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This paper is devoted to the study of the Cauchy problem for a system of differential 
equations describing the unsteady flow of a compressible fluid in a homogeneous and 
inhomogeneous porous medium with a general nonlinear filtration law in three-
dimensional space. In the work using the methods of four-dimensional mathematics, a 
special four-dimensional space was developed, as well as a functional space of regular 
functions, and analytical conditions were obtained on the general form of the 
nonlinear filtration law for which the Cauchy problem has a solution. 
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1. Introduction 
 

A porous medium is understood as a material consisting of a solid matrix with an interconnected 
void. The interconnectedness of the voids allows one or more fluids to pass through the material. 
The simplest case is the motion of a single-phase liquid, where the pores are filled with one liquid. 
However, in natural cases, the pores are filled with liquids, gases, and mixtures of various types of 
liquids. Examples of natural porous media include soils, rocks, topsoil, sand, sandstone, limestone, 
etc. All these materials are capable to accumulate liquid in themselves and allow it to move under 
external forces [1,4]. In a natural porous environment, the distribution of pores in shape and size is 
uneven. At the pore scale (microscopic scale), the flow rate quantities (velocity, pressure, etc.) are 
clearly uneven, but in typical experiments the quantities are measured in areas that cross many 
pores, and such spatially averaged (macroscopic) quantities vary in a regular manner with respect to 
space and time, hence amenable to theoretical approach [2,3]. 

Filtration is the movement of a fluid through a porous medium. The filtration law is the 
relationship between the filtration velocity and the pressure [5]. The study of the filtration process is 
a very interesting and economically important topic in connection with oil and gas production, the 
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development of subsoil, where the main extraction technologies are leads by the laws of filtration 
theory. 

Porosity is an important characteristic of porous media. The porosity coefficient m is the ratio of 
the pore volume to the entire volume of the porous medium. The ability of a porous medium to pass 
liquid is characterized by permeability. The physical meaning of permeability is that it characterizes 
the cross-sectional area of the channels of a porous medium through which filtration occurs. The 
main filtration law is linear Darcy's law (in honor of the French engineer Henri Darcy, who 
experimentally established this law in 1856) [6-8]. Studies and experiments by G. Darcy on a steady 
unidirectional flow in a homogeneous medium revealed the proportionality between the flow rate 
and the pressure drop. It can be expressed as follows [1] 
 

𝑢 = −
𝐾

𝜇

𝜕𝑃

𝜕𝑥
, 

 

where 𝑢 is filtration velocity in 𝑥 direction, 
𝜕𝑃

𝜕𝑥
 - pressure gradient in flow direction, 𝜇 – dynamic fluid 

viscosity, 𝐾 - specific or internal permeability of a porous medium. For the three-dimensional case, 
the Darcy equation can be expressed as follows  
 

∇𝑃 = −
𝜇

𝐾
�⃗� 

 
where permeability 𝐾 is a second-order tensor (in the case of an isotropic medium, it is a scalar).  

Darcy's law was confirmed by the results of many experiments, among which it is worth noting 
the authors of works, which provides a theoretical basis obtained in various ways using deterministic 
or statistical models [9,10]. Linear Darcy's law is valid (for both isotropic and anisotropic media) under 
the following conditions, that the filtration rate and the pressure gradient is small and the change in 
filtration rate and pressure gradient also small. However, a huge amount of research has shown that 
there are limits to the applicability of linear Darcy's law. The upper limit is determined in the presence 
of inertial forces at high filtration rates, i.e., the upper limit of applicability of Darcy's law is 
determined by the critical Reynolds number 1 < 𝑅𝑒𝑐𝑟 < 12 [11]. A lot of researches have been 
devoted to the study of fluid motion taking into account inertial effects in a porous medium. Among 
them, it is worth noting the works, where restrictions on the use of the linear Darcy's law are 
considered and the nonlinear laws of fluid motion are studied in the presence of a Reynolds number 
greater than 𝑅𝑒𝑐𝑟 [12-14]. The lower limit of the linear Darcy's law applicability is determined by the 
existing of non-Newtonian rheological properties of the liquid, its interaction with the solid skeleton 
of a porous medium at sufficiently low filtration rates. 

As mentioned above, at the Reynolds number 𝑅𝑒 > 𝑅𝑒𝑐𝑟 the linear Darcy's law ceases to be valid. 
The first generalization of Darcy's law to the case of large 𝑅𝑒 was founded by Dupuis, who formulated 
a two-term filtration law. Later, the Austrian researcher F. Forchheimer independently established 
two-term filtration law, which is still called F. Forchheimer equation, and its generalization with a 
nonstationary effect was proposed by the authors of papers [7,12,13,15,16]. A lot of scientific papers 
are devoted to the numerical solution of liquid flow problems [17,18]. 

The solution of nonlinear filtration problems is of great interest [19,20]. Among them, note the 
investigation of B.V. Alekseev, who proposed an analytical solution to the nonlinear Leibenson 
equation, which is the problem of transient filtration of a perfect gas. 

The aim of this research is to obtain an analytical solution of three-dimensional filtration problem. 
In an attempt to obtain an analytical solution of a three-dimensional mathematical model, we 
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propose a new approach to solving the problem in the space of four-dimensional numbers, first 
proposed by the Kazakh mathematician Abenov [21] (Kazakh National University named after al-
Farabi). Abenov and Gabbassov [23] described anisotropic four-dimensional spaces M2-M7, which 
are associative and commutative with zero divisors. In what follows, these spaces will be called 
Abenov spaces. In this paper, we propose an analytical solution to a mathematical filtration model 
with a nonlinear Darcy’s law in the four-dimensional Abenov space M5. 

Mainly the three-dimensional problems of fluid motion are mainly solved by numerical methods, 
obtaining an analytical solution of them is difficult. To avoid this difficulty, Abenov [21] and Abenov 
et al., [22] proposed a new method for solving the continuity equation in four-dimensional space. 
Rakhymova et al., [24] presented elements of the Abenov space M5. In particular, if a function 
𝑈(𝑥1, 𝑥2, 𝑥3, 𝑥4) = (𝑢1, 𝑢2, 𝑢3, 𝑢4) has a derivative, then it must satisfy the Cauchy-Riemann 
condition [24] 
 

{
 
 
 
 

 
 
 
 

𝜕𝑢1
𝜕𝑥1

=
𝜕𝑢2
𝜕𝑥2

=
𝜕𝑢3
𝜕𝑥3

=
𝜕𝑢4
𝜕𝑥4

𝜕𝑢2
𝜕𝑥1

= −
𝜕𝑢1
𝜕𝑥2

=
𝜕𝑢4
𝜕𝑥3

= −
𝜕𝑢3
𝜕𝑥4

𝜕𝑢3
𝜕𝑥1

=
𝜕𝑢4
𝜕𝑥2

= −
𝜕𝑢1
𝜕𝑥3

= −
𝜕𝑢2
𝜕𝑥4

𝜕𝑢4
𝜕𝑥1

= −
𝜕𝑢3
𝜕𝑥2

= −
𝜕𝑢2
𝜕𝑥3

=
𝜕𝑢1
𝜕𝑥4

 . 

 
2. Methodology  
 

Consider an equation with four unknowns of the following form  
 

𝑑𝑖𝑣𝑈 =
𝜕𝑢1

𝜕𝑥1
+
𝜕𝑢2

𝜕𝑥2
+
𝜕𝑢3

𝜕𝑥3
+
𝜕𝑢4

𝜕𝑥4
= 0.           (1) 

 
Definition: Four-dimensional function 𝑈(𝑥1, 𝑥2, 𝑥3, 𝑥4) = (𝑢1, 𝑢2, 𝑢3, 𝑢4), which is a solution to 

Eq. (1) is called the solenoidal field. 
Theorem 1: One class of general solutions of Eq. (1) in the space M5 has the form  

 

{
 

 
𝑢1 = 𝑞1𝑤1(𝑝1𝑥1, 𝑝2𝑥2, 𝑝3𝑥3, 𝑝4𝑥4)

𝑢2 = 𝑞2𝑤2(𝑝1𝑥1, 𝑝2𝑥2, 𝑝3𝑥3, 𝑝4𝑥4)

𝑢3 = 𝑞3𝑤3(𝑝1𝑥1, 𝑝2𝑥2, 𝑝3𝑥3, 𝑝4𝑥4)

𝑢4 = 𝑞4𝑤4(𝑝1𝑥1, 𝑝2𝑥2, 𝑝3𝑥3, 𝑝4𝑥4)

,          (2) 

 
where 𝑊(𝑋) = 𝑊(𝑥1, 𝑥2, 𝑥3, 𝑥4) = (𝑤1, 𝑤2, 𝑤3, 𝑤4) – any regular function, 𝑝𝑖, 𝑞𝑖 , (𝑖 = 1,2,3,4) – 
random real constants satisfying the relation 
 
∑ 𝑝𝑖𝑞𝑖
4
𝑖=1 = 0.              (3) 

 
Proof: Substituting function (2) into Eq. (1), we obtain 
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𝑑𝑖𝑣𝑈 = 𝑝1𝑞1
𝜕𝑤1(𝑝1𝑥1,𝑝2𝑥2,𝑝3𝑥3,𝑝4𝑥4)

𝜕𝑥1
+ 𝑝2𝑞2

𝜕𝑤2(𝑝1𝑥1,𝑝2𝑥2,𝑝3𝑥3,𝑝4𝑥4)

𝜕𝑦2
+ 𝑝3𝑞3

𝜕𝑤3(𝑝1𝑥1,𝑝2𝑥2,𝑝3𝑥3,𝑝4𝑥4)

𝜕𝑦3
+

𝑝4𝑞4
𝜕𝑤4(𝑝1𝑥1,𝑝2𝑥2,𝑝3𝑥3,𝑝4𝑥4)

𝜕𝑦4
= ∑ 𝑝𝑖𝑞𝑖

4
𝑖=1 ∙

𝜕𝑤1(𝑝1𝑥1,𝑝2𝑥2,𝑝3𝑥3,𝑝4𝑥4)

𝜕𝑥1
= 0,      (4) 

 
by (3) and the Cauchy-Riemann conditions. 
The theorem is proved. 
 
An interesting question is the possibility of uniquely recovering the solenoidal field according to 

additional conditions, that is, under what additional conditions on the function 𝑈(𝑥1, 𝑥2, 𝑥3, 𝑥4) =
(𝑢1, 𝑢2, 𝑢3, 𝑢4) is it possible to uniquely determine the solution of Eq. (1) from one of spaces 𝑆5

1. Let 
us set the initial Cauchy data as additional conditions. Suppose that at 𝑥4 = 0 for the solution of Eq. 
(1) the following initial conditions are given 
 
𝑢1(𝑥1, 𝑥2, 𝑥3, 0) = 𝑢10(𝑥1, 𝑥2, 𝑥3)

𝑢2(𝑥1, 𝑥2, 𝑥3, 0) = 𝑢20(𝑥1, 𝑥2, 𝑥3)

𝑢3(𝑥1, 𝑥2, 𝑥3, 0) = 𝑢30(𝑥1, 𝑥2, 𝑥3)

𝑢4(𝑥1, 𝑥2, 𝑥3, 0) = 𝑢40(𝑥1, 𝑥2, 𝑥3)

           (5) 

 
Theorem 2: Let the functions 𝑢10, 𝑢20, 𝑢30, 𝑢40 defining the initial conditions (5) belong to the 

class 𝐶1(𝑅3) and satisfy the conditions  
 

{
  
 

  
 

𝜕𝑢10

𝜕𝑥1
= 𝑠12

𝜕𝑢20

𝜕𝑥2
= 𝑠13

𝜕𝑢30

𝜕𝑥3
𝜕𝑢20

𝜕𝑥1
= −𝑠21

𝜕𝑢10

𝜕𝑥2
= 𝑠13

𝜕𝑢40

𝜕𝑥3
𝜕𝑢30

𝜕𝑥1
= 𝑠12

𝜕𝑢40

𝜕𝑥2
= −𝑠31

𝜕𝑢10

𝜕𝑥3
𝜕𝑢40

𝜕𝑥1
= −𝑠21

𝜕𝑢30

𝜕𝑥2
= −𝑠31

𝜕𝑢20

𝜕𝑥3

           (6) 

 
for (𝑥1, 𝑥2, 𝑥3) ∈ 𝑅

3, where 𝑠12, 𝑠21, 𝑠13, 𝑠31 given positive real constants. Then the Cauchy problem 
(1), (5) has a unique solution from the class 𝑆5

1(𝑅4) and it is expressed by the formulas  
 

𝑢1(𝑥1, 𝑥2, 𝑥3, 𝑥4) =
1

2
[𝑢10 (𝑥1 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3) + 𝑢10 (𝑥1 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3) +

√
𝑠12𝑠13

𝑠21𝑠31
(𝑢40 (𝑥1 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3) − 𝑢40 (𝑥1 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3))], 

𝑢2(𝑥1, 𝑥2, 𝑥3, 𝑥4) =
1

2
[𝑢20 (𝑥1 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3) + 𝑢20 (𝑥1 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3) −

√
𝑠21𝑠13

𝑠12𝑠31
(𝑢30 (𝑥1 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3) − 𝑢30 (𝑥1 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3))], 

𝑢3(𝑥1, 𝑥2, 𝑥3, 𝑥4) =
1

2
[𝑢30 (𝑥1 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3) + 𝑢30 (𝑥1 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3) −

√
𝑠12𝑠31

𝑠21𝑠13
(𝑢20 (𝑥1 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3) − 𝑢20 (𝑥1 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3))], 
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𝑢4(𝑥1, 𝑥2, 𝑥3, 𝑥4) =
1

2
[𝑢40 (𝑥1 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3) + 𝑢40 (𝑥1 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3) +

√
𝑠12𝑠13

𝑠21𝑠31
(𝑢10 (𝑥1 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3) − 𝑢10 (𝑥1 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝑥4, 𝑥2, 𝑥3))].    (7) 

 
Proof: We find a solution to problem (1), (5) in the form (2) with condition (3). Then from the 

Cauchy-Riemann conditions for the function 𝑊(𝑋) = 𝑊(𝑥1, 𝑥2, 𝑥3, 𝑥4) = (𝑤1, 𝑤2, 𝑤3, 𝑤4), it follows 
that the function 𝑈(𝑋) = 𝑈(𝑥1, 𝑥2, 𝑥3, 𝑥4) = (𝑢1, 𝑢2, 𝑢3, 𝑢4) satisfy the following conditions 
 

1

𝑝1𝑞1

𝜕𝑢1

𝜕𝑥1
=

1

𝑝2𝑞2

𝜕𝑢2

𝜕𝑥2
=

1

𝑝3𝑞3

𝜕𝑢3

𝜕𝑥3
=

1

𝑝4𝑞4

𝜕𝑢4

𝜕𝑥4
1

𝑝1𝑞2

𝜕𝑢2

𝜕𝑥1
= −

1

𝑝2𝑞1

𝜕𝑢1

𝜕𝑥2
=

1

𝑝3𝑞4

𝜕𝑢4

𝜕𝑥3
= −

1

𝑝4𝑞3

𝜕𝑢3

𝜕𝑥4
1

𝑝1𝑞3

𝜕𝑢3

𝜕𝑥1
=

1

𝑝2𝑞4

𝜕𝑢4

𝜕𝑥2
= −

1

𝑝3𝑞1

𝜕𝑢1

𝜕𝑥3
= −

1

𝑝4𝑞2

𝜕𝑢2

𝜕𝑥4
1

𝑝1𝑞4

𝜕𝑢4

𝜕𝑥1
= −

1

𝑝2𝑞3

𝜕𝑢3

𝜕𝑥2
= −

1

𝑝3𝑞2

𝜕𝑢2

𝜕𝑥3
=

1

𝑝4𝑞1

𝜕𝑢1

𝜕𝑥4

          (8) 

 
From these equations it is easy to obtain that each function 𝑢𝑖(𝑥1, 𝑥2, 𝑥3, 𝑥4), 𝑖 = 1,2,3,4, satisfies 

the following equations  
 
𝜕2𝑢𝑖

𝜕𝑥4
2 =

𝑝4
2

𝑝1
2

𝜕2𝑢𝑖

𝜕𝑥1
2 ,              (9) 

 
𝜕2𝑢𝑖

𝜕𝑥4
2 = −

𝑝4
2

𝑝2
2

𝜕2𝑢𝑖

𝜕𝑥2
2 ,                       (10) 

 
𝜕2𝑢𝑖

𝜕𝑥4
2 = −

𝑝4
2

𝑝3
2

𝜕2𝑢𝑖

𝜕𝑥3
2 ,                       (11) 

 
as well as additional initial conditions, except for (5) 
 
𝜕𝑢1(𝑥1,𝑥2,𝑥3,0)

𝜕𝑥4
=

𝑝4𝑞1

𝑝1𝑞4

𝜕𝑢40(𝑥1,𝑥2,𝑥3)

𝜕𝑥1
= −

𝑝4𝑞1

𝑝2𝑞3

𝜕𝑢30(𝑥1,𝑥2,𝑥3)

𝜕𝑥2
= −

𝑝4𝑞1

𝑝3𝑞2

𝜕𝑢20(𝑥1,𝑥2,𝑥3)

𝜕𝑥3
, 

𝜕𝑢2(𝑥1,𝑥2,𝑥3,0)

𝜕𝑥4
= −

𝑝4𝑞2

𝑝1𝑞3

𝜕𝑢30(𝑥1,𝑥2,𝑥3)

𝜕𝑥1
= −

𝑝4𝑞2

𝑝2𝑞4

𝜕𝑢40(𝑥1,𝑥2,𝑥3)

𝜕𝑥2
=

𝑝4𝑞2

𝑝3𝑞1

𝜕𝑢10(𝑥1,𝑥2,𝑥3)

𝜕𝑥3
, 

𝜕𝑢3(𝑥1,𝑥2,𝑥3,0)

𝜕𝑥4
= −

𝑝4𝑞3

𝑝1𝑞2

𝜕𝑢20(𝑥1,𝑥2,𝑥3)

𝜕𝑥1
=

𝑝4𝑞3

𝑝2𝑞1

𝜕𝑢10(𝑥1,𝑥2,𝑥3)

𝜕𝑥2
= −

𝑝4𝑞3

𝑝3𝑞4

𝜕𝑢40(𝑥1,𝑥2,𝑥3)

𝜕𝑥3
, 

𝜕𝑢4(𝑥1,𝑥2,𝑥3,0)

𝜕𝑥4
=

𝑝4𝑞4

𝑝1𝑞1

𝜕𝑢10(𝑥1,𝑥2,𝑥3)

𝜕𝑥1
=

𝑝4𝑞4

𝑝2𝑞2

𝜕𝑢20(𝑥1,𝑥2,𝑥3)

𝜕𝑥2
=

𝑝4𝑞4

𝑝3𝑞3

𝜕𝑢30(𝑥1,𝑥2,𝑥3)

𝜕𝑥3
. 

 
From these conditions it follows that the functions 𝑢10, 𝑢20, 𝑢30, 𝑢40 setting the initial conditions 

(5) must satisfy the equations 
 
𝑝4𝑞1

𝑝1𝑞4

𝜕𝑢40(𝑥1,𝑥2,𝑥3)

𝜕𝑥1
= −

𝑝4𝑞1

𝑝2𝑞3

𝜕𝑢30(𝑥1,𝑥2,𝑥3)

𝜕𝑥2
= −

𝑝4𝑞1

𝑝3𝑞2

𝜕𝑢20(𝑥1,𝑥2,𝑥3)

𝜕𝑥3
,                 (12) 

 

−
𝑝4𝑞2

𝑝1𝑞3

𝜕𝑢30(𝑥1,𝑥2,𝑥3)

𝜕𝑥1
= −

𝑝4𝑞2

𝑝2𝑞4

𝜕𝑢40(𝑥1,𝑥2,𝑥3)

𝜕𝑥2
=

𝑝4𝑞2

𝑝3𝑞1

𝜕𝑢10(𝑥1,𝑥2,𝑥3)

𝜕𝑥3
,                 (13) 

 

−
𝑝4𝑞3

𝑝1𝑞2

𝜕𝑢20(𝑥1,𝑥2,𝑥3)

𝜕𝑥1
=

𝑝4𝑞3

𝑝2𝑞1

𝜕𝑢10(𝑥1,𝑥2,𝑥3)

𝜕𝑥2
= −

𝑝4𝑞3

𝑝3𝑞4

𝜕𝑢40(𝑥1,𝑥2,𝑥3)

𝜕𝑥3
,                 (14) 
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𝑝4𝑞4

𝑝1𝑞1

𝜕𝑢10(𝑥1,𝑥2,𝑥3)

𝜕𝑥1
=

𝑝4𝑞4

𝑝2𝑞2

𝜕𝑢20(𝑥1,𝑥2,𝑥3)

𝜕𝑥2
=

𝑝4𝑞4

𝑝3𝑞3

𝜕𝑢30(𝑥1,𝑥2,𝑥3)

𝜕𝑥3
.                  (15) 

 
Thus, the function 𝑢1(𝑥1, 𝑥2, 𝑥3, 𝑥4) is a solution to the following Cauchy problem 
 
𝜕2𝑢1(𝑥1,𝑥2,𝑥3,𝑥4)

𝜕𝑥4
2 = 𝑎2

𝜕2𝑢1(𝑥1,𝑥2,𝑥3,𝑥4)

𝜕𝑥1
2 , 

𝑢1(𝑥1, 𝑥2, 𝑥3, 0) = 𝑢10(𝑥1, 𝑥2, 𝑥3), 
𝜕𝑢1(𝑥1,𝑥2,𝑥3,0)

𝜕𝑥4
=

𝑝4𝑞1

𝑝1𝑞4

𝜕𝑢40(𝑥1,𝑥2,𝑥3)

𝜕𝑥1
, 

 

where 𝑎 =
𝑝4

𝑝1
. According to the d'Alembert formula, the solution to this problem has the form [21] 

 

𝑢1(𝑥1, 𝑥2, 𝑥3, 𝑥4) =
1

2
(𝑢10(𝑥1 + 𝑎𝑥4, 𝑥2, 𝑥3) + 𝑢10(𝑥1 − 𝑎𝑥4, 𝑥2, 𝑥3)) +

1

2

𝑞1

𝑞4
(𝑢40(𝑥1 +

𝑎𝑥4, 𝑥2, 𝑥3) − 𝑢40(𝑥1 − 𝑎𝑥4, 𝑥2, 𝑥3)), 𝑥4 > 0, (𝑥1, 𝑥2, 𝑥3) ∈ 𝑅
3.                 (16) 

 
Similarly, the function 𝑢2(𝑥1, 𝑥2, 𝑥3, 𝑥4) is a solution to the following Cauchy problem: 

 
𝜕2𝑢2(𝑥1,𝑥2,𝑥3,𝑥4)

𝜕𝑥4
2 = 𝑎2

𝜕2𝑢2(𝑥1,𝑥2,𝑥3,𝑥4)

𝜕𝑥1
2 , 

𝑢2(𝑥1, 𝑥2, 𝑥3, 0) = 𝑢20(𝑥1, 𝑥2, 𝑥3), 
𝜕𝑢2(𝑥1,𝑥2,𝑥3,0)

𝜕𝑥4
= −

𝑝4𝑞2

𝑝1𝑞3

𝜕𝑢30(𝑥1,𝑥2,𝑥3)

𝜕𝑥1
. 

 
The solution to this problem is 
 

𝑢2(𝑥1, 𝑥2, 𝑥3, 𝑥4) =
1

2
(𝑢20(𝑥1 + 𝑎𝑥4, 𝑥2, 𝑥3) + 𝑢20(𝑥1 − 𝑎𝑥4, 𝑥2, 𝑥3)) −

1

2

𝑞2

𝑞3
(𝑢30(𝑥1 +

𝑎𝑥4, 𝑥2, 𝑥3) − 𝑢30(𝑥1 − 𝑎𝑥4, 𝑥2, 𝑥3)), 𝑥4 > 0, (𝑥1, 𝑥2, 𝑥3) ∈ 𝑅
3.                 (17) 

 
The function 𝑢3(𝑥1, 𝑥2, 𝑥3, 𝑥4) is a solution to the Cauchy problem 
 
𝜕2𝑢3(𝑥1,𝑥2,𝑥3,𝑥4)

𝜕𝑥4
2 = 𝑎2

𝜕2𝑢3(𝑥1,𝑥2,𝑥3,𝑥4)

𝜕𝑥1
2 , 

𝑢3(𝑥1, 𝑥2, 𝑥3, 0) = 𝑢30(𝑥1, 𝑥2, 𝑥3), 
𝜕𝑢3(𝑥1,𝑥2,𝑥3,0)

𝜕𝑥4
= −

𝑝4𝑞3

𝑝1𝑞2

𝜕𝑢20(𝑥1,𝑥2,𝑥3)

𝜕𝑥1
. 

 
Then, 
 

𝑢3(𝑥1, 𝑥2, 𝑥3, 𝑥4) =
1

2
(𝑢30(𝑥1 + 𝑎𝑥4, 𝑥2, 𝑥3) + 𝑢30(𝑥1 − 𝑎𝑥4, 𝑥2, 𝑥3)) −

1

2

𝑞3

𝑞2
(𝑢20(𝑥1 +

𝑎𝑥4, 𝑥2, 𝑥3) − 𝑢20(𝑥1 − 𝑎𝑥4, 𝑥2, 𝑥3)), 𝑥4 > 0, (𝑥1, 𝑥2, 𝑥3) ∈ 𝑅
3.                 (18) 

 
The function 𝑢4(𝑥1, 𝑥2, 𝑥3, 𝑥4) is a solution to the Cauchy problem 
 
𝜕2𝑢4(𝑥1,𝑥2,𝑥3,𝑥4)

𝜕𝑥4
2 = 𝑎2

𝜕2𝑢4(𝑥1,𝑥2,𝑥3,𝑥4)

𝜕𝑥1
2 , 

𝑢4(𝑥1, 𝑥2, 𝑥3, 0) = 𝑢40(𝑥1, 𝑥2, 𝑥3), 
𝜕𝑢4(𝑥1,𝑥2,𝑥3,0)

𝜕𝑥4
=

𝑝4𝑞4

𝑝1𝑞1

𝜕𝑢10(𝑥1,𝑥2,𝑥3)

𝜕𝑥1
. 
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Then, 
 

𝑢4(𝑥1, 𝑥2, 𝑥3, 𝑥4) =
1

2
(𝑢40(𝑥1 + 𝑎𝑥4, 𝑥2, 𝑥3) + 𝑢40(𝑥1 − 𝑎𝑥4, 𝑥2, 𝑥3)) +

1

2

𝑞4

𝑞1
(𝑢10(𝑥1 +

𝑎𝑥4, 𝑥2, 𝑥3) − 𝑢10(𝑥1 − 𝑎𝑥4, 𝑥2, 𝑥3)), 𝑥4 > 0, (𝑥1, 𝑥2, 𝑥3) ∈ 𝑅
3.                 (19) 

 
Thus, we have found an infinite set of solutions to the original problem, depending on the values 

of the parameters 𝑝𝑖, 𝑞𝑖, 𝑖 = 1,2,3,4 the components of which are expressed by formulas (16) to (19). 
To find the parameters 𝑝𝑖, 𝑞𝑖 , 𝑖 = 1,2,3,4 compare conditions (12) to (15) with conditions (6). From 
this comparison for the parameters we obtain the system 
 
𝑝1𝑞1

𝑝2𝑞2
= 𝑠12, 

𝑝1𝑞1

𝑝3𝑞3
= 𝑠13, 

𝑝1𝑞2

𝑝2𝑞1
= 𝑠21,

𝑝1𝑞3

𝑝3𝑞1
= 𝑠31, 

𝑞1

𝑞2
=

𝑞3

𝑞4
.                  (20) 

 
Solving the last system (20), we find 
 

(
𝑞1

𝑞2
)
2

=
𝑠12

𝑠21
, (
𝑞2

𝑞3
)
2

=
𝑠21𝑠13

𝑠12𝑠31
, (
𝑞1

𝑞3
)
2

=
𝑠13

𝑠31
, (
𝑞2

𝑞4
)
2

= 
𝑠13

𝑠31
, (
𝑞1

𝑞4
)
2

=
𝑠12𝑠13

𝑠21𝑠31
, (
𝑞3

𝑞4
)
2

=
𝑠12

𝑠21
, 

(
𝑝1

𝑝2
)
2

= 𝑠12𝑠21, (
𝑝1

𝑝3
)
2

= 𝑠13𝑠31, (
𝑝2

𝑝3
)
2

=
𝑠13𝑠31

𝑠12𝑠21
.                   (21) 

 

The ratio 
𝑝4

𝑝1
 is determined from the condition (3): 

 
𝑝4

𝑝1
= ∓

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
= ∓√

𝑠12𝑠13

𝑠21𝑠31
(1 +

1

𝑠12
+

1

𝑠13
).                   (22) 

 

Note that solutions (16) to (19) depend only on 
𝑝1

𝑝4
, 
𝑞1

𝑞4
 and 

𝑞2

𝑞3
. Substituting the found ratios into 

formulas (16) to (19), we obtain two solutions to the original problem, but it is easy to see that these 

two solutions coincide, since 𝑠𝑖𝑔𝑛 (
𝑝1

𝑝4
) 𝑠𝑖𝑔𝑛 (

𝑞1

𝑞4
) < 0, 𝑠𝑖𝑔𝑛 (

𝑝1

𝑝4
) 𝑠𝑖𝑔𝑛 (

𝑞2

𝑞3
) < 0, 

𝑠𝑖𝑔𝑛 (
𝑞1

𝑞4
) 𝑠𝑖𝑔𝑛 (

𝑞2

𝑞3
) > 0. The resulting solution is expressed by the formulas (7). 

The found solution is the unique in the class 𝑆5
1. Indeed, if there are two solutions, then their 

difference satisfies Eq. (1) with zero initial conditions. It is enough to prove that problem (1), (5) with 
𝑢10 = 𝑢20 = 𝑢30 = 𝑢40 = 0 has only the zero solution in the class 𝑆5

1. If this problem has a nonzero 
solution, then its components must satisfy Eq. (9) with zero initial Cauchy condition. But such a 
problem cannot have a nonzero solution. Got a contradiction.  

By direct verification, using conditions (3), (12) to (15) easy to make sure that the solution found 
satisfies Eq. (1) and the initial conditions (5). 
 

The theorem is proved. 
 
Comment: Conditions (6) are necessary and sufficient conditions for the existence and 

uniqueness of a solution to the Cauchy problem for Eq. (1).  
 
3. Results 
 

Let us move on to solving the filtration theory model. The continuity equation in filtration theory 
has the following form 
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𝑚
𝜕𝜌

𝜕𝑡
+ 𝑑𝑖𝑣(𝜌�⃗�) = 0, 

 
Let us change the variables(𝑥, 𝑦, 𝑧, 𝑡) by (𝑥, 𝑦, 𝑧, 𝜏), where 𝜏 = 𝑐𝑡, 𝑐 is the characteristic velocity. 

Then the equation can be rewritten as follows  
 

𝑐𝑚
𝜕𝜌

𝜕𝜏
+ 𝑑𝑖𝑣(𝜌�⃗�) = 0,                      (23) 

 
where 𝑚 = 𝑚(𝑥, 𝑦, 𝑧) – known medium porosity, 𝜌(𝑥, 𝑦, 𝑧, 𝑡) – fluid density, �⃗�(𝑥, 𝜏) =
(𝑣1(𝑥, 𝑦, 𝑧, 𝜏), 𝑣2(𝑥, 𝑦, 𝑧, 𝜏), 𝑣3(𝑥, 𝑦, 𝑧, 𝜏)) – filtration velocity, 𝑥 = (𝑥, 𝑦, 𝑧) ∈ 𝑅3 – spatial 
coordinates, 𝜏 ∈ 𝑅+ - time. 

Write the general nonlinear filtration law in the following form 
 

−𝛻𝑝 =
𝜈

𝑘
𝑓(𝜌, 𝑣1, 𝑣2, 𝑣3),                      (24) 

 
where 𝜈 – kinematic fluid viscosity, 𝑘 = 𝑘(𝑥, 𝑦, 𝑧) – permeability coefficient depending only on the 

properties of the porous medium, 𝑝(𝑥, 𝑦, 𝑧, 𝜏) – fluid pressure, 𝑓(𝜌, 𝑣1, 𝑣2, 𝑣3) – a given function of 
its arguments. Let us assume that the viscosity of the liquid and the coefficient of permeability are 
constant values. 

For 𝑓(𝜌, 𝑣1, 𝑣2, 𝑣3) = (𝜌𝑣1, 𝜌𝑣2, 𝜌𝑣3), Eq. (24) is called the linear Darcy law  
 

{
 
 

 
 
𝜕𝑝

𝜕𝑥
= −

𝜈

𝑘
𝜌𝑣1,

𝜕𝑝

𝜕𝑦
= −

𝜈

𝑘
𝜌𝑣2,

𝜕𝑝

𝜕𝑧
= −

𝜈

𝑘
𝜌𝑣3.

                       (25) 

 

For 𝑓(𝜌, 𝑣1, 𝑣2, 𝑣3) = (𝜌2𝑣1
2 − 𝜌2𝑣2

2 − 𝜌2𝑣3
2 + 𝜌2𝑐2𝑚2, 2𝜌2𝑣3𝑐𝑚 − 2𝜌2𝑣1𝑣2, 2𝜌

2𝑣2𝑐𝑚 −
2𝜌2𝑣1𝑣3) Eq. (24) is called Forchheimer's nonlinear filtration law 
 

{
 
 

 
 
𝜕𝑝

𝜕𝑥
= −

𝜈

𝑘
(𝜌2𝑣1

2 − 𝜌2𝑣2
2
− 𝜌2𝑣3

2
+ 𝜌2(𝑐𝑚)2) ,

𝜕𝑝

𝜕𝑦
= −2

𝜈

𝑘
(𝜌2𝑣3𝑐𝑚 − 𝜌2𝑣1𝑣2),

𝜕𝑝

𝜕𝑧
= −2

𝜈

𝑘
(𝜌2𝑣2𝑐𝑚 − 𝜌2𝑣1𝑣3).

                   (26) 

 
Consider the Cauchy problem for system (23), (24) 
 
𝜌(𝑥, 𝑦, 𝑧, 0) = 𝜌0(𝑥, 𝑦, 𝑧), 0 < 𝜌𝑚𝑖𝑛 ≤ 𝜌0(𝑥, 𝑦, 𝑧) ≤ 𝜌𝑚𝑎𝑥 < ∞,                 (27) 
 
𝑣𝑖(𝑥, 𝑦, 𝑧, 0) = 𝜑𝑖(𝑥, 𝑦, 𝑧), (𝑥, 𝑦, 𝑧) ∈ 𝑅

3, 𝑖 = 1,2,3.                   (28) 
 

Suppose that the functions 𝜌0, 𝜑1, 𝜑2, 𝜑3 tend to zero as the spatial coordinates tend to infinity. 
Let us introduce the following notation: 𝜌(𝑥, 𝑦, 𝑧, 𝜏) ∙ 𝑣1(𝑥, 𝑦, 𝑧, 𝜏) = 𝑢1(𝑥, 𝑦, 𝑧, 𝜏), 𝜌(𝑥, 𝑦, 𝑧, 𝑡) ∙
𝑣2(𝑥, 𝑦, 𝑧, 𝜏) = 𝑢2(𝑥, 𝑦, 𝑧, 𝜏), 𝜌(𝑥, 𝑦, 𝑧, 𝜏) ∙ 𝑣3(𝑥, 𝑦, 𝑧, 𝜏) = 𝑢3(𝑥, 𝑦, 𝑧, 𝜏), 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙ 𝜌(𝑥, 𝑦, 𝑧, 𝜏) =
𝑢4(𝑥, 𝑦, 𝑧, 𝜏). Then Eq. (23) can be rewritten as follows 
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𝑑𝑖𝑣𝑈 =
𝜕𝑢1

𝜕𝑥
+
𝜕𝑢2

𝜕𝑦
+
𝜕𝑢3

𝜕𝑧
+
𝜕𝑢4

𝜕𝜏
= 0.                     (29) 

 
From (27), (28) for the functions 𝑢1, 𝑢2, 𝑢3, 𝑢4 we have the following initial conditions 
 
𝑢1(𝑥, 𝑦, 𝑧, 0) = 𝜌0(𝑥, 𝑦, 𝑧)𝜑1(𝑥, 𝑦, 𝑧),

𝑢2(𝑥, 𝑦, 𝑧, 0) = 𝜌0(𝑥, 𝑦, 𝑧)𝜑2(𝑥, 𝑦, 𝑧),

𝑢3(𝑥, 𝑦, 𝑧, 0) = 𝜌0(𝑥, 𝑦, 𝑧)𝜑3(𝑥, 𝑦, 𝑧),

𝑢4(𝑥, 𝑦, 𝑧, 0) = 𝑐𝑚(𝑥, 𝑦, 𝑧)𝜌0(𝑥, 𝑦, 𝑧).

                    (30) 

 
According to Theorem 2, problem (29), (30) has a unique solution if the initial data satisfy the 

following conditions 
 

{
  
 

  
 

𝜕(𝜌0𝜑1)

𝜕𝑥
= 𝑠12

𝜕(𝜌0𝜑2)

𝜕𝑦
= 𝑠13

𝜕(𝜌0𝜑3)

𝜕𝑧

𝜕(𝜌0𝜑2)

𝜕𝑥
= −𝑠21

𝜕(𝜌0𝜑1)

𝜕𝑦
= 𝑠13

𝜕(𝑐𝑚𝜌0)

𝜕𝑧

𝜕(𝜌0𝜑3)

𝜕𝑥
= 𝑠12

𝜕(𝑐𝑚𝜌0)

𝜕𝑦
= −𝑠31

𝜕(𝜌0𝜑1)

𝜕𝑧

𝜕(𝑐𝑚𝜌0)

𝜕𝑥
= −𝑠21

𝜕(𝜌0𝜑3)

𝜕𝑦
= −𝑠31

𝜕(𝜌0𝜑2)

𝜕𝑧

                    (31) 

 
for (𝑥, 𝑦, 𝑧) ∈ 𝑅3, where 𝑠12, 𝑠13, 𝑠24, 𝑠21, 𝑠31 given real constants. In this case, the solution of 
problem (29), (30) is  
 

𝑢1(𝑥, 𝑦, 𝑧, 𝜏) =
1

2
[𝜌0 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) 𝜑1 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) + 𝜌0 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) 𝜑1 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) + √

𝑠12𝑠13

𝑠21𝑠31
(𝑐𝑚𝜌0 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) −

𝑐𝑚𝜌0 (𝑥 −
𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧))], 

𝑢2(𝑥, 𝑦, 𝑧, 𝜏) =
1

2
[𝜌0 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧)𝜑2 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) + 𝜌0 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) 𝜑2 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) − √

𝑠21𝑠13

𝑠12𝑠31
(𝜌0 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧)𝜑3 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) − 𝜌0 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) 𝜑3 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧))], 

𝑢3(𝑥, 𝑦, 𝑧, 𝜏) =
1

2
[𝜌0 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧)𝜑3 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) + 𝜌0 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) 𝜑3 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) − √

𝑠12𝑠31

𝑠21𝑠13
(𝜌0 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧)𝜑2 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) − 𝜌0 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) 𝜑2 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧))], 
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𝑢4(𝑥, 𝑦, 𝑧, 𝜏) =
1

2
[𝑐𝑚𝜌0 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) + 𝑚𝜌0 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) +

√
𝑠21𝑠31

𝑠12𝑠13
(𝜌0 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧)𝜑1 (𝑥 +

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) − 𝜌0 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧) 𝜑1 (𝑥 −

𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
𝜏, 𝑦, 𝑧))]. 

 
From here we find the initial variables 
 

𝜌(𝑥, 𝑦, 𝑧, 𝑡) =
1

2𝑏𝑐𝑚(𝑥,𝑦,𝑧)
(𝑏(𝑚𝜌0)

+ + 𝑏(𝑚𝜌0)
− + (𝜌0𝜑1)

+ − (𝜌0𝜑1)
−),                (32) 

 

𝑣1(𝑥, 𝑦, 𝑧, 𝑡) = 𝑏𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑1)

++(𝜌0𝜑1)
−+𝑏(𝑚𝜌0)

+−𝑏(𝑚𝜌0)
−

𝑏(𝑚𝜌0)++𝑏(𝑚𝜌0)−+(𝜌0𝜑1)+−(𝜌0𝜑1)−
,                 (33) 

 

𝑣2(𝑥, 𝑦, 𝑧, 𝑡) = 𝑏𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑2)

++(𝜌0𝜑2)
−−𝑑(𝜌0𝜑3)

++𝑑(𝜌0𝜑3)
−

𝑏(𝑚𝜌0)++𝑏(𝑚𝜌0)−+(𝜌0𝜑1)+−(𝜌0𝜑1)−
,                 (34) 

 

𝑣3(𝑥, 𝑦, 𝑧, 𝑡) =
𝑠12

𝑠21
𝑐𝑚(𝑥, 𝑦, 𝑧) ∙

𝑑(𝜌0𝜑3)
++𝑑(𝜌0𝜑3)

−−(𝜌0𝜑2)
++(𝜌0𝜑2)

−

𝑏(𝑚𝜌0)++𝑏(𝑚𝜌0)−+(𝜌0𝜑1)+−(𝜌0𝜑1)−
,                 (35) 

 
where (𝜌0𝜑1)

+ = 𝜌0(𝑥 + 𝑎𝜏, 𝑦, 𝑧)𝜑1(𝑥 + 𝑎𝜏, 𝑦, 𝑧), (𝜌0𝜑1)
− = 𝜌0(𝑥 − 𝑎𝜏, 𝑦, 𝑧)𝜑1(𝑥 − 𝑎𝜏, 𝑦, 𝑧), 

(𝜌0𝜑2)
+ = 𝜌0(𝑥 + 𝑎𝑐𝑡, 𝑦, 𝑧)𝜑2(𝑥 + 𝑎𝑐𝑡, 𝑦, 𝑧),          (𝜌0𝜑2)

− = 𝜌0(𝑥 − 𝑎𝜏, 𝑦, 𝑧)𝜑2(𝑥 − 𝑎𝜏, 𝑦, 𝑧), 
(𝜌0𝜑3)

+ = 𝜌0(𝑥 + 𝑎𝜏, 𝑦, 𝑧)𝜑3(𝑥 + 𝑎𝜏, 𝑦, 𝑧),              (𝜌0𝜑3)
− = 𝜌0(𝑥 − 𝑎𝜏, 𝑦, 𝑧)𝜑3(𝑥 − 𝑎𝜏, 𝑦, 𝑧),  

(𝑚𝜌0)
+ = 𝑐𝑚(𝑥, 𝑦, 𝑧)𝜌0(𝑥 + 𝑎𝜏, 𝑦, 𝑧),                        (𝑚𝜌0)

− = 𝑐𝑚(𝑥, 𝑦, 𝑧)𝜌0(𝑥 − 𝑎𝜏, 𝑦, 𝑧),  

𝑎 =
𝑠12𝑠13+𝑠12+𝑠13

√𝑠12𝑠21𝑠13𝑠31
, 𝑏 = √

𝑠12𝑠13

𝑠21𝑠31
, 𝑑 = √

𝑠21𝑠13

𝑠12𝑠31
. 

 
Thus, if conditions (31) are satisfied, then problem (23), (27), (28) has a unique solution (32) to 

(35). Substituting this solution into the equation of motion (24), we obtain the equation for the 
pressure. For the solvability of Eq. (24), it is necessary that 
 

𝑟𝑜𝑡(𝑓(𝜌, 𝑣1, 𝑣2, 𝑣3)) = 0                      (36) 

 

This relation imposes a restriction on the form of the function 𝑓. Define a function 𝑓 by the 
following theorem. 

Let ℎ(𝑥, 𝑦, 𝑧, 𝜏) be an arbitrary four-dimensional regular function and denote by �⃗�(𝑥, 𝑦, 𝑧, 𝜏) a 
four-dimensional function with components  
 

{
 

 
𝑔1(𝑥, 𝑦, 𝑧, 𝜏) = 𝑟1ℎ1(𝑠1𝑥, 𝑠2𝑦, 𝑠3𝑧, 𝑠4𝜏)

𝑔2(𝑥, 𝑦, 𝑧, 𝜏) = 𝑟2ℎ2(𝑠1𝑥, 𝑠2𝑦, 𝑠3𝑧, 𝑠4𝜏)

𝑔3(𝑥, 𝑦, 𝑧, 𝜏) = 𝑟3ℎ3(𝑠1𝑥, 𝑠2𝑦, 𝑠3𝑧, 𝑠4𝜏)

𝑔4(𝑥, 𝑦, 𝑧, 𝜏) = 𝑟4ℎ4(𝑠1𝑥, 𝑠2𝑦, 𝑠3𝑧, 𝑠4𝜏)

, 

 

where 𝑟𝑖, 𝑠𝑖, 𝑖 = 1,2,3,4, - definable constants. Then for 𝑓 we take the following function with 
components  
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{
  
 

  
 
𝑓1(𝜌, 𝑣1, 𝑣2, 𝑣3) = 𝑔1(𝜌𝑣1, 𝜌𝑣2, 𝜌𝑣3, 𝑚𝜌) − 𝑔1(0,0,0,0) =

= 𝑟1ℎ1(𝑠1𝜌𝑣1, 𝑠2𝜌𝑣2, 𝑠3𝜌𝑣3, 𝑠4𝑚𝜌) − 𝑟1ℎ1(0,0,0,0)

𝑓2(𝜌, 𝑣1, 𝑣2, 𝑣3) = 𝑔2(𝜌𝑣1, 𝜌𝑣2, 𝜌𝑣3, 𝑚𝜌) − 𝑔2(0,0,0,0) =
= 𝑟2ℎ2(𝑠1𝜌𝑣1, 𝑠2𝜌𝑣2, 𝑠3𝜌𝑣3, 𝑠4𝑚𝜌) − 𝑟2ℎ2(0,0,0,0)

𝑓3(𝜌, 𝑣1, 𝑣2, 𝑣3) = 𝑔3(𝜌𝑣1, 𝜌𝑣2, 𝜌𝑣3, 𝑚𝜌) =
= 𝑟3ℎ3(𝑠1𝜌𝑣1, 𝑠2𝜌𝑣2, 𝑠3𝜌𝑣3, 𝑠4𝑚𝜌)

,                 (37) 

 

The function 𝑓 from (37) must satisfy the following condition  
 

𝑟𝑜𝑡𝑓(𝑥, 𝑦, 𝑧, 𝜏) =

(

 
 

𝜕𝑓3

𝜕𝑦
−
𝜕𝑓2

𝜕𝑧

𝜕𝑓1

𝜕𝑧
−
𝜕𝑓3

𝜕𝑥
𝜕𝑓2

𝜕𝑥
−
𝜕𝑓1

𝜕𝑦)

 
 
= 0                     (38) 

 
for all 𝜏 ∈ 𝑅+, (𝑥, 𝑦, 𝑧) ∈ 𝑅

3. 
Theorem 3: (Darcy's Law) The Cauchy problem for the mathematical model of the linear filtration 

theory (23), (25), (27), (28) satisfying conditions (29), with 𝑠12 = 𝑠21 = 𝑠13 = 𝑠31 = 1, has a unique 
solution 
 

𝜌(𝑥, 𝑦, 𝑧, 𝜏) =
1

2𝑐𝑚(𝑥,𝑦,𝑧)
((𝑚𝜌0)

+ + (𝑚𝜌0)
− + (𝜌0𝜑1)

+ − (𝜌0𝜑1)
−)                (39) 

 

𝑣1(𝑥, 𝑦, 𝑧, 𝜏) = 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑1)

++(𝜌0𝜑1)
−+(𝑚𝜌0)

+−(𝑚𝜌0)
−

(𝑚𝜌0)++(𝑚𝜌0)−+(𝜌0𝜑1)+−(𝜌0𝜑1)−
                  (40) 

 

𝑣2(𝑥, 𝑦, 𝑧, 𝜏) = 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑2)

++(𝜌0𝜑2)
−−(𝜌0𝜑3)

++(𝜌0𝜑3)
−

(𝑚𝜌0)++(𝑚𝜌0)−+(𝜌0𝜑1)+−(𝜌0𝜑1)−
                 (41) 

 

𝑣3(𝑥, 𝑦, 𝑧, 𝜏) = 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑3)

++(𝜌0𝜑3)
−−(𝜌0𝜑2)

++(𝜌0𝜑2)
−

(𝑚𝜌0)++(𝑚𝜌0)−+(𝜌0𝜑1)+−(𝜌0𝜑1)−
                 (42) 

 

𝑝 = −
𝜇

𝑘
∫ 𝑣1(𝜉, 𝑦, 𝑧, 𝜏)𝑑𝜉
𝑥

0
−
𝜇

𝑘
∫ 𝑣2(0, 𝜂, 𝑧, 𝜏)𝑑𝜂
𝑦

0
−
𝜇

𝑘
∫ 𝑣3(0,0, 𝜁, 𝜏)𝑑𝜁
𝑧

0
+ 𝐶(𝜏)               (43) 

 
where 
(𝜌0𝜑1)

+ = 𝜌0(𝑥 + 3𝜏, 𝑦, 𝑧)𝜑1((𝑥 + 3𝜏, 𝑦, 𝑧), (𝜌0𝜑1)
− = 𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧)𝜑1(𝑥 − 3𝜏, 𝑦, 𝑧),  

(𝜌0𝜑2)
+ = 𝜌0((𝑥 + 3𝜏, 𝑦, 𝑧)𝜑2((𝑥 + 3𝜏, 𝑦, 𝑧), (𝜌0𝜑2)

− = 𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧)𝜑2(𝑥 − 3𝜏, 𝑦, 𝑧), 
(𝜌0𝜑3)

+ = 𝜌0((𝑥 + 3𝜏, 𝑦, 𝑧)𝜑3((𝑥 + 3𝜏, 𝑦, 𝑧), (𝜌0𝜑3)
− = 𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧)𝜑3(𝑥 − 3𝜏, 𝑦, 𝑧), 

(𝑚𝜌0)
+ = 𝑐𝑚(𝑥, 𝑦, 𝑧)𝜌0((𝑥 + 3𝜏, 𝑦, 𝑧), (𝑚𝜌0)

− = 𝑐𝑚(𝑥, 𝑦, 𝑧)𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧). 
 

Proof: Substituting the given coefficients 𝑠12 = 𝑠21 = 𝑠13 = 𝑠31 = 1 into (32) to (35), we find  
 

𝜌(𝑥, 𝑦, 𝑧, 𝜏) =
1

2𝑐𝑚(𝑥, 𝑦, 𝑧)
((𝑚𝜌0)

+ + (𝑚𝜌0)
− + (𝜌0𝜑1)

+ − (𝜌0𝜑1)
−) 

𝑣1(𝑥, 𝑦, 𝑧, 𝜏) = 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑1)

+ + (𝜌0𝜑1)
− + (𝑚𝜌0)

+ − (𝑚𝜌0)
−

(𝑚𝜌0)+ + (𝑚𝜌0)− + (𝜌0𝜑1)+ − (𝜌0𝜑1)−
 

𝑣2(𝑥, 𝑦, 𝑧, 𝜏) = 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑2)

+ + (𝜌0𝜑2)
− − (𝜌0𝜑3)

+ + (𝜌0𝜑3)
−

(𝑚𝜌0)+ + (𝑚𝜌0)− + (𝜌0𝜑1)+ − (𝜌0𝜑1)−
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𝑣3(𝑥, 𝑦, 𝑧, 𝜏) = 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑3)

+ + (𝜌0𝜑3)
− − (𝜌0𝜑2)

+ + (𝜌0𝜑2)
−

(𝑚𝜌0)+ + (𝑚𝜌0)− + (𝜌0𝜑1)+ − (𝜌0𝜑1)−
 

 
where (𝜌0𝜑1)

+ = 𝜌0(𝑥 + 3𝜏, 𝑦, 𝑧)𝜑1((𝑥 + 3𝜏, 𝑦, 𝑧), (𝜌0𝜑1)
− = 𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧)𝜑1(𝑥 −

3𝜏, 𝑦, 𝑧),  
(𝜌0𝜑2)

+ = 𝜌0((𝑥 + 3𝜏, 𝑦, 𝑧)𝜑2((𝑥 + 3𝜏, 𝑦, 𝑧), (𝜌0𝜑2)
− = 𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧)𝜑2(𝑥 − 3𝜏, 𝑦, 𝑧), 

(𝜌0𝜑3)
+ = 𝜌0((𝑥 + 3𝜏, 𝑦, 𝑧)𝜑3((𝑥 + 3𝜏, 𝑦, 𝑧), (𝜌0𝜑3)

− = 𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧)𝜑3(𝑥 − 3𝜏, 𝑦, 𝑧), 
(𝑚𝜌0)

+ = 𝑐𝑚(𝑥, 𝑦, 𝑧)𝜌0((𝑥 + 3𝜏, 𝑦, 𝑧), (𝑚𝜌0)
− = 𝑐𝑚(𝑥, 𝑦, 𝑧)𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧). 

 
Let us choose a linear function ℎ(𝑥, 𝑦, 𝑧, 𝜏) = 𝑋, then for 𝑠12 = 𝑠21 = 𝑠13 = 𝑠31 = 1 we obtain 

𝑓1(𝜌, 𝑣1, 𝑣2, 𝑣3) = 𝜌𝑣1, 𝑓2(𝜌, 𝑣1, 𝑣2, 𝑣3) = 𝜌𝑣2, 𝑓3(𝜌, 𝑣1, 𝑣2, 𝑣3) = 𝜌𝑣3 
 
Check the condition (38) 
 
𝜕𝑓3
𝜕𝑦

−
𝜕𝑓2
𝜕𝑧

=
𝜕(𝜌𝑣3)

𝜕𝑦
−
𝜕(𝜌𝑣2)

𝜕𝑧
=
𝜕(𝜌𝑣3)

𝜕𝑦
−
𝑠21
𝑠31

𝜕(𝜌𝑣3)

𝜕𝑦
= 0, 

𝜕𝑓1
𝜕𝑧

−
𝜕𝑓3
𝜕𝑥

= −
𝜕(𝜌𝑣1)

𝜕𝑧
−
𝜕(𝜌𝑣3)

𝜕𝑥
= −

𝜕(𝜌𝑣1)

𝜕𝑧
+ 𝑠31

𝜕(𝜌𝑣1)

𝜕𝑧
= 0, 

𝜕𝑓2
𝜕𝑥

−
𝜕𝑓1
𝜕𝑦

=
𝜕(𝜌𝑣2)

𝜕𝑥
+
𝜕(𝜌𝑣1)

𝜕𝑦
=
𝜕(𝜌𝑣2)

𝜕𝑥
−
1

𝑠21

𝜕(𝜌𝑣2)

𝜕𝑥
= 0. 

 
Thus, Eq. (37) is satisfied. Therefore, there exists a scalar function 𝜓(𝑥, 𝑦, 𝑧, 𝜏) such that  
 

𝑓(𝑥, 𝑦, 𝑧, 𝜏) = 𝛻𝜓(𝑥, 𝑦, 𝑧, 𝜏).                      (44) 
 
Such a function 𝜓(𝑥, 𝑦, 𝑧, 𝜏) has the form  
 

𝜓(𝑥, 𝑦, 𝑧, 𝜏) = ∫ (𝑓1(𝜌𝑣1, 𝜌𝑣2, 𝜌𝑣3, 𝑚𝜌))(𝜉, 𝑦, 𝑧, 𝜏)𝑑𝜉
𝑥

0
+ ∫ (𝑓2(𝜌𝑣1, 𝜌𝑣2, 𝜌𝑣3, 𝑚𝜌))(0, 𝜂, 𝑧, 𝜏)𝑑𝜂

𝑦

0
+

∫ (𝑓3(𝜌𝑣1, 𝜌𝑣2, 𝜌𝑣3, 𝑚𝜌))(0,0, 𝜁, 𝜏)𝑑𝜁
𝑧

0
+ 𝐶(𝑣).  

 
Then, Eq. (25) can be written as 
 

−𝛻𝑝 = 𝛻 (
𝜈

𝑘
𝜓), 

 
which has a solution 
 

{
  
 

  
 
𝜕𝑝

𝜕𝑥
= −

𝜈

𝑘
𝜌𝑓1(𝑣1, 𝑣2, 𝑣3) = −

𝜈

𝑘
𝑓1(𝜌, 𝑣1, 𝑣2, 𝑣3) = −

𝜈

𝑘
𝜌𝑣1 = −

𝜇

𝑘
𝑣1,

𝜕𝑝

𝜕𝑦
= −

𝜈

𝑘
𝜌𝑓2(𝑣1, 𝑣2, 𝑣3) = −

𝜈

𝑘
𝑓2(𝜌, 𝑣1, 𝑣2, 𝑣3) = −

𝜈

𝑘
𝜌𝑣2 = −

𝜇

𝑘
𝑣2,

𝜕𝑝

𝜕𝑧
= −

𝜈

𝑘
𝜌𝑓3(𝑣1, 𝑣2, 𝑣3) = −

𝜈

𝑘
𝑓3(𝜌, 𝑣1, 𝑣2, 𝑣3) = −

𝜈

𝑘
𝜌𝑣3 = −

𝜇

𝑘
𝑣3.

 

 
Calculating we get a solution for the pressure 
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𝑝 = −
𝜇

𝑘
∫𝑣1(𝜉, 𝑦, 𝑧, 𝜏)𝑑𝜉

𝑥

0

−
𝜇

𝑘
∫𝑣2(0, 𝜂, 𝑧, 𝜏)𝑑𝜂

𝑦

0

−
𝜇

𝑘
∫ 𝑣3(0,0, 𝜁, 𝜏)𝑑𝜁
𝑧

0

+ 𝐶(𝜏) 

 
To find 𝐶(𝜏), we use the fact that as the spatial variables tend to infinity, the filtration rate and 

density tend to zero. Then  
 

𝑝∞ = −
𝜇

𝑘
∫ 𝑣3(0,0, 𝜁, 𝜏)𝑑𝜁
∞

0
+ 𝐶(𝜏), 

 
whence 
 

𝐶(𝜏) = 𝑝∞ +
𝜇

𝑘
∫ 𝑣3(0,0, 𝜁, 𝜏)𝑑𝜁
∞

0
. 

 
The theorem is proved. 

 
Thus, we obtained an explicit analytical solution to the three-dimensional mathematical model 

of linear filtration (39) to (43). 
Theorem 4: (Second order nonlinear filtration law) The Cauchy problem for a nonlinear 

mathematical model of filtration theory (23), (26), (27), (28) satisfying conditions (29), for 𝑠12 =
𝑠21 = 𝑠13 = 𝑠31 = 1, has a unique solution  
 

𝜌(𝑥, 𝑦, 𝑧, 𝜏) =
1

2𝑐𝑚(𝑥,𝑦,𝑧)
((𝑚𝜌0)

+ + (𝑚𝜌0)
− + (𝜌0𝜑1)

+ − (𝜌0𝜑1)
−)                (45) 

 

𝑣1(𝑥, 𝑦, 𝑧, 𝜏) = 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑1)

++(𝜌0𝜑1)
−+(𝑚𝜌0)

+−(𝑚𝜌0)
−

(𝑚𝜌0)++(𝑚𝜌0)−+(𝜌0𝜑1)+−(𝜌0𝜑1)−
                  (46) 

 

𝑣2(𝑥, 𝑦, 𝑧, 𝜏) = 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑2)

++(𝜌0𝜑2)
−−(𝜌0𝜑3)

++(𝜌0𝜑3)
−

(𝑚𝜌0)++(𝑚𝜌0)−+(𝜌0𝜑1)+−(𝜌0𝜑1)−
                 (47) 

 

𝑣3(𝑥, 𝑦, 𝑧, 𝜏) = 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑3)

++(𝜌0𝜑3)
−−(𝜌0𝜑2)

++(𝜌0𝜑2)
−

(𝑚𝜌0)++(𝑚𝜌0)−+(𝜌0𝜑1)+−(𝜌0𝜑1)−
                 (48) 

 

𝑝 = −
𝜇

𝑘
∫ 𝜌(𝑣1

2 − 𝑣2
2 − 𝑣3

2 + (𝑐𝑚)2)𝑑𝜉
𝑥

0
− 2

𝜇

𝑘
∫ 𝜌(𝑣3𝑐𝑚 − 𝑣1𝑣2)𝑑𝜂
𝑦

0
− 2

𝜇

𝑘
∫ 𝜌(𝑣2𝑐𝑚 −
𝑧

0

𝑣1𝑣3)𝑑𝜁 + 𝐶(𝑡)                       (49) 
 
where (𝜌0𝜑1)

+ = 𝜌0(𝑥 + 3𝜏, 𝑦, 𝑧)𝜑1((𝑥 + 3𝜏, 𝑦, 𝑧), (𝜌0𝜑1)
− = 𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧)𝜑1(𝑥 − 3𝜏, 𝑦, 𝑧), 

(𝜌0𝜑2)
+ = 𝜌0((𝑥 + 3𝜏, 𝑦, 𝑧)𝜑2((𝑥 + 3𝜏, 𝑦, 𝑧),            (𝜌0𝜑2)

− = 𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧)𝜑2(𝑥 − 3𝜏, 𝑦, 𝑧), 
(𝜌0𝜑3)

+ = 𝜌0((𝑥 + 3𝜏, 𝑦, 𝑧)𝜑3((𝑥 + 3𝜏, 𝑦, 𝑧),            (𝜌0𝜑3)
− = 𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧)𝜑3(𝑥 − 3𝜏, 𝑦, 𝑧), 

(𝑚𝜌0)
+ = 𝑐𝑚(𝑥, 𝑦, 𝑧)𝜌0((𝑥 + 3𝜏, 𝑦, 𝑧),                        (𝑚𝜌0)

− = 𝑐𝑚(𝑥, 𝑦, 𝑧)𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧). 
 

Proof: Substituting the given coefficients 𝑠12 = 𝑠21 = 𝑠13 = 𝑠31 = 1 into (32) to (35), we find 
 

𝜌(𝑥, 𝑦, 𝑧, 𝜏) =
1

2𝑐𝑚(𝑥, 𝑦, 𝑧)
((𝑚𝜌0)

+ + (𝑚𝜌0)
− + (𝜌0𝜑1)

+ − (𝜌0𝜑1)
−), 

𝑣1(𝑥, 𝑦, 𝑧, 𝜏) = 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑1)

+ + (𝜌0𝜑1)
− + (𝑚𝜌0)

+ − (𝑚𝜌0)
−

(𝑚𝜌0)+ + (𝑚𝜌0)− + (𝜌0𝜑1)+ − (𝜌0𝜑1)−
, 
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𝑣2(𝑥, 𝑦, 𝑧, 𝜏) = 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑2)

+ + (𝜌0𝜑2)
− − (𝜌0𝜑3)

+ + (𝜌0𝜑3)
−

(𝑚𝜌0)+ + (𝑚𝜌0)− + (𝜌0𝜑1)+ − (𝜌0𝜑1)−
, 

𝑣3(𝑥, 𝑦, 𝑧, 𝜏) = 𝑐𝑚(𝑥, 𝑦, 𝑧) ∙
(𝜌0𝜑3)

+ + (𝜌0𝜑3)
− − (𝜌0𝜑2)

+ + (𝜌0𝜑2)
−

(𝑚𝜌0)+ + (𝑚𝜌0)− + (𝜌0𝜑1)+ − (𝜌0𝜑1)−
 

 
where (𝜌0𝜑1)

+ = 𝜌0(𝑥 + 3𝜏, 𝑦, 𝑧)𝜑1((𝑥 + 3𝜏, 𝑦, 𝑧), (𝜌0𝜑1)
− = 𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧)𝜑1(𝑥 −

3𝜏, 𝑦, 𝑧),  
(𝜌0𝜑2)

+ = 𝜌0((𝑥 + 3𝜏, 𝑦, 𝑧)𝜑2((𝑥 + 3𝜏, 𝑦, 𝑧), (𝜌0𝜑2)
− = 𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧)𝜑2(𝑥 − 3𝜏, 𝑦, 𝑧), 

(𝜌0𝜑3)
+ = 𝜌0((𝑥 + 3𝜏, 𝑦, 𝑧)𝜑3((𝑥 + 3𝜏, 𝑦, 𝑧), (𝜌0𝜑3)

− = 𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧)𝜑3(𝑥 − 3𝜏, 𝑦, 𝑧), 
(𝑚𝜌0)

+ = 𝑐𝑚(𝑥, 𝑦, 𝑧)𝜌0((𝑥 + 3𝜏, 𝑦, 𝑧), (𝑚𝜌0)
− = 𝑐𝑚(𝑥, 𝑦, 𝑧)𝜌0(𝑥 − 3𝜏, 𝑦, 𝑧). 

Let us choose a nonlinear function ℎ(𝑥, 𝑦, 𝑧, 𝜏) = 𝑋2, then for 𝑠12 = 𝑠21 = 𝑠13 = 𝑠31 = 1 we 
obtain 𝑓1(𝜌, 𝑣1, 𝑣2, 𝑣3) = 𝜌

2𝑣1
2 − 𝜌2𝑣2

2 − 𝜌2𝑣3
2 + 𝜌2𝑐2𝑚2, 𝑓2(𝜌, 𝑣1, 𝑣2, 𝑣3) = 2𝜌

2𝑣3𝑐𝑚 −
2𝜌2𝑣1𝑣2, 𝑓3(𝜌, 𝑣1, 𝑣2, 𝑣3) = 2𝜌2𝑣2𝑐𝑚 − 2𝜌2𝑣1𝑣3 
 
Check the condition (38) 
 
𝜕𝑓3
𝜕𝑦

−
𝜕𝑓2
𝜕𝑧

=
𝜕(−2𝜌2𝑣1𝑣3 + 2𝜌

2𝑣2𝑐𝑚)

𝜕𝑦
−
𝜕(2𝜌2𝑣3𝑐𝑚 − 2𝜌2𝑣1𝑣2)

𝜕𝑧

= −2𝜌𝑣1
𝜕(𝜌𝑣3)

𝜕𝑦
− 2𝜌𝑣1

𝜕(𝜌𝑣1)

𝜕𝑦
+ 2𝜌𝑣2

𝜕(𝑐𝑚𝜌)

𝜕𝑦
+ 2𝑐𝑚𝜌

𝜕(𝜌𝑣2)

𝜕𝑦
− 2𝜌𝑣3

𝜕(𝑐𝑚𝜌)

𝜕𝑧

− 2𝑐𝑚𝜌
𝜕(𝜌𝑣3)

𝜕𝑧
+ 2𝜌𝑣1

𝜕(𝜌𝑣2)

𝜕𝑧
+ 2𝜌𝑣2

𝜕(𝜌𝑣1)

𝜕𝑧

= −2𝜌𝑣1
𝜕(𝜌𝑣3)

𝜕𝑦
− 2𝜌𝑣1

𝜕(𝜌𝑣1)

𝜕𝑦
+ 2𝜌𝑣2

𝜕(𝑐𝑚𝜌)

𝜕𝑦
+ 2𝑐𝑚𝜌

𝜕(𝜌𝑣2)

𝜕𝑦

+ 2
𝑠21
𝑠13

𝜌𝑣3
𝜕(𝜌𝑣1)

𝜕𝑦
− 2

𝑠12
𝑠13

𝑐𝑚𝜌
𝜕(𝜌𝑣2)

𝜕𝑦
+ 2

𝑠21
𝑠31

𝜌𝑣1
𝜕(𝜌𝑣3)

𝜕𝑦
− 2

𝑠12
𝑠31

𝜌𝑣2
𝜕(𝑐𝑚𝜌)

𝜕𝑦
= 0, 

𝜕𝑓1
𝜕𝑧

−
𝜕𝑓3
𝜕𝑥

=
𝜕(𝜌2𝑣1

2 − 𝜌2𝑣2
2 − 𝜌2𝑣3

2 − 𝜌2𝑐2𝑚2)

𝜕𝑧
−
𝜕(2𝜌2𝑣2𝑐𝑚 − 2𝜌2𝑣1𝑣3)

𝜕𝑥

= 2𝜌𝑣1
𝜕(𝜌𝑣1)

𝜕𝑧
− 2𝜌𝑣2

𝜕(𝜌𝑣2)

𝜕𝑧
− 2𝜌𝑣3

𝜕(𝜌𝑣3)

𝜕𝑧
+ 2𝑐𝑚𝜌

𝜕(𝑐𝑚𝜌)

𝜕𝑧
− 2𝜌𝑣2

𝜕(𝑐𝑚𝜌)

𝜕𝑥

− 2𝑐𝑚𝜌
𝜕(𝜌𝑣2)

𝜕𝑥
+ 2𝜌𝑣1

𝜕(𝜌𝑣3)

𝜕𝑥
+ 2𝜌𝑣3

𝜕(𝜌𝑣1)

𝜕𝑥

= 2𝜌𝑣1
𝜕(𝜌𝑣1)

𝜕𝑧
− 2𝜌𝑣2

𝜕(𝜌𝑣2)

𝜕𝑧
− 2𝜌𝑣3

𝜕(𝜌𝑣3)

𝜕𝑧
+ 2𝑐𝑚𝜌

𝜕(𝑐𝑚𝜌)

𝜕𝑧
+ 2𝜌𝑣2

𝜕(𝜌𝑣2)

𝜕𝑧

− 2𝑠13𝑐𝑚𝜌
𝜕(𝑐𝑚𝜌)

𝜕𝑧
− 2𝑠31𝜌𝑣1

𝜕(𝜌𝑣1)

𝜕𝑧
+ 2𝑠13𝜌𝑣3

𝜕(𝜌𝑣3)

𝜕𝑧
= 0, 

𝜕𝑓2
𝜕𝑥

−
𝜕𝑓1
𝜕𝑦

=
𝜕(2𝜌2𝑣3𝑐𝑚 − 2𝜌2𝑣1𝑣2)

𝜕𝑥
−
𝜕(𝜌2𝑣1

2 − 𝜌2𝑣2
2 − 𝜌2𝑣3

2 + 𝜌2𝑐2𝑚2)

𝜕𝑦

= 2𝜌𝑣3
𝜕(𝑐𝑚𝜌)

𝜕𝑥
+ 2𝑐𝑚𝜌

𝜕(𝜌𝑣3)

𝜕𝑥
− 2𝜌𝑣1

𝜕(𝜌𝑣2)

𝜕𝑥
− 2𝜌𝑣2

𝜕(𝜌𝑣1)

𝜕𝑥
− 2𝜌𝑣1

𝜕(𝜌𝑣1)

𝜕𝑦

+ 2𝜌𝑣2
𝜕(𝜌𝑣2)

𝜕𝑦
+ 2𝜌𝑣3

𝜕(𝜌𝑣3)

𝜕𝑦
− 2𝑐𝑚𝜌

𝜕(𝑐𝑚𝜌)

𝜕𝑦

= 2𝜌𝑣3
𝜕(𝑐𝑚𝜌)

𝜕𝑥
+ 2𝑐𝑚𝜌

𝜕(𝜌𝑣3)

𝜕𝑥
− 2𝜌𝑣1

𝜕(𝜌𝑣2)

𝜕𝑥
− 2𝜌𝑣2

𝜕(𝜌𝑣1)

𝜕𝑥
+ 2

1

𝑠21
𝜌𝑣1

𝜕(𝜌𝑣2)

𝜕𝑥

+ 2
1

𝑠12
𝜌𝑣2

𝜕(𝜌𝑣1)

𝜕𝑥
− 2

1

𝑠21
𝜌𝑣3

𝜕(𝑐𝑚𝜌)

𝜕𝑥
− 2

1

𝑠12
𝑐𝑚𝜌

𝜕(𝜌𝑣3)

𝜕𝑥
= 0 
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Thus, Eq. (38) is satisfied. Therefore, there exists a scalar function 𝜓(𝑥, 𝑦, 𝑧, 𝜏) such (44). Then Eq. 
(26) has a solution of 
 

{
  
 

  
 
𝜕𝑝

𝜕𝑥
= −

𝜈

𝑘
𝜌2(𝑣1

2 − 𝑣2
2 − 𝑣3

2 + (𝑐𝑚)2),

𝜕𝑝

𝜕𝑦
= −2

𝜈

𝑘
𝜌2(𝑣3𝑐𝑚 − 𝑣1𝑣2),

𝜕𝑝

𝜕𝑧
= −2

𝜈

𝑘
𝜌2(𝑣2𝑐𝑚 − 𝑣1𝑣3).

 

 
Calculating we get a solution for the pressure 
 

𝑝 = −
𝜇

𝑘
∫𝜌(𝑣1

2 − 𝑣2
2 − 𝑣3

2 + (𝑐𝑚)2)(𝜉, 𝑦, 𝑧, 𝜏)𝑑𝜉

𝑥

0

− 2
𝜇

𝑘
∫𝜌(𝑣3𝑐𝑚 − 𝑣1𝑣2)(0, 𝜂, 𝑧, 𝜏)𝑑𝜂

𝑦

0

− 2
𝜇

𝑘
∫ 𝜌(𝑣2𝑐𝑚 − 𝑣1𝑣3)(0,0, 𝜁, 𝜏)𝑑𝜁
𝑧

0

+ 𝐶(𝜏) 

 
Where 
 

𝐶(𝑡) = 𝑝∞ +
𝜇

𝑘
∫ 𝜌(𝑣2𝑐𝑚 − 𝑣1𝑣3)(0,0, 𝜁, 𝜏)𝑑𝜁
∞

0
. 

 
The theorem is proved. 
 
Thus, an explicit analytical solution (45) to (49) of the three-dimensional mathematical nonlinear 

filtration model was obtained. 
Theorem 5: The function 𝜌(𝑥, 𝑦, 𝑧, 𝑡) defined by equality (32) is a strictly positive function. 
Proof: Rewrite an Eq. (23) as 

 
𝜕(𝑚𝜌)

𝜕𝑡
+ 𝛻(𝑚𝜌) ∙

�⃗⃗�

𝑚
+𝑚𝜌 ∙ 𝑑𝑖𝑣 (

�⃗⃗�

𝑚
) = 0, 

 
which functions (32) to (35) satisfy. Divide both sides of this equation by 𝑚𝜌: 

 
𝜕𝑙𝑛 (𝑚𝜌)

𝜕𝑡
+ 𝛻 𝑙𝑛(𝑚𝜌) ∙ �⃗⃗� = −𝑑𝑖𝑣�⃗⃗�. 

 

where �⃗⃗� = (𝑢1, 𝑢2, 𝑢3) =
�⃗⃗�

𝑚
. Eq. (36) for the function ln(𝑚𝜌) with the initial conditions 

ln(𝑚𝜌)(𝑥, 𝑦, 𝑧, 0) = (𝑚𝜌0)(𝑥, 𝑦, 𝑧) has a unique solution 𝜎(𝑥, 𝑦, 𝑧, 𝑡). Then 𝜌(𝑥, 𝑦, 𝑧, 𝑡) =
exp (𝜎(𝑥,𝑦,𝑧,𝑡))

𝑚(𝑥,𝑦,𝑧)
> 0 and, since the solution is unique, it coincides with the function (29). 

The theorem is proved. 
 
4. Conclusion 
 

In this paper, a mathematical model of filtration theory was investigated and the existence and 
uniqueness of a solution to the Cauchy problem for this model were proved. An analytical solution 
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of a three-dimensional problem is obtained by the method of four-dimensional mathematics in the 
Abenov space M5 for the linear Darcy law and the second order nonlinear filtration law. 
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