and y
are measured along the surface of the cylinder, starting with the lower stagnation point and
normal to it, respectively. It is assumed that the free stream velocity is in the form of U
and ambient temperature 7... In addition, Boussinesq equations and boundary layer
approximation are proved to be valid in this problem. Under these assumptions, the steady

mixed convection boundary layer flow are given as follow

_Ju _Ju _Jdu, d%u — . (X

0T _ 0T 9°T
U=+ V===

0% ay aa—? 6.2

where u and v are the velocity components along the X and y respectively, p is the fluid
density, g is the gravitational acceleration, 3 is the thermal expansion coefficient, T is the
fluid temperature in the boundary layer, o is the thermal diffusivity, v is the kinematic

viscosity and free stream velocity i, for the boundary layer equations is given by

% — G (f) 6.3
a

The boundary conditions for the flow and thermal fields are as Equation 4.3

In order to solve Equations [6.1] to [6.3] we introduce the following non-dimensional

variables defined as

x=x/a, y=Re'?*(¥/a), u=1u/U., Ue =g /Uso

T 6.4
v=Re'?(/U.) 6= -
Ty — T

111



Substituting Equation [6.4] into Equations [6.1]to [6.3] we obtain the following boundary layer

equations for the problem under consideration

Ju Jdu ou, 9%u .
ua-l-va—y:ueg-l—a—yz—i-lesmx 6.5

26 . 90 1 9%6 6.6
U— tv—=—— .
dx dy  Prdy?
The transformed boundary conditions are as Equationn Here A is the constant mixed

convection parameter which are defined as

Gr ¢B(Ty — Tno)a®

A/ = U Gr = 67
Re

2
It is worth mentioning that (i) A > O for the assisting flow, (ii)) A < O for the opposing

flow and (iii) A = 0 for forced convection. Further, we introduce the following similarity

transformation (Anwar et al., [2008}; [Salleh et al., 2010b),

l//:xf(x,y), 9:9()@)’) 6.8

where f is the dimensionless stream function, 6 is the dimensionless temperature, and Y is
the stream function defined as usual. Using stream function, we get the resulting transformed
equations

B3fF I [If\* sinx df d%f  of 9%f

2
10% 36 <afae afae> ‘10

Pray 1oy \ayax axay

the boundary conditions 4.7/ become
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af 00
6.11
%%w, 06 —-0 as y—o
dy X

At the lower stagnation points of the cylinder x ~ 0 , Equations [6.9] to [6.10] reduce to the

following ordinary differential equations:
£ L LT 1 a0 6.12
1
—0"+f6'=0 6.13
Pr
while the boundary conditions (6.1 1) become

f(0)=f(0)=0, 6'(0)=-y(1-6(0)) at y=0

fl) =1, 6(y)—0 as y—oo

6.14

Again similar to the previous chapter, the quantities of practical interest are the skin friction

coefficients, which are defined in nondimensional form as

Cp=Rel2- /g, =Re /22w 6.15

where £ is the thermal conductivity of the fluid and ¢,, and 7,, are the skin friction and heat

transfer coefficient respectively given by

dii oT
Ty = (ua—y_)y_zo, qw = —k<(9y>y_0 6.16

Using non-dimensional variables Equation[6.4] and the transformation [6.8] we obtain

Qw:__:—'}’(l—e) 6.17

Detailed formulation can be accessed in Appendix E.
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6.3 Results and Discussion

Equations [6.9] to [6.10] subject to the boundary conditions [6.I1] were solved
numerically. Only case of the assisting flow (A > 0) is considered. The numerical solutions
begin at the lower stagnation point of the cylinder ~ 0 and proceed round the cylinder up to
the separation point. For this case, it is important to note that the separation occurs at
(x = %71:) while those presented by for the case of constant wall temperature
reach up to (x = 7). Representative results for the skin friction coefficient Cy, heat transfer
coefficient Q,, are obtained at the different positions 0 < x < 120° and for the various values

of mixed convection parameter A, the Prandtl number Pr, and the convective parameter 7.

Furthermore, to assure the accuracy of the present method, a comparison of the

results have been made with those of [Eckert| (1942)) and |Anwar et al. (2008). [Eckert (1942)
investigated the heat transfer around bodies meanwhile |Anwar et al. (2008) studied mixed

convection over viscoelastic fluid over horizontal circular cylinder. Both consider constant

wall temperature at the boundary and solve the problem using a combination of series and
numerical method. Also, for limiting cases (Y — o), constant wall temperature results were
attained when large values of y were applied in the boundary conditions. The results in
Table [6.1] manifest that the numerical results obtained by the present author were found to
be almost compatible to a reasonable degree with the result of [Eckert (1942) and [Anwar]

et al] (2008).

Table 6.1. Comparison results for the heat transfer coefficient with Pr =1, 4 = —1,0, 1 and

Y=
A Eckert (1942 Anwar et al.[(2008). Present results
Series Keller-box Keller-box
—1 - 0.5095 0.5072
0 0.5700 0.5706 0.5704
1 - 0.6156 0.6153

The variation of Cy and Q,, is illustrated in Figures @ through @ As shown in
Figure @ the value of Cy is higher for small Prandtl numbers while the different pattern is
observed in the case of Q,, as displayed in Figure @ Furthermore, the graph of Cy and Q,,
at different positions of x and various values of convective parameter y can be seen in Figure
@ and@ Indeed, it is shown that the value of Cr decreases as Y increases and the value of

Q,, increases as Y increases. For the heated cylinder (A > 0), the values of Cy are higher for
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the high value of A as seen in Figure Conversely in Figure increasing A leads to the

decrease in Q,,.
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Figure 6.1. Variation of skin friction coefficient C; for A = 1, ¥ = 0.1 and various values of
Pr

Figures and [6.8] display the effect of convective parameter ¥ on the velocity and
temperature profiles. It is observed that increasing 7y leads to the increase of the temperature
and velocity profiles. This is because, as y increases, the convective heat transfer from the hot
fluid on the surface of the cylinder to the cold side increase therefore, leading to an increase

in both the velocity and the temperature profiles.

Figures [6.9] and [6.10] illustrate the effects of the Pr number on the velocity and
temperature profiles respectively. The velocity and temperature decrease as Pr increases.

The physical meaning behind this has been explained earlier in Chapter 4.

Figures [6.11] and [6.12] present the behaviour of the velocity and temperature profiles
with a change in the values of mixed convection parameters A. From these figures, it is
evident that the velocity profile increases but the temperature profile decreases as A increases.
This is because when A increases, the convection cooling effect increases and hence the fluid
flow accelerates. Therefore the temperature reduces. Also, for high A number, there exists
an overshoot of the velocity profile from the free stream velocity. Finally, it is observed from
the profiles in Figures [6.7] through to [6.12] that they satisfy the far field boundary conditions

asymptotically, which support the numerical result obtained.

115



0.105
0.1
0.095

0.09f,

0.085f b

Figure 6.2. Variation of heat transfer coefficient Q,, for A = 1, ¥ = 0.1 and various values of
Pr
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Figure 6.3. Variation of the skin friction coefficient Cy for A =1, Pr=7.0 and various values
of y
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Figure 6.5. Variation of the skin friction coefficient Cy for Pr = 7.0, y = 0.1 and various
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Figure 6.6. Variation of the heat transfer coefficient Q,, for Pr = 7.0, ¥ = 0.1 and various
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Figure 6.7. Velocity profiles f’(y) for various values of ¥ when Pr=7 and A = 1.0
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6.4 Conclusions

The mixed convection boundary layer on a horizontal circular cylinder was
considered where there was a convective boundary condition relating the surface
temperature to the surface heat flux. By taking specific forms for the outer flow and surface
heat transfer parameter, it reduced the problem to a system of non-similarity equations.
Apart from the convective parameter Y, the problem involved two other parameters: the
Prandtl number Pr and the mixed convection parameter A. Besides that, we also looked into
the effects of the skin friction coefficient and the heat transfer coefficient on the flow and
heat transfer characteristics. Numerical results for the velocity and temperature profiles
were reported in figurative form. Therefore, from this study, the following conclusions can

be drawn:

i) skin friction coefficient Cy is higher for small Prandtl number and convective parameter,

however as the mixed convection A increases, C ' 1s increases

ii) heat transfer coefficient Q,, shows an increase for the increase value of Prandtl number

and convective parameter, and opposite trend is observed when A increase
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iii) the temperature profile 6(y) increases when the convective parameter y increases, and
different patterns are observed for the increase in the Pr number and the mixed convection

parameter A.

iv) as the value of the convective parameter ¥ and mixed convection parameter A increase,
the velocity profile increases, while the increase in Pr number led to a decrease in the

velocity profile.

v) unlike the case of constant wall temperature where there is no separation as the flow can

reach up to the top at the cylinder (x = 7), in this case, the separation occur earlier at

(=30
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CHAPTER 7

MIXED CONVECTION BOUNDARY LAYER FLOW OVER A HORIZONTAL
CIRCULAR CYLINDER IN A NANOFLUID: TIWARI AND DAS MODEL

7.1 Introduction

In this chapter, the problem associated with the mixed convection boundary layer
flow over the horizontal circular cylinder immersed in nanofluid is considered and discussed.
Early research on the mixed convection in a viscous fluid has previously been discussed in
Chapter 5. Therefore this chapter will focus on the development of the mixed convection

immersed in a nanofluid.

Conventional fluids such as oil, ethylene glycol mixture, and water are attributed
with low thermal conductivity and thus resulting in the limitation to enhance the
performance of many engineering devices. Due to this drawback, there is a strong need
among researchers to develop advanced heat transfer fluids producing higher conductivities
and consequently improve the thermal characteristics. An innovative method of improving
the thermal conductivities of a fluid is to suspend metallic nanoparticles within the fluid
(Tiwar1 and Das, 2007). The thermal conductivities of fluids with suspended particle are

expected to be higher than those of common fluids.

The process of suspended metallic, non-metallic or polymeric nano-sized particle in
a fluid is called nanofluids. The procedure of preparing the suspended particle of nanofluid
is given in the paper by |Xuan| (2000) where they highlight that thermal conductivity of

nanofluid remarkably increases with the volume fraction of the particle.

Two successful models for convective transport in nanofluids are found in the
literature namely the Tiwari and Das, and Buongiorno model. Tiwari and Das focus on heat
transfer enhancement via the solid volume fraction of different nanoparticles and base fluid.
On the other hand, Buongiorno proposed that the nanoparticle absolute velocity can be

viewed as the sum of base fluid velocity and relative velocity (slip velocity) which
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addresses the important aspect of the Brownian motion, and thermophoresis parameters.
There are many excellent reviews on convective transport in nanofluids have been reported
by Daungthongsuk and Wongwises| (2007) and Sheikholeslami and Ganji (2016). In this
chapter, the model of nanofluid proposed by Tiwari and Das is applied as the model which

notably has been successfully used in many of the research journals.

In the next section, we provides a succinct description of the governing equations
and the boundary conditions for the mixed convection boundary layer over cylinder in
nanofluids using Tiwari and Das model. This is followed by a presentation and discussion
of the numerical results in Section 7.3, which include the effects of the governing parameter
on the heat and flow. Finally, Section 7.4 provides the concluding remarks about the

findings of the problem.
7.2 Mathematical Formulation

Consider the steady two-dimensional mixed convection flow of a nanofluid past a
circular cylinder of radius a and wall temperature 7;,. It is assumed that the free stream
velocity is in the form of #,(¥) and the ambient temperature is 7. The coordinates X and y
are measured along the surface of the cylinder, starting with the lower stagnation point and

normal to it, respectively.

The basic steady mixed convection boundary layer flow for a nanofluid in Cartesian

coordinates are (Tiwari and Das|, 2007)),

L N )
T EF P, OX

Py )72
7.1
(Z)psﬁs + (1 B ¢)pfﬁfg(T_ Too) sin <X>
Pny a
787_’_787 v <8ZT+&2T> 79
- V=——=0y,| —H e .
" ox oy T\ ox*  9y2

The boundary conditions for the flow and thermal field are same as Equation 4.3] Here
and v are the velocity components along the X and y axes respectively, 7 is the fluid
temperature, p is the fluid pressure, By is the thermal coefficient expansion of the fluid

fraction, B; is the thermal expansion coefficient of solid fraction, ¢, is the thermal
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diffusivity of the nanofluid, p,, is the density of the nanofluid, py is the density of the fluid
fraction, p; is the density of the solid fraction, ps is the viscosity of the fluid fraction and
U, is the viscosity of the nanofluid, which are given by Oztop and Abu-Nada| (2008). The
bottom surface of cylinder is heated by convection from hot fluid of temperature 7y which

provides heat transfer coefficient /i¢. Further, k is the thermal conductivity and Ty > T...

In order to solve Equations [7.1] to we introduce the following non-dimensional

variables defined as

x=%/a, y=Re'*(¥/a), u=1/Us, v=Re*¥/Us)
1.3

_T-T., P — Deo

0 Bl =

where Vy is the kinematic viscosity of the fluid. Substituting these variables into Equations
to [7.2] and making use of the boundary layer approximation, namely that Re — o, we
obtain the following boundary layer equations for the problem under consideration in

dimensionless form:

u@+v@:_9p Hny 92u+¢Ps(ﬁs/ﬁf)+(1—¢)

B Pfaa.:
dx  dy i PufVys 0y> Ony A0 sinx 7.4

96 06 1 Oy 9%0

. v —— 7.5
“ox +v3y Pr ay dy?
The boundary conditions become From Equationthat p = p(x), we have
dap du,
. 7.6
dy e ox
Therefore we have to solve the following boundary layer
Ju Jdu u, 1 0%u
Us TVaD e 25 2
dx d dx  (1=9)>[1—¢+(9ps/pys)] Iy
7.7

¢ps & (1 - (P)pf sinx
*[(1—¢>pf+¢ps (m) " ¢>ps+<1—¢>>pf]’L
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ua—e +va—9 _ L kuy /g 2% 7.8
ox dy Pr(1—-9)+(9(pCp)s/(pCp)s 9y? '

where k7 is effective thermal conductivity of the nanofluids, k is the thermal conductivity
of the fluid, k; is the thermal conductivity of the solid, (pC,), 7 is the heat capacity of the
nanofluid, ¢ is the nanoparticles volume fraction or solid volume fraction of the nanofluid
defined as

knf

Pn; = (1 _¢)Pf+¢Ps> Unp = (1_11#

O =

7.9

B knf (ks =+2kp) —2¢ (kg — ks)
(PCp)nf = (1 _¢)(pcp)f+¢(pcp)s7 E ~ (ks +2Kkp) + 0 (kp —ks)

with the boundary conditions The solution of Equations [7.7]to[7.8]are in the form of

v =xf(x,y), 0 = 0(x,y) 7.10

where v is the stream function. By substituting Equation [7.10] into Equations [7.7) and [7.8]

and taking account that u,(x) = sinx, we obtain:

1 f o 9*f B (82f>2+ sinxcosx
(1=9)22[1 =9 +(¢ps/py)] dy° ~ * dy* \0dy? x

00, <g> (1-9)py | 46sinx -
+[(1—¢)pf+<i>;os Br) T opst (= 9)pr| = '
_ [(of I*F Ofd*f
"“<ayaxay‘$ay2>
l k”f/kf 9°6 f89_x<8f89_8f8a9> 7.12
Pr(1—9)+(0(pCp)s/(pCp)y 2 ' ax ~ "\ dy ax  ax dy '

126



along with boundary conditions Equation [6.11] Near the lower stagnation point of the
cylinder x ~ 0, Equations [7.11] and [7.12]reduce to the ordinary differential equations:

1 f///+ff//_(f/)2_|_l
(1-9)25[ 19+ (9ps/py)]
7.13
¢ ps &) (L—9)py ]/19 _
+|:<1_¢)pf+¢ps <Bf +¢Ps+(l—¢))pf 0
i knf/kf 9//+f0/ —0 714

Pr(1—9)+0(pCp)s/(PCp) ¢

and the boundary conditions becomes as Equation [6.14] It is worth to mention here that
when (¢ = 0) this is the case for regular fluid and Equations (7.13)) and (7.14) reduced to
those derived by (1977). Meanwhile, for the case when ¥ — oo this case reduced to
constant wall temperature as solved by [Tham et al| (2012).

Therefore, the primary objective of this study 1s to estimate the skin friction
coefficient Cy, and the Nusselt number Nu,. Importantly, these parameters characterise the
surface drag and the wall heat, respectively. The physical quantities of interest in this case

are the skin friction coefficient Cy and the Nusselt number Nu, which are defined as

v N 715

.
f pro% kf(Tf_Too)
where 7,, is the skin friction coefficient or the shear stress at the surface of the cylinder and

qw 1s the heat flux from the surface of the cylinder, which are given by

ou oT
Tw :Unf (a_y)7 qdw = _kn_f<ay> 7.16

Substituting Equations [7.3]and into Equations and we get

1/2 1 9%y

_ gy —1/2
e s tay

ki,
(x,0), Rey '"Nu=— y 96

— 0 7.17
a9y 0

Detailed formulation can be accessed in Appendix F.
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7.3 Results and Discussion

The partial differential Equations [7.11] and [7.12] with corresponding boundary

conditions [6.11] were solved numerically using an efficient implicit difference scheme. The
numerical investigation of the boundary problem has been carried out for the following
parameters : the solid volume fraction parameter (¢ = 0.0 to 0.2), the mixed conjugate
parameter (L = —1.0 to 5.0), the convective parameter (Y = 0 to 0.3), and the Prandtl
number Pr = 6.2 (water-base fluid). Three different types of nanoparticles, namely Al,Os,
Cu, and TiO, (with water as their base fluid) have been considered in this study as these
nanoparticles are well known and have been excessively used in many experimental works.
Representative results for the skin friction coefficient Re}c/ C r and the local Nusselt number
Re;l/ 2Nu, have been obtained for the following range of the nanoparticle volume fraction
¢ = 0 (regular fluids) at different positions x with a different number of parameters.
Notably, this study reduces those of a viscous or regular fluid when ¢ = 0. Data is applied to
the thermophysical properties of the the fluid and nanoparticles as listed in Table [7.1] (Oztop
and Abu-Nada, 2008) to compute each case of nanofluid.

Table 7.1. Thermophysical properties of fluid and nanoparticles

Physical properties Fluid phase Cu Al O3 TiO,
Cp(J/kgK) 4179 3.85 765 686.2
p(kg/m?) 997.1 8933 3970 4250
k(W /mK) 0.613 400 40 8.9538
Bx10~>(1/K) 21 167 0.85 0.9

The solution process starts at x =~ 0 where the Equations and are solved
moving forward to reach the solutions. Based on the computation, the separation point for
this case is limited at (x = 120°). Indeed, this result differs when applying the constant
wall temperature where the separation process can reach up to (x = 180°). Therefore, the
separation process occurs faster when the convective boundary condition is applied. The
present models have been validated successfully against the works of Merkin/ (1977) and
Tham et al.| (2012) for problem of mixed convection over horizontal circular cylinder at
Y — o0 (CWT) as shown in Table In the report by Merkin| (1977)), two series solutions
are obtained, one of which is valid near the leading edge of the cylinder and the other is valid
asymptotically. The comparison indicates that the previous results and the current ones are
found to be in good agreement. Therefore, the present numerical result obtained is found to

be reliable and accurate.
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Table 7.2. Values of local Nusselt number, Re;l/ *Nu for ¢ =0.0, Pr =17y — oo, and various

values of A
A Merkin (1977) Tham et al.| (2012) Present result
Series Keller-box Keller-box
0.0 0.5705 0.5705 0.5700
0.5 0.5943 0.5945 0.5938
1.0 0.6156 0.6156 0.6148
2.0 0.6497 0.6515 0.6510
5.0 0.7315 0.7315 0.7302

Figures to demonstrate the skin friction coefficient Re)lc/ ’c r and Figures
to demonstrate the local Nusselt number Re, 2Ny of each nanoparticle with the
nanoparticle volume fraction ¢ = 0.0,0.1 and 0.2 respectively. Naturally for each and all
three nanoparticles cases, the skin friction coefficient increases with the increment of ¢.
The similar pattern is observed for the local Nusselt number Re;l/ *Nu where the increases
in ¢ increases the local Nusselt number. However, both the skin friction and the local

Nusselt number decrease as A increases.
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Figure 7.1. Comparison of the skin friction coefficient Re}c/ Cc r using Cu nanoparticles with
¢ =0,0.1,0.2, y=0.1, Pr= 6.2 and various values of 4
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Figure and illustrate the velocity profiles, f/ and meanwhile Figure and
display the temperature profile 6(y) at the lower stagnation point of the cylinder x ~ 0
of the each nanoparticles (Cu, Al,O3 and TiO;) respectively with ¢ = 0.0,0.1 and 0.2 . For
each and all three nanoparticles, the velocity layer thickness increases with the increment of

A. Also, the thermal boundary layer thickness increases as A increases.

On the other hand, Figure [7.13| displays the skin friction coefficient Re)]c/ C r and
Figure illustrates the local Nusselt number Re;l/ *Nu of each nanoparticle for various

values of the convective parameter y. Indeed, these figures show that for each nanoparticles

/

cases, the skin friction coefficient Re}c 2C r decreases with the increment of . The different
situation occurs for the local Nusselt number Rex_l/ 2N u as it increases with the increment
of 7. Increasing y leads to an increase in the velocity and temperature profile as seen in
Figures m and m This is because as Y increases, the convective heat transfer from the
hot nanofluid side on the surface of the cylinder to the cold nanofluid side increases, thereby
leading to an increase in both the velocity and temperature gradient. From all the velocity
and temperature profiles, it is also observed that the profiles satisfy the far field boundary

conditions asymptotically, as such, this supports the validity of the numerical result obtained.
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Figure 7.2. Comparison of the skin friction coefficient Re}c/ 2Cf using Al,O3 nanoparticles
with ¢ =0,0.1,0.2, y = 0.1, Pr = 6.2 and various values of 4
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Figure 7.4. Comparison of the local Nusselt number Re, V2N using Cu nanoparticles with
¢ =0,0.1,0.2, y= 0.1, Pr = 6.2 and various values of 4
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Figure 7.5. Comparison of the local Nusselt number Re, 2Ny using Al,O3; nanoparticles
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Figure 7.6. Comparison of the local Nusselt number Re;l/ *Nu using TiO; nanoparticles
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Figure 7.7. Velocity profiles f’(y) using Cu nanoparticles with y= 0.1, Pr = 6.2,
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Figure 7.8. Velocity profiles f’(y) using Al,O3 nanoparticles with y = 0.1, Pr = 6.2,
¢ =0,0.1,0.2 and various values of A
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Figure 7.9. Velocity profiles f’(y) using TiO, nanoparticles with y= 0.1, Pr= 6.2,
¢ = 0,0.1,0.2 and various values of A
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Figure 7.10. Temperature profiles 6(y) using Cu nanoparticles with y = 0.1, Pr=6.2,
¢ =0,0.1,0.2 and various values of A
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Figure 7.11. Temperature profiles 6(y) using Al,O3 nanoparticles with y = 0.1,, Pr= 6.2,
¢ =0,0.1,0.2 and various values of 4
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Figure 7.12. Temperature profiles 6(y) using TiO; nanoparticles with y = 0.1,, Pr= 6.2,
¢ = 0,0.1,0.2 and various values of A
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Figure 7.13. Comparison of the skin friction coefficient Rey'“Cy with ¢ = 0.1, A = 1, Pr=
6.2 and various values of y
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Figure 7.14. Comparison of the local Nusselt number Re;l/ Nu with ¢»=0.1,A=1,Pr=
6.2 and various values of y
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Figure 7.15. Velocity profiles f'(y) using various nanoparticles with Pr=6.2, ¢ =0.1,A =1
and various values of y
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Figure 7.16. Temperature profiles 6(y) using using various nanoparticles with Pr=6.2, ¢ =
0,0.1 and 0.2, A = 1 and various values of ¥y
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7.4 Conclusions

In this chapter, the problem of mixed convection boundary layer flow over an
isothermal horizontal circular cylinder immersed in a nanofluid is studied. The effects of
mixed convection parameter A, the type of nanoparticles (Al,O3, Cu, TiO;), the convective
parameter Y and the nanoparticle volume fraction ¢ on the flow and heat transfer
characteristics, have been investigated. =~ The governing non-similar boundary layer
equations were solved numerically using the Keller-box method. Therefore, based on the

results the following conclusions are presented:

i) an increase in the value of mixed convection parameter A led to the reduction of the value

of both the skin friction coefficient Re)lc/ ZC r and the local Nusselt number Re, 1/ 2N u

ii) an increase in the value of nanoparticle volume fraction ¢ led to the increment of both

the skin friction coefficient Re)lc/ 2C r and the local Nusselt number Re, 1/ 2N u.

iii) an increase in the value of the convective parameter ¥ led to the increment of the local
Nusselt number Rex_]/ *Nu. However a different pattern is observed for both the skin

friction coefficient Re}c/ 2C i

iv) nanoparticle Cu has a higher value of the local Nusselt number Re;I/ N u, as well as the

/

skin friction coefficient Re}c 2Cf compared to nanoparticles TiO; and Al,Os3.

v) the increasing value of the mixed convection parameter A is found to increase the velocity
profile f/(y) for all three nanoparticles. Conversely for all nanoparticles, the temperature

profile 6(y) decrease as A increases.

vi) an increase in the value of the convective parameter ¥ led to the increment of both the

velocity f/(y) and temperature profile 6 (y).
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CHAPTER 8

MIXED CONVECTION BOUNDARY LAYER FLOW OVER A HORIZONTAL
CIRCULAR CYLINDER IN A NANOFLUID: BUONGIORNO MODEL

8.1 Introduction

The influence of thermal conductivities in many fields of applications such as in
producing energy electronic and transportation sectors have contributed towards an
ever-accelerating interest in the development of nanofluids. As a result, various models for

solving the nanofluid problem have developed. In this chapter, the leading and notorius

nanofluid model is demonstrated besides the Tiwari and Das| (2007) which is Buongiorno’s

model proposed by [Buongiornol| (2006)).

Indeed, Buongiorno conducted an extensive study of convective transport in
nanofluids, focusing more on the heat transfer enhancement observed during convective
situations. Buongiorno refuted the ideas of several other authors concerning the abnormal
increase seen in the dispersion of suspended nanoparticles. From this study, the effect of the
significant agent for heat transfer such as suspension, particle rotation, the dispersion,
however is too small to explain the observed enhancement. Also, the marked improvement
cannot be explained by turbulence as turbulence is not affected by the presence of
nanoparticles. Furthermore, Buongiorno claimed that a satisfactory explanation for the
abnormal increase of the thermal conductivity and viscosity is still to be found. Buongiorno
went further to suggest a new model based on the mechanics of nanoparticles/base-fluid
relative velocity. Moreover, he took the absolute velocity of nanoparticles to be the total
sum of the base fluid velocity and relative velocity, which he called a slip velocity.
Buongiorno’s model consists of seven slip mechanisms; brownian diffusion,
thermophoresis, inertia, diffusiophoresis, gravity settling, Magnus effect and fluid drainage.
Subsequently, he concluded that in the absence of turbulent effects, brownian diffusion and
thermophoresis dominate. Based on these two effects, Buongiorno derived the conservation

equations.
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In the next section, we provides a succinct description of the governing equations and
the boundary conditions for the mixed convection boundary layer over horizontal circular
cylinder in a nanofluid using the Buongiorno-Darcy model. This is followed by presenting
and discussion of the numerical results in Section 8.3, which include the variations of the
skin friction coefficient and, heat flux and mass flux as well as the velocity, temperature and
nanoparticle volume fraction profile. Finally, Section 8.4 provides the concluding remarks

about the finding of this problem.

8.2 Mathematical Formulation

Consider the steady mixed convection boundary layer flow past a heated horizontal
circular cylinder embedded in a porous medium filled by water-based nanofluid for the
present problem. It is assumed that hot temperature from the bottom of surface and the
uniform nanoparticle volume fraction of the surface of the cylinder are 7y and C,,
respectively, while the ambient values, attained as y tends to infinity are 7., and C., where
Ty > T for a heated cylinder (assisting flow) and 7y < T., for a cooled cylinder (opposing
flow) and, C,, > C.. The physical model and coordinate system is shown in Figure [8.1]

yon

N

Hot fluid T, /

Figure 8.1. Physical model and coordinate system

It is also assumed that the velocity of the external flow (inviscid flow) is iz, (%),

where x is the coordinate measured along the surface of the cylinder starting from the lower
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stagnation point and y is the coordinate measured in the direction normal to the surface of
the cylinder. It is assumed that there are homogeneity and local thermal equilibrium in the
porous medium. Further, it is assumed that the Oberbeck-Boussinesq approximation takes
place and that the nanoparticle concentration is dilute. Under these assumptions, the
governing equations are based on the models proposed by Buongiorno| (2006), Tham et al.

(2014) are given in details in Chapter [3] To conserve space and avoid any form of
repetition, see Equations [3.84]to[3.86in Chapter 3]

The corresponding equations for the case of a regular (base) fluid (Nb = Nt = Nr =0)
for the mixed convection problem about the horizontal cylinder described by the following

equations base fluid when

aIf sinx

a*y_(He’I)T 8.1
2’6 06 df 06 dfae
5= (55 ) 52
f(x,0)=0, 6(x,00=1, 6(x,00)=0 8.3

Near the lower stagnation point, x ~ 0, Equations [3.84] to [3.86] for the case of mixed

convection reduce to the following ordinary differential equations

f'= 1+ (6 —Nrg)A 8.4

0" + f0! + Nb'¢! + Nt8” =0 8.5
Nt

0"+ Lefg + 6" =0 8.6

subjected to boundary conditions

f(0)=0, 6'(0)=-y(1-6(0), ¢0)=1 at y=0 .
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where the term for porous medium filled by nanofluid is modified in Rayleigh number Ra is

Ra

Ra = (1—-Cu)gKps. B(Tf —T.)/(ahy) in term of A = B
e

The quantity of interest in this study are the skin friction Cr, Nusselt number Nu and the

Sherwood number S/ which are defined as

Ty
Cr=—%, Nu=-—2 Sh= "

) om = o = 8.8
on% kf(Tf— Too) DB<CW —Coo)

where 7, is the skin friction coefficient or the shear stress at the surface of the cylinder, g,

and g,, is the heat and mass flux from the surface of the cylinder respectively, which are

) Ji o T . oC
Tw = [J (a_)_))y__ov gw = _kf ( (9_)_7 )}—,0’ qm = _DB (&—y)y__o 8.9

Using Equations [3.12)and [3.27 the dimensionless quantities Cy, Nu and Sh are obtained as

given by

Pel/? ’f P12y — 9f Pe /25 — ¢ 8.10

Cr=x—=
pr x&yz’ dy’ dy

Detailed formulation can be accessed in Appendix G.

8.3 Results and Discussion

The partial differential Equations [3.84] to [3.86 with corresponding boundary
conditions were solved numerically. The numerical investigation of the boundary
problem has been carried out for different values of parameters; Lewis number Le,
Brownian number Nb, thermophoresis parameter Nf, buoyancy ratio parameter Nr,

convective parameter ¥ and at some streamwise positions x.

The dimensionless skin friction Cy, the dimensionless heat flux Nu, the dimensionless
mass flux Sk, the velocity profiles f”(y), the temperature profiles 6(y) and the nanoparticles
volume fraction profiles ¢ (y) have been obtained. It appears that the values of the parameters
considered usually exist in geophysical and engineering applications (Nield and Kuznetsov,
2009). The choice of Lewis number range is made on the basis of scale analysis, as described
in Section 9.2.1 of Bejan (2013). Also, as observed from Nield and Kuznetsov| (2009), since
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most nanofluids examined to date incorporating large values of the Lewis number, the interest

here is mainly in the case of Le >1.

For validation purposes, given there is presently no experimental data available in
the literature for the present problem, possibly due to the difficulties in considering all the
factors, the problem is solved for limiting case when y — oo,. Accordingly, this is where
the thermal heating becomes a case of constant wall temperature. The results are compared
for the values of heat transfer coefficient —6(0) with those reported by (Cheng| (1982) and
Tham et al.|(2014) as shown in Table @ Cheng (1982) and [Tham et al.| (2014) perform a
numerical investigation on mixed convection about a horizontal cylinder in a fluid-saturated
porous medium for case of constant wall temperature. Cheng (1982) solved the problem by
integrated numerically using Runge-Kutta method with a systematic guessing of 6’(0) by
the shooting technique. On the other hand, [Tham et al. (2014) implement finite difference
method using Keller-box method which is the same as the current study. The comparison

between these results is found to be excellent, based on the obtained numerical result.

Table 8.1. Values of the heat coefficient —6’(0) in viscous fluid

A . 9/(0)
Cheng| (1982) Tham et al.| (2014) Present result
Runge-Kutta Keller-box Keller-box
0.0 0.7980 0.7979 0.7973
0.5 0.9157 0.9156 0.9146
1.0 1.0192 1.0191 1.0178
2.0 1.1988 1.1987 1.1968

Table illustrate the effect of mixed convection parameter A on the skin friction
Cy, Nusselt Nu, Sherwood number S/. In this thesis, only case A > 0 ( heated cylinder) are
considered. Increasing A increases the buoyancy effect in a mixed convection flow which
finally leads to the acceleration of the fluid flow. This yield an enhancement in the local
skin friction coefficient and the reduction in the local Nusselt and Sherwood number.
Furthermore, from observing Table near the lower stagnation point x ~ 0, Cy is

minimum while Nu and Sh are maximum at this point, respectively.

The aim therefore is to observe the influence of the convective parameter y as well
as other parameters such as Le, A, Nb and Nt on the heat and mass flow characteristics.
Also the results are presented graphically for the effect of the above parameters. Figures[8.2]
to @] present the effects of the convective parameter y on the skin friction coefficient Cy,
local Nusselt number Nu, and local Sherwood number Sh, velocity f’, temperature 6 and

the nanoparticle volume fraction @, respectively. Indeed, it can be observed that increasing
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Y leads to the increase in the local Nusselt number. However, a different pattern is found
for the local skin friction coefficient and local Sherwood number. Both the skin friction and

Sherwood number show opposite behaviour with an increasing value of 7.

The influence of y on the temperature profile 6(y) is demonstrated in Figure
From the figure, the thermal boundary layer increases as ¥ increases which are due to the
convective heat transfer from the hot fluid side on the surface of the cylinder to the cold
nanofluid side increasing, therefore leading to an increase in the temperature gradients. As y
increases, the convective heating increases (i.e.y — oo) . In fact, the high y produces strong
surface convection and subsequently supplies more heat to the cylinder’s surface. This results
in the temperature difference between the surface and nanofluid intensifies. As a result, the
figures illustrate the increasing value of ¥, therefore leading to an increase in the velocity,

temperature profile and nanoparticle volume fraction profile.

Table 8.2. Values of the dimensionless skin friction, heat flux and mass flux for various

values of 4
(Pe'’2/pPr)Cy Pe~ /2 Nu Pe=1/2Sh
x\A 1 2 5 I 2 5 1 2 5

0 0.0000 0.0000 0.0000 0.1466 0.1444 0.1380 1.0234 0.9599 0.8022
0.2 0.0499 0.0683 0.1168 0.1819 0.1681 0.1401 0.8663 0.6799 0.5155
04 0.0879 0.126 0.2243 0.1875 0.1698 0.1402 0.8264 0.6631 0.5109
06 0.118 0.1738 0.3213 0.1893 0.1699 0.1401 0.7966 0.6474 0.5078
0.8 0.1369 0.2107 0.4014 0.1898 0.1694 0.1398 0.7613 0.6325 0.5034
1.0 0.1463 0.2319 0.4604 0.1893 0.1684 0.1394 0.7265 0.6124 0.4976
1.2 0.1435 0.2364 0.4948 0.1881 0.1671 0.1388 0.6842 0.5880 0.4899
14 0.1301 0.2246 0.5020 0.1862 0.1654 0.1380 0.6364 0.5589 0.4798
1.6 0.1080 0.1973 04814 0.1836 0.1633 0.137 0.5833 0.5241 0.4667
1.8 0.0796 0.1566 0.4337 0.1804 0.1608 0.1358 0.5243 0.4823 0.4497
20 0.0482 0.1078 0.3586 0.1765 0.1576 0.1341 0.4590 0.4338 0.4260
22 00177 0.0573 0.2631 0.1718 0.1538 0.1320 0.3874 0.3785 0.3941
24 -0.0076 0.0119 0.1598 0.1660 0.1489 0.1291 0.3095 0.3155 0.3527
26 -0.0236 -0.0214 0.0625 0.1583 0.1426 0.1250 0.2252  0.2436  0.2986
2.8 -0.027 -0.0358 -0.0110 0.1475 0.1335 0.1190 0.1340 0.1599 0.2248
3.0 -0.0158 -0.025 -0.0356 0.1286 0.1174 0.1074 0.0338 0.0577 0.1138

n  -0.0024 -0.0042 -0.0092 0.0946 0.0881 0.0843 -0.0287 -0.0198 -0.0024
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Figure 8.2. Variation of the dimensionless skin friction coefficient (Pe'/?/Pr)Cy for Le = 2,
¥=0.05,0.1,0.2, , Nb =0.5,Nr =0.5,Nt =0.5and A = 1
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Figure 8.3. Variation of the dimensionless heat flux Pe~ /2Ny for Le = 2,v7=0.05,0.1,0.2,
Nb=05,Nr=05 Nt=05and A =1
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Figure 8.4. Variation of the dimensionless mass flux Pe=1/2Sh for Le = 2, Y= 0.05,0.1,0.2,
Nb=0.5,Nr=0.5,Nt=05and A =1
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Figure 8.5. Velocity profile f(y) for various values of y for Le =2, Nb = 0.5, Nr = 0.5,
Nt=05and A =1
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Figure 8.6. Temperature profile 6 (y) for various values of y for Le =2, Nb = 0.5, Nr = 0.5,
Nt=0.5and A =1
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Figure 8.7. Nanoparticle volume fraction profile ¢ (y) for various values of 7y for Le = 2,
Nb=05,Nr=05,Nt=05and A =1
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Figure 8.8. Variation of the dimensionless skin friction coefficient (Pe'/?/Pr)C; for A = 1,
Le=2,6,10,Nb=0.5,Nr=0.5,Nb=0.5and y=0.1
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Figure 8.9. Variation of the dimensionless heat flux Pe '2Nufor A =1, Le = 2,6,10, Nb =
0.5,Nr=0.5,Nt =0.5and y=0.1
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Figure 8.10. Variation of the dimensionless mass flux Pe '/2Sh for A =1, Le = 2,6,10,
Nb=0.5,Nr=0.5,Nt =0.5and y=0.1
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Figure 8.11. Velocity profile f(y) for various values of Le for Nb = 0.5, Nr = 0.5,
Nt =05,A=1and y=0.1
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Figure 8.12. Temperature profile 6(y) for various values of Le for Nb = 0.5, Nr = 0.5, Nt =

0.5,A=1and y=0.1
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Figure 8.13. Nanoparticles volume fraction profile ¢ (y) for various values of Le for

Nb=0.5,Nr=0.5,Nt=05,A=1and y=0.1
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Figure 8.14. Variation of the dimensionless skin friction coefficient (Pel/ 2/Pr)C rforLe=2,
Nb=0.1,03,0,5,Nr =0.5,Nt =0.1,0.3,0.5,A = 1 and y = 0.1
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Figure 8.15. Variation of the dimensionless heat flux Pe 2Ny for Le = 2, Nb = 0.1,
0.3,0,5,Nr=0.5,Nt =0.1,0.3,0.5,A =1 and y=0.1
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Figure 8.16. Variation of the dimensionless mass flux Pe=1/2Sh for Le = 2, Nb
0.1,0.3,0,5, Nr =0.5, Nt =0.1,0.3,0.5,A = 1 and y= 0.1
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Figure 8.17. Velocity profile f'(y) for various values of Nb and Nt for Nr = 0.5, Le = 2,
A=1land y=0.1
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Figure 8.18. Temperature profile 6(y) for various values of Nb and Nt for Nr = 0.5,
Le=2,A=1and y=0.1

Figures @ to @ illustrate the behaviour of the skin friction coefficients Cy, the
local Nusselt number Nu, the local Sherwood number Sk, velocity f’, temperature 6, and the
nanoparticle volume fraction with changes in the values of the Lewis number Le. Increasing
the values of Le produces increases in both the skin friction coefficient and the Sherwood
number. However, the Nusselt number shows a decrease in the increase in the Le number.
From the definition of the skin friction coefficient ¢/ o< 7,,/(p U2), the density of the fluid
decreases as the values of Le increase. Thus, the value of the skin friction coefficient is
proportional to the increase of Le. From the Figures 8.12 and 8.13, it is also noticeable that
the thickness of the thermal and the mass fraction boundary layers decrease with increasing
values of Le. This is due to the increase in the Lewis number which tends to increase the
buoyancy-induced flow along the surface at the expense of the reduced concentration and its

boundary layer thickness (Tham et al.| 2014).

The corresponding variation of the skin friction, the Nusselt and Sherwood number
for some of the values of Brownian motion parameter Nb and thermophoresis parameter Nt
are also presented in Figure [8.14]to[8.16] It is shown in the Figure 8.15 where Nu decreases
with the increase in the parameters Nb and Nt which corresponds to an increase in the thermal
boundary layer thickness. A further reason for such phenomena occurring is that when the

higher values of Nb and Nt are subsequently higher in the volume of nanoparticles migrating
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away from the vicinity of the wall, this in turn reduces the rate of heat transfer. Conversely,
for the case of Nb, different patterns were observed in the local skin friction coefficient and
the Sherwood number. It is therefore evident from the figures that both the skin friction
coefficient Cy and the Sherwood number S increase with the increase in the parameters Nb,

but decreases in the parameter of Nt.

The effects of Nb and Nt on the velocity f’, temperature and nanoparticles volume
fraction are shown in Figures to 8.18. Increasing the Brownian motion Nb produces an
increase in the velocity and temperature profile with a slight decrease in the volume fraction
profiles. This possibly occurs because for the small particles, the Brownian motion is
strong, and the parameter Nb will have high values. On the other hand, in case of a large
particle, Brownian motion does exert a significant effect on both the temperature and
volume fraction.In addition, a positive Nb indicates a cold surface, whereas a negative Nb
corresponds to a hot surface. Increasing the thermophoresis parameter Nt leads to increases
in the volume fraction profiles. However, a different pattern is observed for the velocity and

temperature profile.

8.4 Conclusions

The mixed convection boundary layer over a horizontal circular cylinder embedded
in porous medium saturated by a nanofluid with Darcy model and Boungiorno equation
model is studied considering the convective boundary condition . Based on Buongiorno’s
theory, the effects of Brownian motion and thermophoresis are included for the nanofluids.
Besides convective parameter ¥, we looked into the effects of the Lewis number Le,
Brownian number Nb, and thermophoresis parameter Nt on the flow and heat transfer

characteristic. Therefore, from the results, the following conclusions are presented:

1) the dimensionless skin friction coefficient Cy increased when the value of the Lewis
number Le, mixed convection parameter A, and Brownian number Nb increased.
However, Cy demonstrated the opposite pattern for the convective parameter ¥ and

thermophoresis parameter Nt.

ii) the Nusselt number Nu decreased when the value of the Le, A, Nb, Nt increased. On the

other hand, as 7y increases, Nu also increases.

iii) the Sherwood number S/ increased when the value of the Le and Nb increased; but not

for the case of ¥, A and Nt .
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iv)

Vi)

vii)

viii)

an increase in the convective parameter Y leads towards the increase in both of velocity

and temperature profile with a slight decrease in the nanoparticle volume fraction profile.

velocity and temperature profile increase when the Le increases, and different patterns

are observed for the nanoparticle volume fractions profile.

an increase in the mixed convection parameter A leads to the increase in both the
temperature profile and the nanoparticle volume fraction profile and a decrease in the

velocity .

increasing the Brownian motion Nb produces an increase in the velocity and temperature
profile. However, the converse result is observed in the nanoparticle volume fractions

profile.

as the thermophoresis Nt increases, there is a noticeable decrease in the velocity and
temperature profile. However, different behaviour is seen in nanoparticle volume

fractions profile.
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CHAPTER 9

CONCLUSIONS

9.1 Summary of Research

This thesis was conducted to obtain the numerical solution of convection flow when
the new heating condition namely the convective boundary condition is applied. Therefore,
this research aims to formulate the mathematical model of convection flow and to examine
the convective effect as well as the effects of other paramaters in five separate flow problems.
Motivated by the previous studies of CWT, CHF and more recently NH on the flow problem,
this has driven the authors of this study to investigate the behaviour of CBC in simulating
the solution regarding skin friction coefficient, velocity, temperature and other parameters.
To the best of the author’s knowlegde, the mathematical model applying CWT and CHF has
been fully developed for various geometries. However, CBC is yet to be established and
there are very limited number of studies of CBC especially involving the horizontal cylinder.
Notwithstanding, this study is expected to be an incremental step towards the determining
the effect of CBC in the convection flow problem. The results in this research will bridge the
existing void that exists between the evolvement of the heating condition of CWT, CHF, NH
and lastly CBC.

The introductory chapter which is Chapter 1 presented the research background
including the problem statement, objectives and scope of research, methodology, the
significance of the study and outline of the thesis. The basic concept of the convection and
theory were presented in Chapter 2 to provide a further understanding of the flow and heat
transfer problem. In addition, literature review for the problem under discussion were also

demonstrated in this chapter.

The governing equations are in the system of PDE, therefore the numerical technique
known as the Keller-box method was executed in this research for all five problems stated.
The Keller-box method is established method and are found to be efficient and suitable to

solve all flow problem. The detailed of Keller-box procedure are thoroughly discussed in
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Chapter 3 for the specific problem of mixed convection boundary layer flow in nanofluids.
The Keller-box algebraic computation is performed in MATLAB, and numerical scheme
of Keller box for CBC is developed. The MATLAB code is additionally provided herein

Appendix B.

The thesis consists of nine chapters with the main research were contributed in
Chapter 4 to Chapter 8. Chapter 4 presented the analysis on the problem of steady forced
convection boundary layer flow past over a horizontal circular cylinder in viscous fluid. The
comparison on numerical results of skin friction coefficient concurs very well with those
reported previously. The numerical results for the skin friction heat transfer coefficient and
are presented in tabular form from the lower stagnation point, x ~ O up to case when
x = 101°. It is noticed that in this problem, the unique valued exists for the skin friction
coefficient due to the decoupled boundary condition. In addition, to achieve a physically
acceptable solution, Pr must be greater or equal to Pr. depending on ¥, whereas ¥ must be
less than or equal to y. depending on Pr. Outside this value, the singularity occurs and the

solution becomes unstable.

The solution for the problem of free convection boundary layer flow in micropolar
fluid is discussed in Chapter 5. With the increase in values of material parameter K, the
values of velocity distribution and angular velocity profiles also increase, while the values
of temperature profile decrease. Moreover, convective parameter ¥y and material parameter
number had significant effects on the fluid flow characteristics in terms of values skin friction

and heat transfer coefficient as well as for temperature profile.

In Chapter 6, the problem of mixed convection flow in viscous fluid is presented. It
is observed that increasing convective parameter leads to the increase of the temperature and
velocity profiles. Further, it is shown in the figure that the value of skin friction coefficient
decreases as Y increases and the value of heat transfer coefficient increases as 7y increases.
The results on the increment of mixed convection parameter A for this problem shows that

the value of skin friction, heat transfer coefficient and velocity profile is increased as well.

The study on nanofluids has been given in Chapter 7 and 8. Chapter 7 focus on
the mixed convection in nanofluid using Tiwari and Das model. Three different types of
nanoparticles, namely Al,O3, Cu, and TiO, have been considered in this study. Finding
shows that nanoparticle Cu has a higher value of the local Nusselt number Re;l/ N u, as

/ 2C '+ compared to nanoparticles TiO, and Al;Os.

well as the skin friction coefficient Re,lc
Besides that, an increase in the value of the convective parameter led to the increment of
the local Nusselt number. However a different pattern is observed for both the skin friction

coefficient.
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The other nanofluids model known as Buongiorno has also been covered in this study.
Chapter [§] provides an analysis on the problem of mixed convection boundary layer flow in
nanofluid by using Buongiorno model. Two important mechanism in Buongiorno model is
Brownian motion and thermophoresis. It is noticed that increasing the Brownian motion Nb
produces an increase in the velocity and temperature profile. However, the converse result
is observed in the nanoparticle volume fractions profile. In additions, as the thermophoresis
Nt increases, there is a noticeable decrease in the velocity and temperature profile. However,

different behaviour is seen in nanoparticle volume fractions profile.

The cylinder exhibit boundary layer separation; the case where the boundary layer
separate from the cylinder surface and the flow become unstable. If the flow can succesfully
reach the upper cylinder i.e x = 180°, then no separation occur. Therefore, by incorporating
CBC in the boundary conditions in the five problem under discussion, we found that for
the problem of free convection in micropolar Chapter [5] and mixed convection in nanofluid
using Buongiorno in Chapter[§] the numerical solutions start from the lower stagnation point
(x = 0) and proceeds round the cylinder until upper stagnation point (x = 180°) of the circular
cylinder. However for case forced convection in viscous fluid Chapter [ the estimation of
separation of the cylinder occured at x = 104.50°. In addition, in Chapter [ for problem
of mixed convection of viscous fluid and Chapter [/| problem of nanofluid Tiwari and Das
model, the flow can reach up to x = 120°. Beyond this point, the boundary layer simply lift

off the cylinder surface.

From the research findings, naturally incorporating CBC in a mathematical model of
convection flow produces a different result in the separation process, velocity, temperature,
skin friction and so forth. Since different industries require different heating processes,
presumably CBC will provide a better result when the heat transfer at the surface relies on
the wall temperature instead of being continually constant. Therefore, using CBC possibly
offers more significant impact on producing better output in heat transfer flow. Thus, from

the findings of this thesis, the following contributions are hereby presented:

(1) The research gaps about CWT, CHE, NH and CBC become closer when the
mathematical model of convective flow using CBC is developed especially over the
horizontal circular cylinder. Most of the CBC focus on the stretching sheet and plate,

and research on the circular cylinder is extremely limited in the literature.

(i) Most researchers have considered constant wall temperature or constant heat flux to
model the system due to its simplicity. This research is expected to be relevant to
broad range of applications since CBC appears to be a more realistics system to apply

since not all situations can be considered as constant. Therefore, real phenomena can
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be described through developing a mathematical model regarding convective boundary

condition and can thus be solved via the numerical method.

(ii1)) Moreover, the findings in this study have provided a platform that hopefully can
facilitate further research and study to explore this area in another geometries and

other types of fluids.

9.2 Suggestion for Future Research

Indeed, the implementation of CBC in the boundary condition is not as
straightforward as compared to CWT and CHF. As observed in the figures and tables in
Chapter 4 to Chapter 8, only small values of convective parameter are used. For the of case
Y > 1, singularities were encountered from the result in the numerical scheme. Until now,
this problem remains unsolved, even many approaches introduced in the initial profile in
MATLAB. Therefore this research is not complete and there are possibly numerous
approaches that could be adopted to improve research in this area. Further, there are some
interesting research studies as yet not carried out regarding the problem of boundary layer
flow. The problems presented in this thesis concentrate on the horizontal circular cylinder

only. Therefore, this problem could be extended based on the following suggestions;

i) Examine the new types of boundary conditions; mixed thermal Newtonian heating.

i1) Incorporate other effects like chemical reaction, radiation and Soret/ Dufour which are

also important in industrial applications.
ii1) Investigate other types of geometries such as microtubes or rotating down-pointing cone.

iv) Consider further types of non-Newtonian fluids. For instance Maxwell, Walter’s,

Burger’s fluid and others.

v) Extend the value of convective parameter ¥ in CBC so that more accurate results are

discovered.

Undoubtedly, the suggested future work that highlighted here is not an easy task to be
explored. The most challenging aspect in extending the boundary flow problem by
regarding convective boundary conditions is to develop a suitable initial profile to suit or fit
the boundary condition perfectly for small number of convective parameters, ¥ up to a vast
number, so that the case of CWT would be recovered. If the initial profile can be

successfully discovered, then the remaining parts will be much easier to determine.
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Therefore, as a sequel to this thesis, it is hoped that the impasse in finding the initial profile
of convective boundary condition can be solved entirely and other suggested area could be

taken into account into the problems.
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APPENDIX A

LIST OF SYMBOLS IN MATLAB PROGRAM

MATLAB Keller-box
np, nx LN

X, delx X, Ax

eta, etainf, deleta Vs Yoo Ay

f,u,v,s,t,p,q

ctb, cub, csb
ctb,cpb, cgb

cfsb, cftb, cfgb

cqtb, cusb,cupb, cttb
cderfb, cdertb, cdergb
fb, ub, sb, tb,pb, gb
fsb, ftb, fgb

usb, upb, qtb

derfb, dertb,dergb
al to a6

bl to b10

cltoclO

rl tor6
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APPENDIX B
MATLAB PROGRAM

## Mixed Convection Boundary Layer Flow Over a Horizontal

## Circular Cylinder Porous Medium in a Nanofluid: Buongiorno Model
## Convective Boundary Condition (CBC)

## Method: Keller-Box Method

## Refer page 55 (Chapter 3)

Tl ToToo o oo To oo o o o o oo Tototo o o o foToTod fo 1o o o JoTo oo o o o o JoTo oo o o o o To oo o o o oo oo o o o o To oo o

% Darcy’s Model

Tl Too oo o ToTo o To oo oot toto o o o o o o 1o o o o o o o o o o o o o o To o T To o T ToTatatatattoto o o o o o o o o o o o o o
% The answer displayed in the result sheet will be started from

% number 1 instead of 0

Tl loloToTo oo ToToToToToToTo oo oo o o o o o fo o o o o o o o o o o o o T T T T To T o To oottt oo o o o oo o oo o o P

clear all;

for Le = [2 6]

blt = 4; % Input boundary layer thickness

xend = 3.1; % Input endpoint of x = 3.142

delx = 0.01; % Input stepsize for x

deleta = 0.1; % Input stepsize for boundary thickness

ge =Hs % Input mixed parameter

Le = 2; % Input Lewis Number = 2, 4, 6, 10, 50

Nb = 0.5; % Input Brownian Number = 0.5, 1.0, 1.5, 2.0

Nr =0.1; % Input Buoyancy Ratio Parameter = 0.5, 1.0, 1.5, 2.0
Nt = 0.5; % Input Thermophoresis parameter = 0.5, 1.0, 1.5, 2.0
fs =0.1; % Input convective parameter

% Equation 3.144

if (Nt ==0 & Nb==20)
divide = O;

else

divide = Nt/Nb;

end

% To generate the initial value for velocity and temperature profiles

x(1) = 0.0;
xx(1) = 0.0;
M(1) = 1.0;
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% Equation 3.94

nx = ( xend / delx ) + 1;
np = ( blt / deleta ) + 1;
for i = 2:nx

x(1) = x(i-1) + delx;

xx(i) = x(i) / (x(1) - x(i-1));
M(i) = sin(x(1)) / x(1);

end

for i = 1:nx

dbstop if warning

stop = 1.0;
k = 1;
eselon = 0.00001;

while stop > eselon

eta(1,1) = 0.0;

for j = 2:np

eta(j,1) = eta(j-1,1) + deleta;
end

% Equations 3.165 to 3.171 - To generate initial value of velocity and temperature profiles :

etauls = 1 / eta(ap,1);

for j = 1:np

deta(j,k) = deleta;

etab = eta(j,1) / eta(ap,1);

etabl = etab”2;

eqs = (1 + (1 -0Nr) * ge) *x M(3);
egsa = 0.5 * eta(np,1) * (M(1) - eqgs);
egsb = eta(np,1) * egs;

if 1 ==

£(j,1,i) = 0.25 * eta(np,1) * M(i) *etabl * (3 - 0.5 * etabl);
u(j,1,i) = etab * M(i) * (1.5 - 0.5 * etabl);

v(j,1,1) 1.5 * etauls * M(i) * (1 - etabl);

s(j,1,i) = eta(np,1)*etabl - eta(np,1) * etab;

t(j,1,1) -fs * (1 - s(j,1,1));

p(j,1,i) = 1 - etab;
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q(j,1,i) = -1 * etaulb;

else

% from shift profile
£(3,1,i) = ££(j);
u(j,1,i) = uwu(j);
s(j,1,1) = ss(j);
t(j,1,i) = tt(j);
p(j,1,i) = pp(j);
q(j,1,1) = qa(j);
end

end

% To define the coefficients of the linearized equations momentum and energy

for j = 2:mp

% Previous station

if 1 ==

cfb(j,i) = 0.0;

cub(j,1) = 0.0;

csb(j,1) = 0.0;

ctb(j,1i) = 0.0;

cpb(j,1) = 0.0;

cqgb(j,1) = 0.0;

cfsb(j,i) = cfb(j,i) * csb(j,i);
cqtb(j,i) = cgb(j,i) * ctb(j,i);
cttb(j,i) = ctb(j,i) * ctb(j,i);
cusb(j,i) = cub(j,i) * csb(j,i);
cftb(j,i) = cfb(j,i) * ctb(j,i);
cfqb(j,i) = cfb(j,1i) * cqb(j,i);
cupb(j,i) = cub(j,i) * cpb(j,i);

cderfb(j,i) = 0.0;
cdertb(j,i) = 0.0;

cdergb(j,i) = 0.0;

else

cfb(j,1) = £fb(j);

cub(j,1i) = uub(j);

csb(j,1) = ssb(j);

ctb(j,1) = ttb(j);

cpb(j,i) = ppb(j);

cqb(j,1) = qqb(j);

cfsb(j,i) = cfb(j,i) * csb(j,i);
cqtb(j,i) = cqb(j,i) * ctb(j,1i);
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cttb(j,1i)
cusb(j,1)
cftb(j,1i)
cfqb(j, i)
cupb(j,i)
cderfb(j,i)
cdertb(j,i)
cdergb(j,i)

end

% Equations

fb(j,k,1)
ub(j,k,1i)
sb(j,k,i)
tb(j,k,1)
pb(j,k,1i)
qb(j,k,1i)
£sb(§,k,1)
qtb(j,k,1i)
ttb(j,k,1)
usb(j,k,i)
£tb(§,k,1)
£qb(j,k,1)
upb(j,k,1i)

.95

ctb(j,i) *
cub(j,i) *
cfb(j,1i) =*
cfb(j,1) *
cub(j,i) =*

= dderfb(j);

ddertb(j);

= dderqgb(j);

to 3.98

*

SO O O O o o
o o0 o o0 O
*

.5 %
£b(j,k,1)
gb(j,k,1i)
tb(j,k,1)
ub(j,k,1)
£b(j,k,1)
fb(j,k,1)
ub(j,k,1)

(
(
(
* (
(
(

ctb(j,1);
csb(j,1);
ctb(j,1);
cqb(j,1);
cpb(j,1i);

- Present station (centered-difference derivatives)

£(j,k,1i) +
u(j,k,i) +
s(j,k,i) +
t(j,k,i) +
pG,k,i) +
q(j,k,i) +

* sb(j,k,

£(j-1,k,1)
u(j-1,k,1)
s(j-1,k,1)
t(j-1,k,1)
p(-1,k,1)
q(j-1,k,1i)

i);

* tb(j,k,1i);

*

*

*

*

*

tb(j,k,1);
sb(j,k,1i);
tb(j,k,1);
gb(j,k,1i);
pb(j,k,1i);

derfb(j,k,i) =
dertb(j,k,i)
dergb(j,k,i) =

( £(j,k,1) - £(j-1,k,i) ) / deta(j,k);
C t(3,k,1) - t(j-1,k,i) ) / deta(j,k);
( a(j,k,i) - q(j-1,k,i) ) / deta(j,k);

% Equation 3.142 - Coefficients of the difference momentum equation

al(j,k) = 1;

a2(j,k) = -1;

a3(j,k) = -0.5 * deta(j,k) * ge * M(i);
ad(j,k) = a3(j,k);

ab(j,k) = 0.5 x deta(j,k) * Nr * ge * M(i);
a6(j,k) = a5(j,k);

% Equation 3.143 - Coefficients of the difference energy equation

b1(j,k) =1 + (1 + xx(i)) * 0.5 * deta(j,k) *
+ 0.5 % Nb * deta(j,k) * qb(j,k,i)...

+ 0.5 * Nt * deta(j,k) * tb(j,k,i)...

+ 0.5 % Nt * deta(j,k) * tb(j,k,i)...

- 0.5 * xx(i) * deta(j,k) * cfb(j,i);

b2(j,k) = -2 + b1(j,k);

£b(j,k,1)
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b3(j,k) = (1 + xx(i)) * 0.5 * deta(j,k) * tb(j,k,i)
+ 0.5 * xx(i) * deta(j,k) * ctb(j,i);

b4(j,k) = b3(j,k);

b5(j,k) = 0.5 * Nb * deta(j,k) * tb(j,k,i);

b6(j,k) = b5(j,k);

b7(j,k) = - 0.5 * xx(i) * deta(j,k) * sb(j,k,i) + 0.5 * xx(i) * deta(j,k) * csb(j,i);
b8(j,k) = b7(j,k);

b9(j,k) = - 0.5 * xx(i) * deta(j,k) * ub(j,k,i) - 0.5 * xx(i) * deta(j,k) * cub(j,i);

b10(j,k) = b9(j,k);

% Equation 3.144 - Coefficients of the difference concentration equation

c1(j,k) = 1 + (1 + xx(i)) * 0.5 % deta(j,k) * Le * £b(j,k,1i)
- 0.5 % xx(i) * deta(j,k) * Le * cfb(j,1i);

c2(j,k) = - 2 + c1(j,k);

c3(j,k) = (1 + xx(i)) * 0.5 * deta(j,k) * Le * gb(j,k,1i)

+ 0.5 * xx(i) * deta(j,k) * Le * cgb(j,1i);

c4(j,k) = c3(j,k);

c5(j,k) = divide;

c6(j,k) = - 1 * (divide);

c7(j,k) = - 0.5 * xx(i) * deta(j,k) * Le * pb(j,k,i)...

+ 0.5 * xx(i) * deta(j,k) * Le * cpb(j,i);

c8(j,k) = c7(j,k);

c9(j,k) = - 0.5 * deta(j,k) * xx(i) * Le * ub(j,k,i)...
- 0.5 * xx(i) * deta(j,k) * Le * cub(j,i);

c10(j,k) = c9(j,k);

% Equations 3.125 to 3.127- Expressions of Rj

Rl = deta(j,k) * (- cderfb(j,i)) + deta(j,k) * M(i) +deta(j,k) * csb(j,i) * ge * M(i) ;
R2 = deta(j,k) * (- cdertb(j,i)) - deta(j,k) * cftb(j,i) -deta(j,k) * Nb

* cqtb(j,i) - deta(j,k) * Nt * cttb(j,i) - deta(j,k) * xx(i) *

cusb(j,i) + deta(j,k) * xx(i) * cftb(j,i);Le * deta(j,k) *

xx(i) * cfqgb(j,1i);
R3 = deta(j,k) * (- cdergb(j,i)) - deta(j,k) * Le * cfgb(j,i) -

deta(j,k) * cdertb(j,i) * (divide)-Le * deta(j,k) *

xx(i) * cupb(j,i) + - deta(j,k) * Nr * cpb(j,i) * ge * M(i);

% Equation 3.145 - Expressions of rj-1/2
r1(j,k) = £(j-1,k,i) - £(j,k,i) + ( deta(j,k) * ub(j,k,i) );

r2(j,k) = s(j-1,k,i) - s(j,k,i) + ( deta(j,k) * tb(j,k,i) );
r3(j,k) = p(j-1,k,i) - p(j,k,i) + ( deta(j,k) * gb(j,k,i) );

178



if i == 1

r4(j,k) = Rl - £(j,k,i) + £(j-1,k,1i) + deta(j,k) * ge * M(i) * sb(j,k,i)
- deta(j,k) * Nr *x ge * M(i) * pb(j,k,i);

else

r4(j,k) = Rl - £(j,k,i) + £(j-1,k,1)+ M(i) * deta(j,k) + deta(j,k) * ...
ge * M(i) * sb(j,k,i) - deta(j,k) * Nr * ge * M(i) * pb(j,k,i);

end

r5(j,k) = R2 - t(j,k,i) + t(j-1,k,i)- (1 + xx(i)) * deta(j,k) * ftb(j,k,i)...
- deta(j,k) * Nb * qtb(j,k,i) - deta(j,k) * Nt * ttb(j,k,i)...
+ xx(i) * deta(j,k) * usb(j,k,i)- xx(i) * deta(j,k) * ub(j,k,i)...
* csb(j,1)+ xx(i) * deta(j,k) * sb(j,k,i) * cub(j,i)+ xx(i) *...
deta(j,k) * tb(j,k,i) * cfb(j,i)- xx(i) * deta(j,k) * fb(j,k,i) * ctb(j,i);

r6(j,k) = R3 - q(j,k,i) + q(j-1,k,i) - (1 + xx(i)) * Le * deta(j,k) * fqb(j,k,i)
- (divide) * (£(j,k,i) - t(j-1,k,i))+ Le * xx(i) * deta(j,k) * upb(j,k,i)
Le * xx(i) * deta(j,k) * ub(j,k,i) * cpb(j,i) + Le * xx(i) * deta(j,k)...
% pb(j,k,i) * cub(j,i) + Le * xx(i) * deta(j,k) * qb(j,k,i) * cfb(j,i)
- Le * xx(i) * deta(j,k) * fb(j,k,i) * cgb(j,1i);

end

% Obtain the elements of the matrices

% Equation 3.148

a{2,k} = [ -0.5%deta(2,k) 0 0 1 0 0; 0 -1 0 O -0.5*%deta(2,k) O;

0 0 -0.5*deta(2,k) 0 0 -0.5*%deta(2,k); 0 a4(2,k) O a1(2,k) 0 0 ;
b8(2,k) b10(2,k) b6(2,k) b3(2,k) b1(2,k) b5(2,k);

c8(2,k) 0 c2(2,k) c3(2,k) c5(2,k) c1(2,k)];

% Equation 3.149

for j = 3:np

a{j,k} = [ -0.5%deta(j,k) 0 0 1 0 0;0 -1 0 O -0.5%deta(j,k) O;
00-100 -0.5+deta(j,k); 0 a4(j,k) a6(j,k) al(j,k) 0 O;
b8(j,k) b10(j,k) 0 b3(j,k) b1(j,k) b5(j,k);

c8(j,k) 0 c10(j,k) ¢3(j,k) c5(j,k) c1(j,k)]1;

% Equation 3.150
b{j,k} = [ 000-100; 000 0 -0.5*%deta(j,k) 0;
00000 -0.5xdeta(j,k); 0 0 0 a2(j,k) 0 O;

0 0 0 b4(j,k) b2(j,k) b6(j,k);0 0 0 c4(j,k) c6(j,k) c2(j,k)]1;

end
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% Equation 3.151

for j = 2:np

c{j,k} = [ -0.5%deta(j,k) 00 000; 01000 O0;
00100 0; 0a3(j,k) a5(j,k) 0 0 O;

b7(j,k) b9(j,k) 0 0 0 0; c7(j,k) 0 c9(j,k) 0 O 0];

end

% The recursion formulas : forward sweep
alfa{2,k} = a{2,k};
gamma{2,k} = inv(alfa{2,k}) * c{2,k};

% Equation 3.156

for j = 3:np
alfa{j,k} = a{j,k} - ( b{j,k} * gamma{j-1,k});
gamma{j,k} = inv(alfa{j,k}) * c{j,k};

end

% Equation 3.153

for j = 2:mp
rr{j,k} = [ r1(j,k); r2(j,k); r3(j,k); r4(j,k); r5(j,k); r6(j,k)]1;

end

% Equation 3.160

ww{2,k} = inv(alfa{2,k}) * rr{2,k};

% Equation 3.161

for j = 3:np
ww{j,k} = inv(alfa{j,k}) * (rr{j,k} - (b{j,k} * ww{j-1,k}));

end

% backward sweep
delf(1,k)
delt(1,k)
delp(1,k)
delu(np,k)
dels(np,k) =
delp(np,k)

] ] I
o

]
O O O O O
O O O O O O

dell{np,k} = ww{np,k};
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% Equation 3.163
for j = np-1:-1:2
dell{j,k} = ww{j,k} - (gamma{j,k} * dell{j+1,k});

end

% Equation 3.152

delu(l,k) = dell{2,k}(1,1);
dels(1,k) = dell{2,k}(2,1);
delq(1l,k) = dell{2,k}(3,1);
delf(2,k) = dell{2,k}(4,1);
delt(2,k) = dell{2,k}(5,1);
delq(2,k) = dell{2,k}(6,1);

for j = np:-1:3

delu(j-1,k) = dell{j,k}(1,1);
dels(j-1,k) = dell{j,k}(2,1);
delp(j-1,k) = dell{j,k}(3,1);

delf(j,k) = dell{j,k}(4,1);
delt(j,k) = dell{j,k}(5,1);
delq(j,k) = dell{j,k}(6,1);
end

% Equation 3.128 - Newton’s method

for j = 1:np

£(j,k+1,1) = £(j,k,i)
u(j,k+1,i) = u(j,k,i)
s(j,k+1,1) = s(j,k,1)
t(j,k+1,i) = t(j,k,1)
p(j,k+1,i) = p(j,k,1)
q(j,k+1,i) = q(j,k,1i)

delf (j,k);
delu(j,k);
dels(j,k);
delt(j,k);
delp(j,.k);
delq(j,k);

+ o+ o+ o+ o+ o+

end

% Check for convergence of the iterations

stop = abs(dels(1,k));
kmax(i) = k;

k = k+1;

end

% Shift profile
for j = 1:np
£f£(3) = £(j,k,1);
wu(j) = u(j,k,1);
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ss(j) = s(j,k,1);
tt(j) = t(j,k,1i);
pp(3) = p(j,k,1);
qqa(j) = a(j,k,1);

end

for j = 1:mp

ffb(j) = fb(j,kmax(i),i);
uub(j) = ub(j,kmax(i),i);
ssb(j) = sb(j,kmax(i),i);
ttb(j) = tb(j,kmax(i),i);
ppb(j) = pb(j,kmax(i),i);
qqb(j) = gb(j,kmax(i),i);
dderfb(j) = derfb(j,kmax(i),i);
ddertb(j) = dertb(j,kmax(i),i);
ddergb(j) = dergb(j,kmax(i),i);
end

Nu(i) = -1.0 * t(1,kmax(i),i);
Sh(i) = - 1.0 * q(1,kmax(i),i);
Cf(i) = (t(1,kmax(i),i) - (Nrxq(l,kmax(i),i))) * ge * x(i) * M(i);
%CEf(i) =  x(i) * v(1,kmax(i),i);
end

figure(1)% plot dimensionless skin friction

plot(x, Cf,’--?,’LineWidth’,1, ’LineSmoothing’,’on’);

% create MANUAL legend STARTS

% hold on

% pl = plot(0, 0,’-’, ’linewidth’,2);

% p2 = plot(0, 0,’-=’, ’linewidth’,2);

% LegendSetting = legend([pl p2], ’{\it {Nr} = 0.1}’,’{\it {Nr} = 0.5}’,
% ’Location’, ’NorthEast’);

% set(LegendSetting, ’FontName’,’Times New Roman’, ’FontSize’,12)

% hold off

xlabel (’{\it x}’,’Fontname’, ’Times New Roman’,’FontSize’,18)

ylabel(’{ \it ({Pe_x"{1/2}/Pr})C_£f}’,’Fontname’, ’Times New Roman’,’FontSize’,18)
%x1im([0 3.5])

hold all;

figure(2) ¥ plot velocity profile

plot(eta, u(:,kmax(1),1),’--’,’LineWidth’,1, ’LineSmoothing’,’on’);
% create MANUAL legend STARTS

% hold on

% pl = plot(0, 0,’-’, ’linewidth’,2);

% p2 = plot(0, 0,’--’, ’linewidth’,2);
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% p3 = plot(0, 0,’-.’, ’linewidth’,2);

% LegendSetting = legend([pl p2 p3], ’{\it {Nr} = 0.1}’,’{\it {Nr} = 0.3}’,
% ’Location’, ’NorthEast’);

% set(LegendSetting, ’FontName’,’Times New Roman’, ’FontSize’,12)

% hold off

xlabel (’{\it y}’,’Fontname’, ’Times New Roman’,’FontSize’,18)

ylabel( ’{\it f\prime (y)}’,’Fontname’, ’Times New Roman’,’FontSize’,18)
x1im ([0 b1t])
hold all;
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APPENDIX C

FORMULATION OF FORCED CONVECTION IN VISCOUS FLUID
(CHAPTER 4, PAGE 83)

Basic dimensional boundary layer equations are

ou dJdv

75 "

Ju _du du, I

_t - = pii |/
M8X+v8y uedi+ 2

T 9T _ T
Yox TVay TV on

subject to boundary conditions
oT I
u=v=0, —kfzhf(Tf—T) at y=0
Uu—uy, I —Tw as y—oo

By introducing non-dimensionalised using the following variables

x=X/a, y=Re'*(/a), u=1u/U., v=Re>T/U..)

i
Me:”_e/Uwa 6 =
'~

& 7.

Cl

Cc2

C3

C4

G5

Substituting C5 into continuity, momentum and energy equations, the differential equation

are found as follows:

Continuity equation

oa  ov _
ox 9y

184



d(uU) N d(vURe™1/?) B
d(xa) = d(yaRe1/2)

Uos [814 81/} 0
a

Co

ox dy
-0
Momentum equation
au _8ﬁ o g
‘T ax Ve
) a2, T

U2/ du du U2 du, vU._  0J%u
_<uax ay) e ax—’—TReTyz 7

O 0 v o
"o VB = o T aU. e&yz

au du du, J%u
Vb = —

oy “ox 92
where Reynold number is given by Re = U..a/ V.

Energy equation

0T _oT J°T

9(0(T — Too) + To) . _129(8(Ty — Tox) + To) 9%(0(Tf — Tw) + Tow)

U =
“ 9 (xa) i d(yaRe—172) 7 O(yaRe-1/2)2
uUs, 200 06 o 226
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90,96 _ a 9%
“ox v&y_ano eayZ

8_9+ 20 19%6
“ox V&y Pr 0y2

Boundary conditions

a0
u=v=_0, —ka—y:—}/(l—e) at y=0
U—ue, 0—-0 as y—oo Cc9

To solve continuity, momentum, energy equations subject to boundary conditions, the

following assumption has been made

v=xf(xy), 6=80(xy) C10

Using variables in C10, continuity equation is identically satisfied. The momentum

equation becomes

Ju Jdu ou, J%u

Ma—FVa—y:ugx‘l'Tyz
of ’f ’f . d(2sinx)  If
8y< " 9xd ) ( i, x») [ B o o

i 82f . 2(0f 02f  dfd%f
xa < > +4sinxcosx = x (8)}8x8y_8x8y ) Cl11

93 9? Jd
&f+ff—( A

) +4sinxcosx = x(af 82f of 82.}”)
dy? dy

dy dxdy  dx 92
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Energy equation becomes

o0, 08120
“ox vay ~ Pr dy?

df e af\ oo 19%
xa—m*(‘ - %)a—y—ﬁa—yz cl?
10% 960 [(3f00 afé
- yﬁfa—y—x(a—yﬁ‘m |
and the
Cl13
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APPENDIX D

FORMULATION OF FREE CONVECTION IN MICROPOLAR FLUID
(CHAPTER 5, PAGE 95)

Basic dimensional boundary layer equations are

Ju JIv

21420 Dl
ox i dy
ou _du d*u X oH
U—+v— | = — T —T.)sin(- — D2
p(ugg +755 ) = e+ )55+ peB(T ~Tsin) + x5
oT _oT 0°T
X y dy?
oH _oH — Jdu 0°H
J=—+V=— ) =—K|2H+ =— — D4
£ <”8% +V8y> K( +8y>+x 7
subject to boundary conditions
oT - du
T=7=0, —ka—y:hf(Tf—T), H:—na—;‘ at =0
=0, T-—T., H—0 as y—oo D5
By introducing non-dimensionalised using the following variables
x =Xx/a, y=Gr'/*(y/a), "= (%)Grl/zu
a 1/4 T_ Too Clz 3 /457
v:<>Gr—/v, 6 = ] H:()Gr~/H D6
\% Tf — T \%

Substituting D6 into continuity, momentum and energy equations, the differential equation

are found as follows:
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Continuity equation

ou o
dx dy

d (ﬂGrl/z) 0 (ﬂGrl/“)
a a _o

IGxa) T a(aGr iy

vGri/2 (ou v
7<$+a—y>_o D7

=0

du Jdv

Jx 8y0

Momentum equation

0y* dy

\%
5 [ﬂGrl/z— } ”VGrl/4;]
a

d(xa) a d(yaGr—1/4)

d d 0%u o0H
p(ua—hva”):(um +peB(T  L.)sin() + kG

azﬂGrl/z 0 fgﬁ/“
= ( +K)a—+ B(T — T..) sin (xa)+K—a2_ D8a
B VR a 9(yaGr-1/4)
Y o280 B G 1 9 T ep @ . sin() + xGr Y OF
PE T\ "ax T ol s g dy? ps . "By dy
du Jdu [u+x\o%u gpa’ i K 0H
8X+ ay—( )ay +V2GF(T_T°°)SH1( )‘f‘ﬁaiy

where Gr = gf(Ty — To)a® /v?, K = k /i and p = u/v. Substituting Gr, K, and p into

D8a, we obtain
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%_}_ du_ pd%u  x Ju gﬁQS(T_T)Sin()+ﬁa_H
“ox Vay_pvayz pvdy?  v2Gr ) SIS pv dy
du Jdu J*u _d*u T-Ts, oH
ua—kva—y— ay2—|— ayz Tf—T +Ka—y D8b
L (1+K)£+9 iyl
U V&y 22 sinx 2
Energy equation
T 9T _ 0T
Yox T oy T Yoy
W p O L) 4T | w )y (0T~ Te) £ 1) _ 0BTy~ To) 4 T.)
a d(xa) a d(yaGr=1/4) d(yaGr—1/4)2
vGr!/? 960 00\ aGr'/? 96
2z I T)( ax ay> —= TERgs D
0, 90 _aro
uax 8y v 0y?
%, 00 10%
“ox v&y_Pr8y2
Micropolar equation
(2 ) (a5 4
PI\"x ™oy 5) ¥ oy
HvGr3/4 HvGr/*
uv 8( a? > 124 8( a? )
Yo N4  PWea N YT
pJ aGr 9 (xa) + aGr 3 (yaGr1/%) D10a
3/4
wy 12 5 HvGr
_ s HvGr/* +3<aGr N I a?
B a? (yaGr—1/4) x d(yaGr—1/4)2
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v2Gri/* [ OH AN vGri/t om0 4 Gril*v 9°H
a* " dy Y dy ) a? dy X dy?
JOH OH k& ([, 0w\, x oO°H
dx dy  pJvGrl/2 dy )  pJv dy?
oH O0H K dul (u+x/2)0%H
Ly = |2H+4+ — D1
A T Ob
O OH _ gl 94 4 (14 5)2H
“ox Y dy dy 2 ) dy?
Boundary conditions
00 1du
u=v=0, kay Y(1—0), 29y at y=0
u—0, 6—-0 H—0 as y—oo D11

To solve the governing equation subject to boundary conditions, the following assumption

has been made

v=xf(x,y), 6=0(x,y)

N =xG(x,y)

D12

Using variables in D12, continuity equation is identically satisfied. The momentum

equation becomes

2

Ju du 0“u ! oH
Ma—FVaAy—(l—f—K)—a—y?—f-OSlnx—f—Kaiy
of (df  9°f of 1f Aif oG
x8_y(8y+x8x&y + —f—xa +xa—y2—(l+K)xa—y3+951nx+K xa—y
(1+K>83—f+9' 0 Al +fﬁ
Xay3 sinx X ay )Cayz
N> _ L (df *f 9fdf
_x(8y> - <8y8x8y_axa_yz> b13
93f Osinx IG\ 0% f [df\* df 02f  Ifd%:f
UKt *K(a—y)”a—yz‘(—y) —*(a—ymma—yz)
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Meanwhile for micropolar equation, we obtain

_0H _0H _du 0°H

of oG af\ 0G K\ 9°G 0% f

K\ 9°G P f Of | ;98 _2((919G _9f0G
(145 Jegye -me(ao 5 ) mos ey (550 - 505y o

K\ 9%G °f of .0G df 3G JfdG
(”E)a—yz‘K(ZG+ayz)‘Ga‘y+ ay—X(a—ya—y‘m—y)

Energy equation becomes

% .90 _ 1%
“ox T3y T Proy?

df 06 Jaf\d6 19%6
1 926 ae_x<afae afae)

Proyy 73y “\9yox oxdy

and the boundary are

R. B 3 NIRRT B
3f—>0, 0—+0 G—0 as y— D16
y
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APPENDIX E

FORMULATION OF MIXED CONVECTION IN VISCOUS FLUID
(CHAPTER 6, PAGE 111)

Basic dimensional boundary layer equations are

Ju Jv
420 El
dx i dy
du _du _du, J%u X
=tV =U,— +V— T—T.)sin| = E2
e = ayz+gﬁ( )Sm(a)
oT 0T °T
X y dy?
subject to boundary conditions
oT i
Uu—uy, I —Tw as y—oo E4
By introducing non-dimensionalised using the following variables
x=X/a, y=Re'*(/a), u=1u/U., v=Re>T/U..)
Tr—Ts
ue = iglsd, PO=E7 ES
Tw B Too

Substituting ES into continuity, momentum and energy equations, the differential equation

are found as follows:

Continuity equation

Ju dv

755"

d(uU) N d(vURe™1/?)
d(xa) d(yaRe=1/2)

=0 E6a
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U (30 )
a \dx dy)

g“ 3; 0 E6b
Momentum equation
J9u _on _oJm % %
i 5~ gx TV + ¢B(T = Tw)sin <5)
B0 )
N 0% (uU.)

xXa
e T —T.)sin [ —
Va(yaRe*1/2)2+gﬁ( T. )sm(a)

Uz( du du U2 du, VU . d%u
_(u$+v8_y> = e~ -|-7Rea 5 +8B(T — T sin E7

du Jdu du, v _ d’u gaB(T — T.)sinx
SR R
dx * aU eayz H U2

2
o, o %+a¥2‘+wsm
X

where lambda is given by A = Gr/Re>.

Energy equation

aT’ aT fo
“ox 8y 337

(0(Tf—T..) +T..)  9*(0(Tf—T.)+T.)

2. 4 VUReT/?

9(xa) dyaRe-172) 7 J(yaRe-1/2)?
uUs, d0 06 o 026
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90,96 _ a 9%
“ox v&y_ano eayZ

d0 96 1 9%6
Mx +V&y Pr ay E8b

Boundary conditions

a0
u=v=0, —ka—y:—}/(l—e) at y=0
U—ue, 0—-0 as y—oo E9

To solve continuity, momentum, energy equations subject to boundary conditions, the

following assumption has been made

v=xf(x,y), 6=20(xy) E10

Using variables in E10, continuity equation is identically satisfied. The momentum

equation becomes

@—I— @— g +£—|—)~9 n
s . e sinx

2 2 3
8f of +x L —f—- x% x;f = sinxa(smx) +x of + A6sinx
8y dy ' oxdy

0y? dy 0y3

2 2
> —|—sinxcosx—|—),9sinx:x2<afaf—afa f) Ell

xay dy dxdy dx dy?

a3f 82f l
0

af
dy dy dxdy  dx dy?

3 2 2
0 f+ f_( ) (cosx—i—?LQ)smx x(&f d°f Jdfad f)
dy’ dy? X

where u, = sinx.
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Energy equation becomes

00 96 19%

9100 (. ar\ee 1%
dy  Prody?

* dy dx dx

proy oy T

and the
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APPENDIX F

FORMULATION OF MIXED CONVECTION IN NANOFLUID: TIWARI AND DAS
MODEL (CHAPTER 7, PAGE 124)

Basic dimensional boundary layer equations are

Jdu Jdv

420 F1
ax+ay

— = — 92— - -
ox dy Pnf Jx Pnf dy? Pn a

T T T

U—+VvV—=—=0— F3
Jx dy 9y?

subject to boundary conditions

oT

u—u, T —Te. as y—ro F4
By introducing non-dimensionalised using the following variables

x=x/a, y=Re'*(3/a), u=1u/Us, v=Re?v/U.)
T - Too D — (o)

Substituting F5 into continuity, momentum and energy equations, the differential equation

are found as follows:

Continuity equation

du Jv

=t =0

d(uU) 9 (vURe™1/?)
d(xa) d(yaRe=1/2)

=0 F6a
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Momentum equation

_du

o1 _ou _
“ox

"oy -

9 (uUs)

o5 e

oy 9*(uUs)

) of 0210
p+uf8
pnf8x

1+ vU.Re /2

U (0,
a \ Jdx
8u dv
ox 3y

v
a—y) =Y

=0 F6b

(PPSﬁs i (1 B
pnf

¢)Pfﬁfg(7¥_7;)shl<§)

puy O(xa)

pnf ay

o)
d(yaRe=1/2)

Pnf 0 (yaRe1/2)2

v o ouy
a \"ox dy)

Wil

dx dy dx

_9p
ox

@ du
ox dy

Energy equation

d(0(Ty —To) + T)

U 9 (xa)

,@Jr
”ﬁ

+yURe /2

dpsBs+ (1 —9)prPBy _ . (xa
+ P, gB(T —T.)sin < » )

28 Y U2 82
Ue0p | nt Vs Ot
dy?

¢psﬁs (17 )pfﬁf ﬁ(

F7
p}’lf

e (2)
n <¢psﬁs + i)lf_

aU. pnf ay

¢)pfﬁf) gaB (T — T.,) sinx
U2

.unf 3 u
PnfVy ay

¢P (Bs/Br) + (1 —
P

)pfl O sinx

8T
Iy

PI‘ or a)ﬁ

HOT,—T)+To)
d(yaRe=1/2)

1y 0T~ T) 4 T)
~ Pray  d(yaRe 1/2)2

F8a
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ae ,08 _ 1oy Re 2’0

u& 8y Proc_faU‘x,3_y2

90 90 10,9%

F8b
“ox ay Pr oy dy?
Boundary conditions
20
M:V:O, _ka_y —'}/(]—9) at y:O
u—0, 6—0 as y—oo F9
To solve continuity, momentum, energy equations subject to boundary conditions, the
following assumption has been made
y=xf(xy), 6=0(xy) F10

Using variables in F10, continuity equation is identically satisfied. The momentum equation

becomes

u@—i—v@:_&_p_p o 0% q)pS(ﬁs/Bf) L )pflesmx

dx dy X  PufVy 8y Pn;
u@ +v@:ue%+ e ¢p‘(ﬁ‘/ﬁf) i )prLOsmx

dx dy dx = PurVs 2 Py

flof % f f f . d(sinx)
ay(ay“axay> ( s _)XW Y,

1 °f . ops(Bs/Br)+(1—9¢)py
A0si F11
U= o = o+ Gnfenl 9y | ouy
1 a3f (0Jon (Bs/ﬁf) ( )pf
A0 si

(= 0) 51—+ 0p/pn)] 9 ony

a2 \dy x "\ 9y oxdy ~ 9x 9y?
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Energy equation becomes

90 90 1 ay0°6
U—+v—=——>—
dx dy Proay dy?

df 06 df\90 1 ki 19%6
Yoy ox " <_ _xa_X) dy  Pr(pC,)s oy 92 Fiz
H (1S G kuy 920
dy dx dx)dy Pr ky (1—9)+(9(pCp)s/(PCp)y Iy?
1 ko /Ky 2’6 P2 (Y30 _0196)
Pr(1=0)+(0(pCp)s/(pCp)s dy* ~ 9x dy dx dx dy

and the boundary condition

af 20
ﬂ%w, 06 —-0 as y—o F13
dy X
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APPENDIX G

FORMULATION OF MIXED CONVECTION IN NANOFLUID: BUONGIORNO

MODEL (CHAPTER 8, PAGE 141)

Basic dimensional boundary layer equations are

du_ v _
ox dy

0 S e
“y—{(l Coo)ﬁpfooay_ (Pp Pfoo)ay]gﬂn(a)

T T T [ oTaE (Dp) (aT)?
"oz Voay " 9y? 5oy oy "\ 1. B

(€ 00\ #C_ (D) T
e\“9x "%y ) TP T\ T. | 9

subject to boundary conditions

5(%5) =0, —k=—=hs(Ty—T), C(xy)=Cy, at y=0,
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By introducing non-dimensionalised using the following variables

x Pel/%y u Pel/%y
xX=—, — S U= —4 V=
a Y a - Us
T C—Cs
0= , 0=
Ty — T C,y —Css

Substituting G6 into continuity, momentum,energy equations and nanoparticle volume

fraction equations, the differential equation are found as follows:
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Continuity equation

du Jdv

7xt5 0

d(uU) 9 (vURe™1/?)
0 (xa) d(yaRe=1/2)

U (30 VY,
a \dx dy)

=0

@%_@—0
ox dy

Momentum equation

a

poum [, ofr .~ \dC] . (x
Ry | (1 Cw)ﬁp.fwjy (Pp Pfoo)a—y-}gsm(—

d(0(Tr—Tw)+T) . xa
p=Celp d(yaPe=1/2) Sk

2(¢(Cv—C)+Cs) . (xa
— (pp—pf‘x’) 8(yCZP€_1/2) gsm a
Pel/zu—Uw@ = B = Co)(Ty - Tm)pmeel/za—egsinx
Ka dy a dy

¢

_ (Pp = Pfea)(C — Ceo) Pel/zj gsinx
y

a

du  Kaf(l —C.)(Ty—Tw)pfes 90

a_y 'quo &‘ygSIHX
— o w— Loo K .
pprG e,
u 00 . a0 .
87y —/lg—ysmx—/'LNra—y sinx
du d0 29 :
a—y = (a—y—Nra—y>7Lsmx
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Energy equation

—£+ aT = 82_+ D a_Ta_C_|_ & E ’
Yox TVay T o 5959y " \1 )\ oy

9(0(T — Two) + Too) 00T —Ta)+ 1) 9*(6(Ty — To) + Toc)
uUe d(xa) FvUeFe d(yaPe=1/2) = Om d(yaPe=1/2)2
H{D 9(6(Ty ~T) + T) I(#(Cyy— Cuo) + Co) | Dr <a<¢<cw ~C.) +cm>>2]
& d(yaPe1/2) d(yaPe=1/2) T.. d(yaPe=1/2)
00 90\ a, 9%6
uUeo(Ty — Tos) < P +v 9y) 2 — Pe(Ty — Tm)Tyz-i- G9

T =)

90 96  ay %0 1 9099  Dr 90\>
ua +V8_y_aU°°P (Tf )3 5 Pe[DB(C —Cw )a a + (Tf—Too) (a—y> :|
90 06 92 96 ¢ 90\

Nanoparticle volume fraction equation

1 _E-I- aC =D 82C+ lﬁ az_T
e\“oz "oy 5% "\ T. ) o7

L[ 9(P(Co—Ca) +Co) _129(9(Cp=Ca) +C)
(“U"" oGa) . T apare ) )

9%(¢(Cy —Cw) +C) D1 9*(6(T — Too) + Toc)

= UB

d(yaPe~1/2)2 T.. d(yaPe~'/2)?
1 uUs 20 ¢ aze DT 826

1 aUs ¢+ 99\ 9’0 Dr T;-T. 9J%6
eDgPe\"9x " '3y) " 92 " Dg Too(Cyy — Co) 0y?
¢ u ox " dy ayz Nb 0y?
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Boundary conditions

v(x7y):0’ el(xvy):_Y(l_e(xay))a ¢(x,y):1 at y=0, 0<x<m

u(x,y) = ue(x), 0(x,y) =0, ¢(x,y) =0 as y—=oo, 0<x<7 Gl1

To solve governing equations subject to boundary conditions, the following assumption has

been made

y=xf(xy), 0=0(xy), ¢=0(xy) G12

Using variables in G12, continuity equation is identically satisfied. Integrating G8 and

using the boundary conditions G11, we obtain the following for momentum equation

20 d
/3u:/<<8y—Nra(§)/'Lsinx)8y

u=(0—Nrg)Asinx+c

u=(60—Nr¢)Asinx+sinx Gl13
u= (1 +(6 —qu))?t) sinx

Substituting variables G12 into G13 yields

x(;—i = (1 +(0 —Nr(]))?L) sinx
aIf sinx
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Energy equation becomes

2 2
79,2070 2090 ()

“ox TVay T oy dy dy dy
df a0 of\ 26 %6 96 0¢ 90\>
xg—yg—i—(—f—x%)a—y—a—yz—FNba—ya—y—i—Nt a—y G15
926 96 ¢ 90\*> 06 df06 Ifae
ayz””a‘yay”f(a—y) *fax—X<a’ya‘ax7y)
Nanoparticle volume fraction yields
L0, 20 _ 20 Nt 2%
‘N"x "9y ) T 92 T Nb oy?
dfde ( . 9f\d¢\ 9’6  Nitd’8
Le( dy 8x+< x8x> dy _8y2+Nb8y2 Gle
9’60 Nt 0’6 ¢ df o9 Ifdo
5 o 103~ 1«55 o awon)

and the boundary condition

f(x7y):()7 el(xay):_’}/(l_e(xvy))v (P()C,y):l at y:07 OSXSTL'

B(x,y) =0, ¢(x,y) -0 as y—oe, 0<x<m G17
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