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Abstract. In this paper we deal with the problems of the eigenfunction expansions related to
the differential operators with involution. The mean value formula for the eigenfunction is
obtained with application of the transformation methods of the operators in the symmetric
regions. The obtained formula is applied to estimate the eigenfunctions of the given
differential operator in the ball. For domains with smooth boundary, the solution to these
differential operator problems involves eigenfunction expansions associated with biharmonic-
type operator with Navier boundary conditions.

1. Introduction

In the present paper, we deal with the biharmonic-type operator, which inherit some main properties of
the biharmonic operators and represent the self-adjoint Fourth order differential operators. The
biharmonic-type equations are used to describe various vibrating systems in physics, which play one of
the essential roles in development of the spectral theory of the differential operators. The latter is mostly
used for mathematical description of the physical processes taking place in real space. The partial
differential equations (PDES), particularly biharmonic-type equations are widely used to model the most
difficult engineering problems concerning heat and mass transfer processes. The properties of fourth
order partial differential equations on general domains remained largely beyond reach. The present
research establishes estimations of the solutions to the biharmonic-type equation and their derivatives
in arbitrary bounded region up to boundary, without any restrictions on the geometry of the underlying

domain. Let Q be a bounded domain in R? with smooth boundary ' =0Q e C**. Let C*(Q)
denotes a set of infinite times differentiable functions on Q — R?. The class of functions from C*(Q)
with compact support is denoted by C;(€2). Let recall the definition of the Sobolev space
| . Aa .
W (Q)={f:0“f e L (Q),Va:|al},

for more properties of the Sobolev space see [1]. To capture the influence of the smoothness of the
being expanding function to convergence of the corresponding spectral expansions we will investigate
properties of the spectral decompositions of the biharmonic operator in Sobolev’s, Nikolskii’s classes.
Many useful facts can be obtained by proving the analogous isomorphism theorems of Alimov [2]. The
investigation of convergence problems of arbitrary spectral decompositions started as a continuation of
the theory of multiple trigonometric series with spherical sums. The first results concerning the
problems of the convergence and summability of the spectral decompositions of the Laplace operator
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on closed domain are obtained in [3], where it was shown that the eigenfunction expansions
N

—+1
corresponding to the functions from the Sobolev classes sz uniformly converges on closed domain.
N
The uniformly convergence of the spectral expansions of the functions from W 2, &>0onclosed

domain related to the elliptic differential operator of order 2m are proved in [4]. In [5] it is proved that
the eigenfunction expansions of the second order elliptic operator corresponding to the first boundary

condition uniformly converges if
N

> A7 (A)H <o,

N-1

for all functions f eW 2, p >%, where f, are Fourier coefficients of the function f. In this

paper we estimate the eigenfunctions of the biharmonic operator, which guarantee the uniform
convergence of the eigenfunction expansions. The mean value formula for the eigenfunctions of the
polyharmonic operator is obtained in [7].

2. Preliminaries
In this paper, we deal with biharmonic-type operator. Namely, we consider the operator

A=A -a-A,
2 2
where A= % + ;—yz —Laplace operator and a is nonnegative constants. Let F denotes a set of all

functions u from W, (Q), satisfying the boundary conditions U |.,= Au|.,= 0. Let consider the
operator A with the domain of definition F, . Such defined operator A is symmetric:

[ e - v@macm = [[we.m - wEmacm,

Q Q

and semibounded:

f f Au(E ) - wEmdE ) = 0
Q

forall u, v € Fq. By Friedrich's Theorem [1], the operator A has at least one non-negative self-adjoint
extension. We denote A as the self adjoint extension of the A with discrete spectrum. Let {1, }-, and
{v. (&, ) }=, denotes a set of eigenvalues and eigenfunctions, respectively, of the operator A . From
the general theory of the elliptic operators follows that the eigenfunctions of A form a complete
orthonormal system in L,(Q). The self-adjoint extension A of the biharmonic type operator can be
represented by spectral decomposition of unity {E;},4>0. The spectral expansion E, f of the
function f eL,(©)) coincides with the Fourier expansion of the given function in terms of

eigenfunctions of the biharmonic type operator. For any f € L,(€2) we define

EfEm = ) favn(Em,

An<A
where {f,};—, isaset of Fourier coefficients of the function f:

fo = ff fEmvn(Emd(Em),n=123, ..
o

In order to investigate the convergence of the partial sums E, f, it is useful to estimate the solution of
the biharmonic type equation of the following form

AN(E,7) —aAv(E, )+ uv(gm) = F(Sm), 1)
satisfying the boundary conditions
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v |6Q: Av Lm: 0, @
where u =, +iry, 1ty > 0,7, #0.
We can transform the problem (1)—(2) to two Dirichlet problems for second order equation. To do
this, let & and S be the roots of the quadratic equation &> —a& + u* =0. Assume
a=a,+ir,0,>0,7,#0, f=p,+ir,, f;>0andz, #0. Put L, =A—a and L,=A-4.
Consequently, we have L -L, = A —a-A+ y“ -U and the problem (1)—(2) is decomposed to the
following problems:

|—1W(§177) = AW(f,T]) - 'W(fyn) =f (f!’])’ (5’77) € Q,
Wl =0,
and
Lv(&.7) = Av(S,m) - BV(S.m) =W(&.7m) in Q,
V]x=0.
From the results of the paper [5], we obtain

In® B
”V”c(ﬁ) <K B 0 ”W”LZ(Q)!
0
In?
Wy < K| =1

0
Hence,

In? In?
M < KK, ﬁ%/ 0 o

Considering a, 3, ~ ¢ and 2Ina, In B, < In? (3, ), We obtain

In
0l - 3)
0

”V”c@) <K-

Theorem 1. Let ve C((_z) MW, (Q) be a solution of the biharmonic type equation:

ANV(E ) -aav(E ) + (€)= ()
with boundary conditions

v |8Q= AV |6Q= O’
where 4 = p,+1ia, a=0.Then,

In
"V”c@) <K- ,Uoo | f ”L

We use the statement of the following theorem to prove uniform convergence of the
eigenfunction expansions of the biharmonic type operator in closed domain.

Theorem 2 For the eigenfunctions {V, (&,7)} of the biharmonic type operator, corresponding
to the boundary conditions V, |.,= AV, |.,= 0, we have

3 VA(En) =00A° In 4, PR,
147, -21<1
forall (£,7)eQ=QuUQ.

Proof. Let ‘Ry (&,7m,2,1) be aresolvent of the problem (1), (2). Then the solution of the equation
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(A+u)(En) = (&),

can be represented as follows

V(€)= [R,(&n,2,0 (2, t)dzdt,

where we assumend that the solution is subject to the following boundary conditions V |.,= AV |,,= 0
This representation for the solution of biharmonic type equation and estimation (3) give

Jﬂmu(én, 2, O)fdzdt < K 6.
Q luO

Let v, (&, 77) denote the eigenfunction of the biharmonic-type operator A with the domain of

definition g, corresponding to the eigenvalue A, :

Avn (gi 77) = _ﬂ’nvn (é! 77)

Which can be written as follows

(A+,U4)Vn(§,77) = (lu4 _)“n)vn(é:vn)a

Application of the resolvent leads us to the representation

Vo (&) = (1 =2, ) [ R, (&7, 2,0V, (2, t)dzdlt.

Finally, using the Bessel’s inequality we obtain the following

In
Z Vﬁ(é‘,n)sK-ug-\/“i]%#(é,n,z,t)rdzdtSK-,uoe-ﬂS K In g, Uy —> 0.
|(’/Z*#0‘<1 Q H

0

The proof of the Theorem 2 is completed.

3. Conclusion

This research focuses on the estimation of the eigenfunctions of the biharmonic-type operators, which
will be applied to solve the problems on the conditions for the convergence and summability of
eigenfunctions expansions to biharmonic-type operator in closed domain. The biharmonic-type operator
is the elliptic operator of order 2 with domain consists of classes of infinitely differentiable functions
with compact support, which is a symmetric and nonnegative linear operator and has a self-adjoint
extension. For domains with smooth boundary, the solution to these differential operator problems
involves eigenfunction expansions associated with biharmonic-type operator with Navier boundary

conditions.
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