
Journal of Physics: Conference Series

PAPER • OPEN ACCESS

The uniform convergence of the eigenfunctions
expansions of the biharmonic operator in closed
domain
To cite this article: A Anvarjon et al 2017 J. Phys.: Conf. Ser. 890 012028

 

View the article online for updates and enhancements.

Related content
Uniform Convergence of the Eigenfunction
Expansions of Distributions Associated
with the Polyharmonic Operator on Closed
Domain
Abdumalik Rakhimov and Siti Nor Aini
Mohd Aslam

-

Uniformly Convergence Of The Spectral
Expansions Of The Schrödinger Operator
On A Closed Domain
Anvarjon A Ahmedov, Nur Amalina Binti
Jamaludin and Abdumalik Rakhimov

-

BOUNDS FOR THE SOLUTIONS OF A
BIHARMONIC EQUATION IN THE
NEIGHBOURHOOD OF NON-REGULAR
BOUNDARY POINTS AND AT INFINITY
O A Oleinik, G A Iosif'yan and I N
Tarkhelidze

-

This content was downloaded from IP address 103.53.34.15 on 29/12/2020 at 02:17

https://doi.org/10.1088/1742-6596/890/1/012028
/article/10.1088/1742-6596/949/1/012024
/article/10.1088/1742-6596/949/1/012024
/article/10.1088/1742-6596/949/1/012024
/article/10.1088/1742-6596/949/1/012024
/article/10.1088/1742-6596/435/1/012014
/article/10.1088/1742-6596/435/1/012014
/article/10.1088/1742-6596/435/1/012014
/article/10.1070/RM1978v033n03ABEH002482
/article/10.1070/RM1978v033n03ABEH002482
/article/10.1070/RM1978v033n03ABEH002482
/article/10.1070/RM1978v033n03ABEH002482
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjsvhHFtdV1lmRKjirp9iDVEOoqGmAog9HYdDeqH96-HPoXRTKgk5DueSjpR58Eej-I6oYy-ybnhQFpkh_0z1U3XNUn1xTdfiEfHcq17MQPEn3mVxtV3w5i7ftJGrv_gi1egk6Z8LuDR2vSCjJ18KGrbTzqvoDc4cqQbnHg18l0NWwWf2lyjHiw6Jk-e1UofRzJoi5864EdHKn1FEStB3H4T6h9yXSm3eXLsybaACj0y2mS06sxCt&sig=Cg0ArKJSzNWATWzyYB_1&adurl=http://iopscience.org/books


1

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

1234567890

ICoAIMS 2017 IOP Publishing

IOP Conf. Series: Journal of Physics: Conf. Series 890 (2017) 012028  doi :10.1088/1742-6596/890/1/012028

The uniform convergence of the eigenfunctions expansions of 
the biharmonic operator in closed domain 

A Anvarjon1, M A Siti Nor Aini2 and A Z Siti Fatimah1 

1Faculty of Industrial Science & Technology, Universiti Malaysia Pahang 
 Gambang, Kuantan,  26300, Pahang, Malaysia 
2Institute for Mathematical Research (INSPEM), Universiti Putra Malaysia, 43400    
 UPM Serdang, Selangor, Malaysia 

 

Email: anvarjon@ump.edu.my, aini_lily@yahoo.com, sfatimah@ump.edu.my 

Abstract. The mathematical models of the various vibrating systems are partial differential 
equations and finding the solutions of such equations are obtained by developing the theory of 
eigenfunction expansions of differential operators. The biharmonic equation which is fourth 
order differential equation is encountered in plane problems of elasticity. It is also used to 
describe slow flows of viscous incompressible fluids. Many physical process taking place in real 
space can be described using the spectral theory of differentiable operators, particularly 
biharmonic operator. In this paper, the problems on the uniform convergence of eigenfunction 
expansions of the functions from Nikolskii classes corresponding to the biharmonic operator are 
investigated. 

1.  Introduction 
Let 2R⊂Ω  be a domain with smooth boundary ∂Ω . We denote by ( )pL Ω a class of the measurable 

functions which are p-integrable over .Ω  We say that a function ( , ) ( )pf x y L∈ Ω  belongs to the 

( )a
pH Ω , if for any 2),( Rkhh ∈=  and for all integers ,α β  satisfying  :lα β+ =  

( )
2 2

2 2 2
( )

( , ) 2 ( , ) ( , ) .
p h k

x y x y x y L
f x h y k f x y f x h y k C h k

σ
α β α β α β

+
Ω

∂ ∂ + + − ∂ ∂ + ∂ ∂ − − ≤ +  

where a  is written as ,a l σ= + l −positive integer and 0 1.σ< ≤ Using the notation 
2

, ( , ) ( , ) 2 ( , ) ( , )h k f x y f x h y k f x y f x h y k∆ = + + − + − −  we define a norm in ( )pH α Ω  by the 
following  

( )
2 2

2 2 22
,, ( ) ( ),

sup ( , ) .
p p

h k

h k x yp L Lh kl
f f h k f x y

σ
α β

α
α β +

−

Ω Ω
+ =

= + + ∆ ∂ ∂∑  

The closure of the space 0 ( )C∞ Ω  in the norm of ( )a
pH Ω  denoted by ( ).a

pH Ω   
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           We consider the biharmonic operator 2∆  with the domain 
2

4{ ) : | = | = 0 },D u C u u∂Ω ∂Ω∆
= ∈ Ω ∆  where ∆  denotes well known Laplace operator. The 

biharmonic operator 2)(∆  with the domain of definition 2D
∆

 is symmetric  

2
2 2( , ) ( , ), , .u v u v u v D

∆
∆ = ∆ ∀ ∈  

and nonnegative 

2
2

22
( )

( , ) ( , ) 0, .
L

u u u u u u D
Ω ∆

∆ = ∆ ∆ = ∆ ≥ ∀ ∈  

It follows from Fredrichs Theorem (see [1]) that such defined biharmonic operator can be extended to 
as self-adjoint operator, which we denote by .Α  It is well known that self-adjoint operator Α  has a set 
of eigenfunctions )},,({ yxunm  which is complete in )(2 ΩL . We denote by }{ nmλ  the set of 
eigenvalues of biharmonic operator in :Ω  

                               2 ( , ) ( , ) = 0, .nm nm nmu x y u x y xλ∆ − ∈Ω     
Let λE  be the spectral resolution of unity corresponding to self adjoint operator .Α Then for any 

)(2 Ω∈Lf  we have  
                               ),,(=),(

<
yxufyxfE nmnm

nm

∑∑
λλ

λ   

where nmf  is the Fourier coefficients of the function :f   

            1,2,...=,,),(),(= mndydxyxuyxff nmnm ∫∫
Ω

 

In the present paper we study the spectral resolutions of E fλ  and their Riesz means  
 

 
for the functions from the classes of Nikolskii ( )pH α Ω .  
     The main result of the paper is the following 

Theorem 1.  If 2),(),( RHyxf a
p ⊂ΩΩ∈ , and numbers , ,a p  and s  are related as follows:  

 
1 , > 2, 1,
2

a s pa p+ ≥ ≥  

then the Riesz means ),( yxfE s
λ  uniformly converges to ),( yxf  on the closure Ω  of the domain .Ω  

         A sufficient condition for the uniform convergence of sE fλ  on any compact set from NR⊂Ω  to 

the function from ( ), 1, 0, 0pH p s lα Ω ≥ > > , is that the following conditions be satisfied: 

1, ,
2

Nl s p Nα−
+ ≥ ⋅ > which were first found in the work of Ilin [2] for uniform convergence of the 

E fλ in the classes Sobolev ( ).pW α Ω  Later the uniform convergence of Riesz means  sE fλ is established 

in [3] for the functions from Nikol'skii classes ( )pH α Ω , which is broader than Sobolev classes ( ).pW α Ω   

II'in proved  that the conditions 
1,

2
Nl s p Nα−

+ ≥ ⋅ >  are best possible for uniform convergence. 

Namely, if 
1

2
Nl s −

+ < , then there exists a function having all partial derivatives in Ω  through order 

<
( , ) = 1 ( , ), 0,

s
s nm

nm nm

nm

E f x y f u x y sλ
λ λ

λ
λ

 − ≥ 
 

∑∑
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l  for which the means  sE fλ are unbounded at some point. As for the condition p Nα⋅ > , if the 

opposite inequality  p Nα⋅ ≤  is satisfied, then there exists an unbounded function  ( )pf W α∈ Ω  whose 
Riesz mean clearly cannot converge to it uniformly, since the function in question is not continuous. 
The convergence of the spectral decompositions of the Laplace operator on closed domain firstly 
investigated by Il’in and continued by Moiseev [4] and he proved uniformly convergence of the 

eigenfunction expansions of the functions from 
( 1)

2 ( )
N

pW
+

Ω  on closed domain Ω  . In the work [5] Eskin 
considered the 2m order elliptic differential operator with Lopatinsky boundary condition and proved 

uniformly convergent of the spectral expansions of the functions from 
1( )

2 ( ), 0
N

pW
ε

ε
−
+

Ω > on closed 

domain Ω .  The uniform convergence of the eigenfunction expansions of the Laplace operator in closed 

domain are considered by Rakhimov [6], where  he showed that the conditions 
1,

2
Nl s p Nα−

+ ≥ ⋅ >  

guarantee uniform convergence of the expansions in closed domain for the functions from Nikolskii 
classes ( )pH α Ω .  The estimation in closed domain for eigenfunctions of the biharmonic operator, which 
gurantees the uniform convergence of the eigenfunction expansions of continuos functions in closed 
domain,  is obtained in [9]. In the current research we investigate sufficient conditions for uniform 
convergence of the eigenfunction expansions corresponding to the biharmonic operator. Using the 
estimations of the paper [9] we prove uniform convergence of the mentioned eigenfunction expansions 
from Nikolskii classes ( )pH α Ω in closed domain Ω .  

2.  Preliminaries 
Here we formulate the results of the paper [9] in the form which is convenient for our current 
investigation of the convergence of the eigenfunction expansions. 

Lemma 1.  For the eigenfunctions ),( yxunm  and eigenvalues nmλ   of biharmonic operator with 
the domain of definition 2D

∆
we have:  

                 ( )2 2

4| | 1

( , ) = ln , > 1,nm

nm

u x y O
λ λ

λ λ λ
− ≤

∑∑  (1) 

uniformly for all Ω∂∪ΩΩ∈ =),( yx .  
The proof of the Lemma 1 is obtained in [9] by transforming the biharmonic equation to the system 

of equations, where each of them are Laplace equations. From the estimation (1) we derive that for any 
0δ >  and uniformly for all Ω∂∪ΩΩ∈ =),( yx  

                                   2 1/2 2

1<
( , ) = ( ),lnnm nm

nm

u x y Oδ δ

λ λ

λ λ λ−

≤
∑∑                                                (2)          

                                               2 1/2 2( , ) = ( ).lnnm nm

nm

u x y Oδ δ

λ λ

λ λ λ− − −

≥
∑∑                            

Obtained estimations for the eigenfunctions in closed domain for the eigenfunctions of the Laplace 
operator (see [5]) is applied to extend the similar estimations for the eigenfunctions of the biharmonic 
operator in closed domain by transforming the biharmonic equation into Laplace equations.  

It is well known that the Riesz means of the eigenfunction expansions of the Biharmonic operator is 
can be represented by the integrals of the Bessel function. Let recall a definition of the Bessel function 
of order ν   
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1 2 1
2 2

1

2( ) (1 ) .
2 1 1

2 2

its

t

J t e s ds

ν

ν

ν ν

−

−

 
 
 = −
+   Γ Γ   

   

∫  

The Bessel function has a trivial estimation near the zero: v
v CttJ ≈)( as 0.t →  But for sufficiently 

large values of  t  we have  
3
22( ) cos ,

2 4
J t t O t

tν
πν π

π
−  = − − +   

   
 

as .t →∞  Using these well-known estimations for Bessel function we obtain 
Lemma 2.  Let  0>R . Then 

,)()( 2
1

2
1

01

−−−
∞

+ <∫ nm
s

nm
R

s AdtttJtJ λλλλ  

for all positive values of µ  and nmµ . Futhermore we have  

                              














>+
−

<+
−

<
−

−

−

−

−
−

−
∞

+∫
.,

,,
)()(

2
32

3

2
12

1

2
12

1

2
32

3

01

λλλλ
λλ

λλ

λλλλ
λλ
λλ

λλ

nmnm
nm

nm

nmnm
nm

nm

s
nm

R
s

AA

AA

drrrJrJ                          (3) 

For the proof of the estimation (3) we refer the readers to the paper [10]. The estimation of (3) can be 
written  in one as follows:  

                                 .,)()()( 12
1

01 λλλλλλλλ ≠−≤ −−−
∞

+∫ nmnmnm
s

nm
R

s CdtttJtJ    (4) 

3.  Uniform convergence of eigenfunction expansions from Nikolskii classes 
In this section we prove the statement of the Theorem 1.  First we establish facts on the estimation of 
the Riesz means. Using the following formula  

                     










≥

<





 −

=+Γ ∫
∞

+
−

−

.,,0

,,1
)()(2).1( 01

2
1

λλ

λλ
λ
λ

λλλ

nm

nm

s
nm

nm
R

s
s

s
s

if

if
dttJtJts  

and the definition of Riesz means we have 

( , )sE f x yλ =
1

1 12
1

<

2 (2 ) ( 1) ( , ) ( )
s

s s
s

r R

s f x y r J r dx dyπ λ λ
−

− − −
+Γ + ∫∫

1 1
4 2 4

=1 =1
2 ( 1) ( , ) ( , ),

s
s s

nm nm nm nm
n m

s f u x y Iλ λ λ λ
∞ ∞− −

+ Γ + ∑∑  

where  

 
1
4

1 0( , ) = ( ) ( ) ( ) .s s
nmnm nm sR

I r J r J r drλ λ λ λ λ λ
∞ −

+⋅ ∫  
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Lemma 3.  Let 2( , ) af x y H∈   and =a κ+ , where   is a nonnegative integer and 1<0 ≤κ . 

Then uniformly for all Ω∈),( yx  we have  

 .)ln(=),(),(
2

/21/4/2

1=1=
α

κ λλλλλ
Hnmnmnmnm

mn
fOIyxuf −−

∞∞

∑∑


   

 Proof. For > 0a  and > 1λ , we have  
 22

2< <4
.a

anm nm H
nm

f C f
λ λ λ

λ ≤∑∑  (5) 

for the value of 1λ ≥ , we have  

 | ( , ) | .
1 | |

s
nm

mn

CI λ λ
λ λ

≤
+ −

 (6) 

 .2

2

2

1>
α

εα

λ

λ
Hnmnm

nm

fCf ≤−∑∑   

Next we estimate the first sum  

/2 1/4

11<
4

( , ) ( , )nm nm nm nm

nm

f u x y I
λ λ

λ λ λ−

≤

≤∑∑ 



 

1/2 1/2
2 1

2 2 22

1 11< 1<
4 4

( , ) ( , )nm nm nm nm nm

nm nm

C f u x y I
αα

λ λ λ λ

λ λ λ λ
−
−

≤ ≤

   
   
      
   
∑∑ ∑∑





1/2
1

2 22

2 11<
4

( , ) ( , )nm nm nmH

nm

C f u x y I
κ

α

λ λ

λ λ λ
− −

≤

 
 ≤   
 
∑∑



 

By applying (6) to the above, we obtain  

 

1/2 1/2
1 1

2 2 2 22 2

1 11< 1<
4 4

( , ) ( , ) ( , ) | |nmnm nm nm nm nm

nm nm

u x y I u x y
κ κ

λ λ λ λ

λ λ λ λ λ λ
− − − − −

≤ ≤

   
   ≤ −      
   
∑∑ ∑∑



 

 1/2 2 2 1/2 1/2 2 1 1/2

1 11< 1<
4 4

( ( , ) | | ) ( ( , ) )nmn nm nm

nm nm

C u x y C u x yκ κ

λ λ λ λ

λ λ λ λ λ− − − − − −

≤ ≤

≤ − ≤∑∑ ∑∑

Finally, by using (2)  

 /2 1/4 1/2 /2

211<
4

( , ) ( , ) ln .nm nm nm nm H

nm

f u x y I C fκ
α

λ λ

λ λ λ λ λ− − −

≤

≤∑∑ 



 

The second term can be estimated by using (1), (2) and (5) as follows:  
/2 1/4

1 9<
4 4

| ( , ) ( , )nm nm nm nm

nm

f u x y I
λ λ λ

λ λ λ−

≤

∑∑ 
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2 1/2 (2 1)/2 2 2 1/2

1 9 1 9< <
4 4 4 4

( ) ( ( , ) ( , ))a a
nm nm nm nm nm

nm nm

C f u x y I
λ λ λ λ λ λ

λ λ λ λ− −

≤ ≤

≤ ∑∑ ∑∑ 



 

Let denote the least number k  such that /22 λ≥k . Then the interval ],2[2/2][1, 1
1=

ppk

p
−⊂



λ  

where kp 1,2,...,= . By applying (4) to the above, we obtain  

/2 1/4

1 9<
4 4

( , ) ( , )nm nm nm nm

nm

f u x y I
λ λ λ

λ λ λ−

≤

≤∑∑ 



 

1/2 2 2 1/2

2 1=1 2 | |<2

( [ ( , ) | | ])
p

k

nmnm nmH
pp nm

C f u x yκ
α

λ λ

λ λ λ− − −

− ≤ −

−∑ ∑∑  

Since /49< λλnm , we have  

/2 1/4

1 9<
4 4

( , ) ( , )nm nm nm nm

nm

f u x y I
λ λ λ

λ λ λ−

≤

∑∑ 



1/2 2 2 1/2

2 1=1 2 | |<2

( [ ( , ) | | ])
p

k

nmnmH
pp nm

C f u x yκ
α

λ λ

λ λ λ− − −

− ≤ −

≤ −∑ ∑∑

1/2 1 2 1/2

2 1=1 2 | |<2

( 4 [ ( , )])
p

k
p

nmH
pp nm

C f u x yκ
α

λ λ

λ− − −

− ≤ −

≤ ∑ ∑∑  

By using Lemma 3, we obtain  

/2 1/4 1/2 1/2 1 1/22

21 9 =1<
4 4

( , ) ( , ) ( 4 2 )ln
k

p p
nm nm nm nm H

p
nm

f u x y I C fκ
α

λ λ λ

λ λ λ λ λ λ− − − −

≤

≤ ∑∑∑ 

  

/2 1/2

2 =1
ln ( 2 ) .

k
p

H
p

C fκ
αλ λ− −≤ ∑  

Taking into account that the series 



−∞∑ 2
1=

 is converge to 1, we now complete the proof of as follows  

 /2 1/4 /2

21 9<
4 4

( , ) ( , ) ln .nm nm nm nm H

nm

f u x y I C fκ
α

λ λ λ

λ λ λ λ λ− −

≤

≤∑∑ 



 

The condition for 0>κ implies that the right side of the latter is finite as .∞→λ  The proof of the  
Lemma 3 is completed. After the statement of Lemma 3 is obtained we can apply the properties of the 
functions from Nikolskii classes and obtain: 

Lemma 4.  Let a function ( , )f x y  belongs to the set ( ) ( )2 .a a
pH HΩ ∩ Ω  The numbers ,a p and  

s be related by the following conditions: 1,p ≥
1 , 0.
2

a s s≥ − >  Then uniformly for all Ω∈),( yx  

the Riesz means of order s can be estimated as follows  
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 ( ) ( )2
( , ) .a

s
aH H p

E f x y C f fλ Ω Ω
 ≤ + 
 

 

After that statement of the Lemma 4 is established the proof of the Theorem 1 can be obtained using the 
density of ( )0C∞ Ω  in the classes of Nikolskii as in the paper [7].  
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