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Abstract. In this paper, we deal with the problems of the expansions of the periodic 

distributions. We obtained sufficient conditions for the equiconvergence of the spectral 

decompositions of the distributions connected with the elliptic differential operator on 

the torus with Fourier integral in the classes of the Sobolev.  

1. Introduction 

The problems of engineering sciences can be modelled using equations of mathematical physics. 

Mathematical models for many systems that are encountered in engineering, physics, and other applied 

sciences are often developed by applying various laws that describe the conservation of mass, 

momentum, and energy. These models are usually given as a single or set of ordinary or partial 

differential equations along with appropriate initial and boundary conditions which apply over the 

rectangular region. Solution of these equations using appropriate analytical methods provides local 

numerical values for the dependent variables of interest, such as fluid velocity, pressure, species 

concentration, temperature, force and electric potential. When an engineering process occur on the 

plate, the solution of the equations of mathematical physics can be solved by separation method but 

spectral expansions of the solution does not converge to the boundary function. This difficulty can be 

overcome by regularization of the spectral expansions. In this paper, we investigate sufficient conditions 

for equiconvergence of the spectral expansions of distributions connected with elliptic differential 

operators on the torus with Fourier integrals. The equiconvergence of the spectral expansion depends 

on the initial and/or boundary data. Regularization of the divergent series solution is accurate numerical 

interpretations of the solutions of the problems. The equiconvergence of the Fourier series and integral 

of the linear continuous functionals (distributions) in the case of spherical summation is studied in [1]. 

The method for localization of spectral decomposition of distributions for the first time was studied by 

Sh.A. Alimov [2]. Further results in latter expanded to the more general spectral expansions in [3]-[10]. 

We note that the results on the summability of the spectral decomposition connected with Fourier-

Laplace series are obtained in [11]. 

mailto:aakhmedov@paragoniu.edu.kh
mailto:zuki@ump.edu.my
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In this paper, we obtain a result on the equiconvergence of the multiple Fourier series and 

integrals connected with distributions from Sobolev space. A precise equiconvergence relation between 

order of Riesz means of the spectral expansions and power of the singularity of the periodic distributions 

in summation associated with the elliptic differential operator.  

 

2. Distributions on 𝕋𝒏  

We deal with the spectral expansions of the function defined on the torus 𝕋𝑛, which can be defined by 

𝕋𝑛 = (ℝ/2𝜋ℤ)𝑛 = ℝ𝑛/2𝜋ℤ𝑛. The torus 𝕋𝑛 often is identified with the cube [−𝜋, 𝜋)𝑛 ⊂ ℝ𝑛, where 

the measure on the torus is identified with the restriction of the Euclidean measure on the cube. 

Functions on 𝕋𝑛 are the functions on ℝ𝑛 that are 2𝜋-periodic in each of the coordinates.  

We may identify functions on 𝕋𝑛 with 2𝜋ℤ𝑛 −periodic functions on ℝ𝑛. Let ℱℝ𝑛 be the Euclidian 

Fourier transforms defined by 

(ℱℝ𝑛)𝑓(𝜉) ≔ (2π)−N ∫𝑒−𝑖𝑥∙𝜉𝑓(𝑥)𝑑𝑥.

ℝ𝑛

 

and its inverse ℱℝ𝑛
−1 is given by  

𝑓(𝑥) = ∫𝑒−𝑖𝑥∙𝜉(ℱℝ𝑛𝑓)(𝜉)𝑑𝜉,

ℝ𝑛

 

 

Let 

ℱ𝕋𝑛 = (𝑓 ↦ 𝑓): 𝐶∞(𝕋𝑛) → 𝑆(ℤ𝑛) 

by the toroidal Fourier transform defined by 

𝑓(𝑚) ≔ (2π)−N ∫𝑒−𝑖𝑥∙m𝑓(𝑥)𝑑𝑥.

𝕋𝑛

 

Space 𝐿2(𝕋𝑛) is a Hilbert space with the inner product 

(𝑢, 𝑣)𝐿2(𝕋𝑛) ≔ ∫𝑢(𝑥)𝑣(𝑥)̅̅ ̅̅ ̅̅ 𝑑𝑥,

𝕋𝑛

 

where 𝑧̅ is the complex conjugate of 𝑧 ∈ ℂ. The Fourier coefficients of 𝑢 ∈ 𝐿2(𝕋𝑛) are 

�̂�(𝑚) = (2π)−N ∫𝑒−𝑖𝑚⋅𝑥𝑢(𝑥)𝑑𝑥, 𝑚 ∈ ℤ𝑛

𝕋𝑛

 

and they are well-defined for all 𝑚 ∈ ℤ𝑛 due to Hölder’s inequality and compactness of 𝕋𝑛. 

The system of functions  {𝑒𝑖𝑚⋅𝑥:𝑚 ∈ ℤ𝑛} forms an orthonormal basis on 𝐿2(𝕋𝑛). Thus the partial 

sums of the Fourier series 

∑ �̂�(𝑚)𝑒𝑖𝑚⋅𝑥

𝑚∈ℤ𝑛

 

converge to 𝑢 in the 𝐿2 −norm, so that we shall identify 𝑢 with its Fourier series representation: 

𝑢(𝑥) = ∑ �̂�(𝑚)𝑒𝑖𝑚⋅𝑥

𝑚∈ℤ𝑛

. 

Plancherel’s identity. If 𝑢 ∈ 𝐿2(𝕋𝑛) then �̂� ∈ 𝑙2(ℤ𝑛) and  
‖�̂�‖𝑙2(ℤ𝑛) = ‖𝑢‖𝐿2(𝕋𝑛). 

 

The space of linear functionals acting in ℂ∞(𝕋𝑛) we denote by 𝒟′(𝕋𝑛), which is called the space of 

periodic distributions. For 𝑢 ∈ 𝒟′(𝕋𝑛) and 𝜑 ∈ ℂ∞(𝕋𝑛), we shall write 

𝑢(𝜑) = 〈𝑢, 𝜑〉. 
For any 𝜓 ∈ ℂ∞(𝕋𝑛), 

𝜑 ↦ ∫𝜑(𝑥)𝜓(𝑥)𝑑𝑥

𝕋𝑛

 

is a periodic distribution, which gives the embedding 𝜓 ∈ ℂ∞(𝕋𝑛) ⊂ 𝒟′(𝕋𝑛). Due to the test function 

equality 〈𝜕𝛼𝜓, 𝜑〉 = 〈𝜓, (−1)|𝛼|𝜕𝛼𝜑〉, it is natural to define distributional derivatives by 

〈𝜕𝛼𝑓, 𝜑〉 ≔ 〈𝑓, (−1)|𝛼|𝜕𝛼𝜑〉. 
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The topology of 𝒟′(𝕋𝑛) is the weak-topology. For 𝑢 ∈ 𝒟′(𝕋𝑛) and 𝑠 ∈ ℝ we define  

‖𝑢‖𝐻𝑠(𝕋𝑛):= ( ∑ 〈𝑚〉2𝑠|�̂�(𝑚)|2

𝑚∈ℤ𝑛

)

1/2

 

The Sobolev space 𝐻𝑠(𝕋𝑛) is then the space of 2𝜋-periodic distributions 𝑢 for which ‖𝑢‖𝐻𝑠(𝕋𝑛) < ∞. 

For elements of the Sobolev space formally we write their Fourier series representation 

∑ �̂�(𝑚)𝑒𝑖𝑚⋅𝑥

𝑚∈ℤ𝑛

 

2𝜋-periodic Dirac delta 𝛿 is expressed by 𝛿(𝑥) = ∑ �̂�(𝑚)𝑒𝑖𝑚⋅𝑥𝑚∈ℤ𝑛 , or by (𝛿(𝑚))
𝑚∈ℤ𝑛

, where 

𝛿(𝑚) ≡ 1 and belongs to 𝐻−𝑠(𝕋𝑛) if and only if 𝑠 > 𝑛/2. 

 

3. Main Results  

Let 𝐷𝑗 = −𝑖
𝜕

𝜕𝑥𝑗
 be the differential operator. For every multi-index, 𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑁), we define 

𝐷𝛼 = 𝐷1
𝛼1𝐷2

𝛼2 …𝐷𝑁
𝛼𝑁 

  A differential operator of order 2ℓ is defined as follows 

℘(𝐷) = ∑ 𝑎𝛼𝐷
𝛼

|𝛼|=2ℓ

. 

The symbol of the operator ℘(𝐷) is obtained by replacing the 𝐷 to variable 𝜉 ∈ 𝑅𝑁: 

℘(𝜉) = ∑ 𝑎𝛼𝜉
𝛼

|𝛼|=2ℓ

 

Differential operator ℘(𝐷) is called elliptic if the symbol satisfies the condition: 

℘(𝜉) ≠ 0, ∀𝜉 ∈ 𝑅𝑁 ∖ {0}. 
Let use notation 𝜕Ω to denote the boundary of the following set Ω = {𝜉 ∈ 𝑅𝑁:℘(𝜉) < 1}. In this paper 

we restrict our focus to considering the operators ℘(𝐷) such that 𝜕Ω is a 𝐶∞ −hypersurface with strictly 

positive gaussian curvature.  The closure of the operator ℌ(𝐷) with the domain 𝐶∞(𝑇𝑁) is self-adjoint 

with the spectral function 

𝜃(𝑥 − 𝑦, 𝜆) = (2𝜋)−𝑁 ∑ 𝑒𝑖𝑛(𝑥−𝑦)

℘(𝑛)<𝜆

 

For any complex 𝑙 with ℜ(𝑙) ≥ 0, we introduce the Riesz means of the spectral function  

𝜃𝑙(𝑥 − 𝑦, 𝜆) = ∫(1 −
𝑡

𝜆
)
𝑙

𝑑𝑡𝜃(𝑥 − 𝑦, 𝑡).

𝜆

0

 

We denote the Riesz means 𝜎𝜆
𝑙(𝑥, 𝑓)  of the spectral decomposition of the distribution 𝑓 from 𝐻−𝑠(𝑇𝑁) 

as follows 

𝜎𝜆
𝑙(𝑥, 𝑓) = 〈𝑓, 𝜃𝑙(𝑥 − 𝑦, 𝜆)〉 = (2𝜋)−𝑁 ∑ (1−

℘(𝑛)

𝜆
)
𝑙

〈𝑓, 𝑒𝑖𝑛(𝑥−𝑦)〉

℘(𝑛)<𝜆

. 

Let denote by 𝜃0
𝑙 (𝑥, 𝑦, 𝜆) Riesz means of the spectral function of the ℘(𝐷) with the domain 𝐶0

∞(𝑅𝑁): 

𝜃0
𝑙(𝑥 − 𝑦, 𝜆) = (2𝜋)−𝑁 ∫ (1 −

℘(𝜉)

𝜆
)
𝑙

℘(𝜉)<𝜆

𝑒𝑖(𝑥−𝑦)𝜉𝑑𝜉 

and the Riesz means of the Fourier integral are defined with the help of the latter kernel as follows 

 

𝐸𝜆
𝑙(𝑥, 𝑓) =< 𝑓, 𝜃0

𝑙 (𝑥, 𝑦, 𝜆) > (1.1) 

 

The main results of this paper are the following 

 

Theorem. Let 𝑠 > 0. If 𝑙 ≥
𝑁−1

2
+ 𝑠, then for an arbitrary 𝑓 ∈ 𝐻−𝑠(𝑇𝑁) 

𝜎𝜆
𝑙(𝑥, 𝑓) − 𝐸𝜆

𝑙(𝑥, 𝑓) = 𝑂(1)‖𝑓‖𝐻−𝑠(𝑇𝑁). 
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 The proof of the Theorem is preceded by a few Lemmas.   

 

Lemma 1. Let 𝜘(𝜔) be the map which takes 𝑆𝑁−1 homeomorphically onto {𝜉 ∈ 𝑅𝑁:℘(𝜉) = 1}, by 

sending 𝜔 ∈ 𝑆𝑁−1 into the unique point on {𝜉 ∈ 𝑅𝑁:℘(𝜉) = 1} at which the exterior normal to 

{𝜉 ∈ 𝑅𝑁:℘(𝜉) = 1} has direction 𝜔.  For any complex 𝑙 with ℜ(𝑙) ≥ 0 the following asymptotical 

estimate has a place 

𝜃0
𝑙 (𝑥, 𝑦, 𝜆) = 𝑂(1)

{
 
 

 
 𝜆𝑁/2ℓ,                                                               for |𝑥 − 𝑦|𝜆

1
2ℓ ≤ 1,

𝜆
(
𝑁−1
2
−ℜ(𝑙))

1
2ℓ

|𝑥 − 𝑦|
𝑁+1
2
+𝑠
[𝐾(𝜘 (

𝑥 − 𝑦

|𝑥 − 𝑦|
) + 𝐾(𝜘 (

𝑦 − 𝑥

|𝑥 − 𝑦|
)] , for |𝑥 − 𝑦|𝜆

1
2ℓ > 1.

 

We refer for the proof to [12]. Let Θ̂𝜆
𝑠(𝜉) be the Fourier transformation of the Bochner-Riesz kernel 

𝜃0
𝑙 (𝑥 − 𝑦, 𝜆). Then 

|Θ̂𝜆
𝑙 (𝜉)| ≤ 𝑐(1 + |𝜉|)−𝑁−𝑙 (1.2) 

 

|𝜃0
𝑙 (𝑥, 𝜆)| ≤ 𝑐(1 + |𝑥|)−𝑁−𝑙 (1.3) 

From the definition of the kernel 𝜃0
𝑙 (𝑥 − 𝑦, 𝜆), it is apparent that 

Θ̂𝜆
𝑠(𝜉) = {

(1 −
℘(𝜉)

𝜆
)

𝑠

, if ℘(𝜉) < 𝜆

0,                               if ℘(𝜉) ≥ 𝜆

 

The Poisson summation formula is valid if the function g(x) and its Fourier transformation ĝ(ξ) satisfy 

the (1.2), (1.3). Then 

∑ 𝑔(𝑥 + 2𝜋𝑛)

𝑛∈𝑍𝑁

= (2𝜋)−
𝑁
2 ∑ 𝑔(𝑛)𝑒𝑖𝑛𝑥

𝑛∈𝑍𝑁

 

Therefore, for the function 𝑔(𝑥) = 𝜃0
𝑙 (𝑥, 𝜆) we obtain 

∑ 𝜃0
𝑙(𝑥 + 2𝜋𝑛, 𝜆)

𝑛∈𝑍𝑁

= (2𝜋)−
𝑁
2 ∑ Θ̂𝜆

𝑙 (𝑛)𝑒𝑖𝑛𝑥

𝑛∈𝑍𝑁

 

The regularized Dirichlet kernel 𝜃𝑙(𝑥 − 𝑦, 𝜆) is the Riesz means of the partial sums of the Fourier series 

of the Dirac delta function can be written as: 

𝜃𝑙(𝑥, 𝜆) = (2𝜋)−𝑁 ∑ (1 −
℘(𝑛)

𝜆
)

𝑙

𝑓𝑛𝑒
𝑖𝑛𝑥

℘(𝑛)<𝜆

 (1.4) 

 

By reference of the latter formula and from the definition of 𝜃0
𝑙 (𝑥, 𝜆) we have 

𝜃𝑙(𝑥, 𝜆) = ∑ 𝜃0
𝑙(𝑥 + 2𝜋𝑛, 𝜆)

𝑛∈𝑍𝑁

 

Separating the right-hand side of the latter by 𝑛 = 0, we obtain 

𝜃𝑙(𝑥, 𝜆) = 𝜃0
𝑙 (𝑥, 𝜆) + Θ∗,𝜆

𝑠 (𝑥) 

where the function Θ∗,𝜆
𝑠 (𝑥) defined as 

 

Θ∗,𝜆
𝑠 (𝑥) = ∑ 𝜃0

𝑙(𝑥 + 2𝜋𝑛, 𝜆)

𝑛∈𝑍𝑁,𝑛≠0

 (1.5) 

Now, from formula (1.5)  

𝜎𝜆
𝑙(𝑥, 𝑓) − 𝐸𝜆

𝑙(𝑥, 𝑓) = 〈𝑓, Θ∗,𝜆
𝑠 (𝑥 − 𝑦)〉 

Equality (1.3) and the following lemma ensure the assertation of the Theorem 1. 

 

Lemma 2. Let 𝑙 > 0, 𝑓 ∈ 𝐻−𝑙(𝑇𝑁) ∩ 𝜀′(𝑇𝑁) and let sup𝑓 ⊂ Ω ⊂⊂ 𝑇𝑁. Then uniformly in any 

compact set 𝐾 ⊂ 𝑇𝑁\Ω̅: 
〈𝑓, Θ∗,𝜆

𝑠 (𝑥 − 𝑦)〉 ≥ 𝑂(1)‖𝑓‖−𝑙, 
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Proof of Lemma 2: Let Ω0 is a proper sub domain of the domain Ω. Then 

 

|〈𝑓, Θ∗,𝜆
𝑙 (𝑥 − 𝑦)〉| ≤ ‖𝑓‖−𝑠‖Θ∗,𝜆

𝑙 (𝑥 − 𝑦)‖
𝑠,0
, (1.6) 

 

where ‖. ‖𝑠,0 is a norm of in the space 𝐻−𝑠( Ω0) via the variable 𝑦 ∈ Ω0. When |𝑥 − 𝑦| > 𝑐 > 0, we 

have 

‖Θ∗,𝜆
𝑙 (𝑥 − 𝑦)‖

0
= 𝑂 (𝜆

1
2𝑚)

−(
𝑁−1
2
−𝑙)

, 

where ‖. ‖0 is a norm in 𝐿2( Ω0). Then Lemma 2 follows from (1.6) and  

‖Θ∗,λ
𝑙 (x − y)‖

l,0
= 𝑂 (𝜆

1
2𝑚)

−(
𝑁−1
2
−𝑙)

‖Θ∗,𝜆
𝑙 (𝑥 − 𝑦)‖

0
 

The proof of the Theorem is consequence of the latter estimation.  

 

4. Conclusion 

The sufficient conditions which guarantee the equiconvergence of the multiple Fourier series and 

integrals corresponding to distributions from Sobolev classes are obtained by using spectral properties 

of elliptic differential operators. We note that a precise relation between order of Riesz means of the 

spectral expansions and power of the singularity of the periodic distributions in summation associated 

with the elliptic differential operator is established. 
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