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In this paper, mixed convection of ferrofluid containing magnetite, Fe3O4 with 
ferroparticles suspended in water at the lower stagnation point on a horizontal 
circular cylinder is investigated. The partial differential equation which derived from 
the transformation of the dimensional governing equation and non-similarity 
transformation with the consideration of the effect of magnetohydrodynamic (MHD) 
are solved numerically by using Keller-box method. The influences of an external 
magnetic field on ferrofluid flow and heat transfer are then discussed. The results 
showed that the viscosity depends on the ferroparticle volume fraction and ferrofluid 
temperature. The uniform magnetic field that produced Lorentz force acts as a 
determiner of the trend of fluid movement and has the tendency to control the 
cooling rate of the surface.  
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1. Introduction 
 

Numerous theoretical and experimental studies on the nanofluid since Choi and Eastman [1] 
discovered the potential and capabilities of nanofluid to enhance the thermal conductivity and heat 
transfer. The thermophysical properties of nanofluid are the crucial aspect to know especially in 
their thermal conductivity and viscosity. The point of concern in this study is the discovery of 
magnetic nanofluid behaviour. The magnetic nanofluid or known as ferrofluid which was invented 
in 1963 by NASA as a rocket fuel classified into two groups which are surfacted ferrofluid (SFF) and 
ionic ferrofluid (IFF). The difference between these two groups is the nanoparticles molecule 
coated that prevent agglomeration between nanoparticles which SFF coated with surfactant agent 
and IFF coated with an electric shell [2]. Ferrofluid contains magnetic nanoparticles such as 
magnetite (Fe3O4), maghemite (γ-Fe2O3), cobalt ferrite (CoFe2O4) and other compounds having iron 
oxide which suspended in a liquid carrier (water, oil, ethylene, etc.) and exhibit 
superparamagnetism magnetic behaviour [3]. Therefore, ferrofluid becomes permanently 
magnetized in the presence of a magnetic field which contributes to low viscosity, easy flowability 
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and low energy. Ferrofluid is synthesized by several methods such as ball milling, co-precipitation 
and decomposition of the iron carbonyl because it is not found in nature. The research in creating 
and improving ferrofluid formulations in wide applications such as in electronic devices, military, 
aerospace and medical [4]. Nowadays, electronic devices like loudspeaker use ferrofluid to avoid 
the voice coil from overheating [5,6]. 

The experimental studies have proven the water-based magnetite (Fe3O4) nanofluid can 
enhance thermal conductivity [7–9]. Hence, the magnetite (Fe3O4) nanoparticles and water which 
acts as a carrier fluid is considered in this study to understand the ferrofluid flow behaviour in the 
presence of the magnetic field. The interaction of the magnetic field and fluid emerged the 
magnetohydrodynamic effect that influences the ferrofluid flow and their thermophysical 
properties. The fluid behaviour will change according to the fluid flow at different geometries and 
assumptions [10]. Sheikholeslami et al., [11], Sheikholeslami and Ganji [12], Sheikholeslami and 
Shehzad [13], Sheikholeslami and Ganji [14] and many other researchers [15–17] have done 
extensive researches about the magnetohydrodynamic effect and viscosity of ferrofluid on various 
surfaces. Most of the results revealed the magnetite (Fe3O4) nanoparticles volume fraction 
(ferroparticles volume fraction), thermal radiation and magnetic parameters are the factors that 
enhance the heat transfer and velocity of ferrofluid with water-based. 

The above studies motivated the authors to concentrate on the exploration of the ferrofluid 
flow on a horizontal circular cylinder. The effect of magnetohydrodynamic with the presence of 
thermal radiation in ferrofluid flow on a horizontal circular cylinder is investigated by implementing 
the Tiwari and Das [18] model. 
 
2. Methodology  
 

A horizontal circular cylinder of radius a  embedded in a ferrofluid which is heated cylinder 

occur when wT T  for assisting flow and cooled cylinder occurs when wT T  for opposing flow 

where wT  is constant surface temperature and T  is ambient temperature with free stream 

velocity, U  far flow from the cylinder as shown in Figure 1.  

 

 
Fig. 1. Physical model and coordinate system 
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The ferrofluid flow starts with a lower stagnation point, 0x =  where the orthogonal 
coordinates of x  and y  are measured along the horizontal cylinder surface under the assumptions 

that the steady, two-dimensional and laminar mixed convection boundary layer flows of 

incompressible ferrofluid. Here, a uniform transverse magnetic field of strength, oB
 is assumed to 

be applied perpendicularly to the horizontal cylinder surface where the magnetic Reynolds number 
is assumed to be small, and thus the induced magnetic field is negligible. The surface of cylinder is 
subjected to a constant wall temperature and exposed to the thermal radiation is considered. 
Further, the ferrofluid with ferroparticles (magnetite, Fe3O4) dispersant is suspended in a base fluid 
(water) are assumed as Newtonian fluid and behave as single-phase fluid to be in thermal 
equilibrium and no-slip velocity condition. Employing the Boussinesq approximation and the 
assumption of boundary layer approximation is valid with the source term mentioned above, the 
dimensional governing equations of fluid flow and heat transfer for ferrofluid are obtained as 
[19,20] 
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where u  and v  indicate the velocity components along the x  and y  axes, respectively while 

( ) ( )sin=eu x U x a  refer to external velocity. Meanwhile, the effective thermophysical properties 

definition of ferrofluid (subscript ff ) can be expressed in terms of base fluid (subscript f ), 

ferroparticles (subscript s ) and ferroparticles volume fraction   as follows [9,11,21] 
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• effective heat capacity: ( ) ( ) ( )(1 )p p pff f s
C C C    = − + , 

• electrical conductivity: 
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where g  is the gravity acceleration,   is the thermal expansion, T  is ferrofluid temperature and 

  is the thermal diffusivity. It is worth mentioning that the proposed models of the dynamic 
viscosity and thermal conductivity are applicable to uniformly sized and spherical particles which 
statistically homogenous with randomly dispersed as given by Brinkman [22] and Maxwell [23], 
respectively. Next, the thermophysical properties of base fluid (water) and ferroparticles 
(magnetite, Fe3O4) have been listed in Table 1.  
 

Table 1 
Thermophysical properties of base fluid and ferroparticles [12,21] 
Physical Properties Water Magnetite( Fe3O4) 

( )3kg m −  997.1 5200 

( )1 1J kg KpC − −   4179 670 

( )1 1W m Kk − −   0.613 6 

( )
1

m
−

  0.05 25000 

( )
1

K
−

 21 10-5 1.18 10-5 

 
In consideration of thermal radiation in this study, the Rosseland approximation is used where 

the radiative heat flux  is defined as 
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where and  are the Stefan-Boltzmann constant and the mean absorption coefficient, 

respectively. Now, the term  is expressed as a linear function of the temperature difference 

within the flow is assumed to be sufficiently small expanding in a Taylor series about  and 

neglecting the higher-order terms (considering up to second term) in the Eq. (3), which becomes 
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Next, the variables are introduced to transform the governing partial differential equations into 
dimensionless as follows 
 

( )
( )1/2 1/2, Re , , Re , , ( ) ,  

   

−
= = = = = =

−

e

e

w

u x T Tx y u v
x y u v u x

a a U U U T T
                       (7) 

where   is the rescaled dimensionless temperature of the ferrofluid and Re
f

U a


=  is the local 

Reynolds number. The implemented variables (7) and the effective thermophysical properties 
definition in Eq. (1), Eq. (2) and Eq. (6) becomes 
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subject to the boundary conditions 
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where

 
the magnetic parameter, the mixed convection parameter, the Grashof number, the Prandtl 

number and radiation parameter are expressed as 
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It is noteworthy that the two cases exist as mentioned above which is 0   indicates assisting 

flow (heated cylinder) and 0   indicates opposing flow (cooled cylinder) where 0 →  ( 0xGr = ) 

is dominated by forced convection while  →  ( Re 0x  ) represents the free convection. The 

following non-similarity functions are introduced to reduce the number of dependent variables 
given by 
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which identically satisfies Eq. (8).  
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Hence, by substituted Eq. (13) into Eq. (9) and Eq. (10), the following partial differential equations 
are obtained 
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The boundary conditions (11) becomes 
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The position of ferrofluid flow at the lower stagnation point ( 0x ) of a horizontal circular 

cylinder occur when Thus, the Eq. (14) and Eq. (15) will be reduced to the following ordinary 
differential equations that the f   and    denotes the differentiation with respect to the variable 
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and the boundary conditions 
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It should be noted that the velocity profiles and temperature distributions at the lower 

stagnation point of a horizontal circular cylinder can be obtained from the following relations: 
 

( ) u f y= and ( ).y =                       (20) 
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3. Results  
 

The Keller-box method is implemented to find the numerical solution of the Eq. (14) and Eq. 
(15) with the boundary conditions (16) as described in a study by Yasin et al., [24] for velocity, 
temperature and reduced Nusselt number components at the lower stagnation point, 0x  of a 
horizontal circular cylinder. Then, the step size 0.005x y =  = and the boundary layer thickness

6y =  have been set throughout this investigation in the Matlab numerical codes. The accuracy of 

the numerical method and Matlab programme codes used are verified by comparing with 
previously reported results. The results from El-Zahar et al., [19] and Merkin [20] are chosen to 
make a comparison where they used the hybrid linearization-Chebyshev spectral method (HLCSM) 
and Newton-Raphson method, respectively. In particular, the best comparative results is selected 
from the other study that has the same momentum and energy equation as well as the same 
boundary conditions when that equations simplify to the suitable conditions but using the different 
method of solving. 

Table 2 shows the present results are found in good agreement with previously published 
results for various values of  (assisting flow and opposing flow) when Newtonian fluid ( 0 = ) and 

Pr 1=  in the absence of magnetic field strength and thermal radiation ( 0M Nr= = ) at the lower 
stagnation of horizontal circular cylinder. Hence, the present numerical method and Matlab 
programme codes work accurately with effectively and efficiently. The effect of magnetic field 
strength ,M ferroparticles volume fraction,   and thermal radiation, Nr  for assisting and opposing 

flow towards velocity, temperature and reduced Nusselt number at lower stagnation of a horizontal 
circular cylinder with Pr 6.2=  (water) are discussed below. The phenomenology trend of these 
effects or called pertinent parameter is measured within the range of 1 3−   , 0 0.1  , 

0 0.1M   and 0 2Nr   where the value of the parameters equals zero means the parameter is 
absent from the equations such as   represents pure fluid water without the Fe3O4 particles. 

 
Table 2 

Comparison values of 
1/2RexNu −

 with previously published results 

when 0M Nr = = =  and Pr 1=   

  
Merkin [20] El-Zahar et al., [19] Present 

-1.75 0.4199 0.4198 0.4198 
-1.50 0.4576 0.4573 0.4573 
-1.00 0.5067 0.5067 0.5067 
-0.50 0.5420 0.5421 0.5421 
 0.00 0.5705 0.5705 0.5705 
 0.50 0.5943 0.5945 0.5945 
 0.88 0.6096 0.6108 0.6108 
 0.89 0.6100 0.6112 0.6112 
 1.00 0.6156 0.6154 0.6156 
 2.00 0.6497 0.6515 0.6515 
 5.00 0.7315 0.7315 0.7315 

 
It is important to emphasise that the result found (see Figure 2 and Figure 4) for velocity profile 

is not horizontal asymptote at ( )' 1f  =  when the presence of the magnetic field at lower 

stagnation on a horizontal circular cylinder. However, the temperature profile (see Figure 3 and 

Figure 5) is horizontal asymptote at ( ) 0  →  with or without exposure to the magnetic field. 

Figure 4 until 11 depict the magnetohydrodynamic flow of ferrofluid for assisting and opposing flow 
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in the existence of Lorentz force and buoyancy force with the fixed parameter of 1 = − , 1 = , 
0.01 = , 0.1M =  and 1Nr =  as shown. 

Figure 4 and Figure 5 illustrate the increment of the mixed convection parameter elevates the 
velocity of ferrofluid and significantly reduced the temperature for assisting flow. Conversely, the 
different phenomenon occurs to the opposing flow. Physically, the heat transfer from a heated 
cylinder to ferrofluid will reduce the viscosity of the fluid and speed up the fluid motion but change 
as Lorentz force enhance. This result shows the buoyancy force has the same upward direction as 
ferrofluid flow tends to accelerate the fluid flow although confront with the Lorentz force. As 
pointed out by Singh and Gohil [25], the magnetic field imposed at vertical y-direction generates 
the Lorentz force at horizontal x-direction in the opposite direction of the fluid and affects the 
buoyancy force. Besides, this results accordance with Sheikholeslami and Shehzad [13] where the 
temperature diminishing due to existence of buoyancy force and Lorentz force. 
 

  
Fig. 2. Velocity profile, ( )f y  for different value of 

  when 0.01, 0M = =  and 1Nr =  

Fig. 3. Temperature profile, ( )y  for different value 

of  when 0.01, 0M = =  and 1Nr =  

 

  
Fig. 4. Velocity profile, ( )f y  for different value of 

  when 0.01, 0.1M = =  and 0.01, 0M = =  

Fig. 5 Temperature profile, ( )y  for different value of

  when 0.01, 0.1M = =  and 0.01, 0M = =  
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Figure 6 illustrates the increases in ferroparticles volume fraction cause the decline of ferrofluid 
velocity for assisting flow but improve the velocity of ferrofluid for opposing flow which increases 
and decreases the momentum boundary layer thickness, respectively. It is noticed that through the 
experiment result by Malekzadeh et al., [8] and Toghraie et al., [26] the viscosity of Fe3O4 particles 
with water-based is observed to increase because of the increment in the ferroparticles volume 
fraction. In assisting flow, the buoyancy force cannot assist the ferrofluid flow when the Lorentz 
force and the high viscosity of ferrofluid suppress the ferrofluid movement despite the ferrofluid 
temperature is augment as shown in Figure 7. 
 

  
Fig. 6. Velocity profile, ( )f y  for different value of   

when 0.1M =  and 0.01, 0M = =  

Fig. 7. Temperature profile, ( )y  for different value 

of   when 0.1M =  and 0.01, 0M = =  

 
The effect of magnetic parameter on the velocity profile and temperature profile is portrayed in 

Figure 8 and Figure 9 respectively. Figure 8 demonstrated that the increment in the magnetic 
parameter elevates the velocity of ferrofluid and diminish the momentum boundary layer thickness 
for assisting and opposing flow. This result elucidates the phenomenon raises when the magnetic 
field applied to the surface and presence the Lorentz force in parallel with the reduction of the 
temperature and the thermal boundary layer as illustrated in Figure 9. Physically, ferrofluid will lose 
the magnetic properties when it is heated to a high enough temperature. Therefore, the upsurge of 
the magnetic parameter in Figure 9 leads to a decline in the ferrofluid temperature and increases 
the magnetism of ferrofluid as well as has the potential to increment the velocity of ferrofluid 
whilst its magnetic property is enhanced and the strength increase. 

Figure 10 and Figure 11 reveal the impact of thermal radiation in assisting flow and opposing 
flow. It can be seen that the thermal radiation parameter is enlarging, where the velocity of 
ferrofluid will enhance and momentum boundary layer thickness diminish as depicted in Figure 10 
for assisting flow. Nevertheless, the reversed trend exists towards the opposing flow in spite of the 
temperature of ferrofluid increases as plotted in Figure 11. The increment of thermal radiation 
causes the temperature of ferrofluid and the thermal boundary layer thickness to increase. These 
results were similar as reported by Sheikholeslami and Shehzad [13] where the increment of the 
thermal radiation parameter has a major impact on ferrofluid motion. 
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Fig. 8. Velocity profile, ( )f y for different value of

M when 0.01 =  and 0.01, 0M = =  

Fig. 9. Temperature profile, ( )y  for different value 

of M when 0.01 =  and 0.01, 0M = =  

 

  
Fig. 10. Velocity profile, ( )f y

 
for different value of

Nr when 0.01 =  and 0.1M =  

Fig. 11. Temperature profile, ( )y  for different 

value of Nr when 0.01 =  and 0.1M =  

 
4. Conclusions 
 

The effect of magnetohydrodynamic flow in mixed convection heat transfer of ferrofluid at 
stagnation point with the presence of thermal radiation on a horizontal circular cylinder has been 
investigated. The Keller-box method is used to solve the governing equations in which the influence 
of the Lorentz force and the buoyancy force is scrutinized for assisting and opposing flows. The 
critical discovery of the study is that the velocity of ferrofluid depends on the viscosity and 
temperature of the fluid and the phenomena change when the Lorentz force exists. This 
phenomenon occurs will affect the buoyancy force with the Lorentz force flowing in the opposite 
direction to the fluid movement and suppress it. It is substantiated not impossible to alter the 
thermophysical properties and the superparamagnetism magnetic behaviour exhibit in ferrofluid 
when the applied magnetic field is on the cylinder. The reversed phenomenon takes place when the 
ferroparticle volume fraction increases where the velocity of ferrofluid getting decrement for 
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assisting flow despite the temperature of ferrofluid augment and causes the viscosity to decrease. 
This observed that the viscosity of ferrofluid is not only a determiner to measure the velocity of 
ferrofluid but the Lorentz force and buoyancy force has an imperative effect to investigate the fluid 
flow.  
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