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A B S T R A C T   

The unique magnetic properties of ferrofluid when exposed to the magnetic field led to the fer
rofluid formulation in wide applications, especially as a thermal transfer. To picture the effective 
ferrofluid flow configurations and heat transfer mechanism at a surface, it is crucial to figure out 
the phenomenology of boundary layer and convective heat transfer. This study investigates a 
numerical solution of the mixed convection boundary layer flow of ferrofluid at the stagnation 
point on a vertical flat plate. Ferrofluid composed of magnetite (Fe3O4) water based exposure to 
the magnetic field and thermal radiation is considered. The complicated governing differential 
equations of fluid flow and heat transfer are simplified into simple equations using boundary 
layer approximation, Boussinesq approximation and similarity transformations. Then, the equa
tions are solved numerically by employing the Keller-box method. Numerical results discovered 
that the ferroparticles volume fraction is the predominant factor in contributing to the trend of 
ferrofluid velocity, reduced skin friction and reduced Nusselt number. Further, the influence of 
the ferroparticles volume fraction on reduced skin friction and reduced Nusselt number are 
analyzed using regression analysis.   

1. Introduction 

Nanotechnology has given major efforts in developing an advanced fluid to help equipment become superior in terms of perfor
mance and providing a better cooling system. The revolution of miniaturization products highlights several attributes which need to be 
met but the conventional heat transfer fluids are incapable of providing good heat transfer performance and do not fulfil the system 
specifications. In most cases, the efficiency of nanofluid as a coolant agent occurs when increasing thermal conductivity [1]. Therefore, 
intensive research and development on the potential nanofluid were conducted to probe the fluid behaviour and the efficiency of heat 
transfer. One particular interest herein is the discovery of ferrofluid. Ferrofluid is composed of magnetic nanoparticles (maghemite 
(γ-Fe2O3), magnetite (Fe3O4), etc. with ~3-15 nm), liquid carrier (water, oil, ethylene glycol, etc.) and surfactants (lauric acid, oleic 
acid, etc.) [2–4]. The molecule of nanoparticles is coated with a surfactant agent to prevent agglomeration between nanoparticles. 
Ferrofluid is not found in nature but must be synthesized by chemical co-precipitation, decomposition of the iron carbonyl and so forth. 
Nevertheless, ferrofluid preparation at the nanoscale is quite challenging to stabilize because magnetic oxide exhibits 
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superparamagnetism magnetic behaviour and has high surface energy [2]. 
The applications of ferrofluid are extensively used in many areas such as electronic devices, military, aerospace, mechanical en

gineering, medicine, optics, heat transfer, analytical instrumentation and art [2,5,6]. The clinical research conducted by El-Boubbou 
[7] has explored the use of Fe3O4 for medical theranostic drug delivery in cancer therapeutics. The results show that Fe3O4 posed a 
potential cancer treatment, but this system has never been employed in human clinical settings although many formulations have been 
approved. Besides, ferrofluid as an advanced fluid for cooling technology in loudspeakers and electric motors employed to conduct 
heat away from the devices has been proven. Furthermore, ferrofluid in loudspeakers not only has benefits as a thermal transfer but it 
utilizes to reduce the power compression and damping resonances. Regarding the innovations and future expectations of the sound 
system industries, few formulations for mini or micro-speaker, in-ear devices, mobile platforms and forward-looking transducers and 
devices have yet to be imagined. This situation motivates authors to explore the behaviour of ferrofluid flow and heat transfer, which 
benefits the research and development of sound system technology industries or the other equipment that uses ferrofluid as a coolant 
fluid agent. Ferrofluid flow is found that deflected under a magnetic field and can minimize the temperature rise over the surface [4]. 
The black iron oxide (magnetite, Fe3O4) is found to be the most satisfactory in practice [8]. 

The potential of fluid as a coolant agent can be investigated by understanding the fluid flow properties and convection heat transfer 
on the surface [9]. The fundamental mechanism in determining heat transfer performance is the fluid properties over the surface area. 
From the viewpoint of industrial and engineering applications, the fluid flow and heat transfer on the surface such as in positioned 
vertical surfaces sparked a lot of studies. One of the applications is when the fins are placed vertically providing the best heat exchange 
along a surface compared to the horizontal surface [10]. The theoretical study has noticeably received the attention of scholars to 
predict the fluid characteristic on geometrical surfaces using boundary layer theory to avoid the cost of the experiment. The pioneer 
theoretical works by Ramachandran et al. [11] studied mixed convection heat transfer of viscous fluid towards stagnation flow on a 
vertical surface. Then, this problem extended using various fluid types such as micropolar fluid, Williamson fluid, Casson fluid, Jeffrey 
fluid and viscoelastic fluid [12–16]. Nonetheless, the fluid mentioned with large particles has some drawbacks regarding thermal 
conductivity, sedimentation and surface abrasion. Therefore, the studies of convection flow on the vertical plate in nanofluid and 
hybrid nanofluid have been carried out. 

Recently, the boundary layer studies of ferrofluid flow and convection heat transfer on a vertical surface with Fe3O4 as a nano
particle have been analyzed using diverse methods and technics. Khalid et al. [17] applied a Laplace transform technique to study the 
impact of thermal radiation effect upon magnetohydrodynamic (MHD) free convection Fe3O4-kerosene based flow passing through a 
porous medium. The results found the velocity decreases with the increasing value of the nanoparticles volume fraction parameter. 
Using the Keller-box method, Ilias et al. [18–20] numerically investigated the heat transfer rate of MHD free convection flow but using 
Fe3O4-water and kerosene based ferrofluid. These three studies obtained the same results when an increase in nanoparticles volume 
fraction and magnetic field strength elevates the Nusselt number although the fluid flow is steady or unsteady. Later, EL-Zahar et al. 
[21] solved numerically free convection Fe3O4-kerosene based ferrofluid flow using a new hybrid linearization-differential quadrature 
method (HLDQM). The results explained the ferrofluid flow generates a drag force when exposed to the magnetic field, which 
significantly changes its physical behaviour. The study of ferrofluid with Fe3O4 flow and heat transfer on a vertical plate is then 
extended and deliberated by the other researchers, as shown in Refs. [22–24], who only investigated the MHD mixed convection heat 
transfer. 

Keeping in view the theoretical literature above [17,24], the impact of thermal radiation gives a progressively significant 
contribution to ferrofluid heat transfer. Solar energy is an example of thermal energy transfer by radiation with the capability to 
generate thermal and electrical energy. The efficiency of collecting and converting solar energy into something useful through solar 
thermal collectors such as the photovoltaic solar thermal collector (PV) and direct absorption solar collector (DASC) is very chal
lenging. In terms of solar collector performance, the solar collector is not only effective in absorbing solar energy but have a good 
thermal transfer. According to Gu et al. [25–27], the utilization of nanofluid in the solar collector is more effective and efficient to 
transfer heat. The changing of nanoparticle properties such as particle size and particle volume fraction improve the performance of 
solar energy harvest [27]. 

Although the exploration in the analysis of ferrofluid flow and heat transfer on a vertical plate was particularly studied as 
mentioned above, no literature has been published concerning the statistical method for further analysis of the ferrofluid flow and heat 
transfer. Therefore, the present paper aims to study the MHD mixed convection flow of Fe3O4-water based ferrofluid with the existing 
the magnetic field and thermal radiation at stagnation flow on a vertical flat plate by implementing the mathematical and statistical 
method. In nanofluid studies, the nanoparticles volume fraction is one of the specific parameters that determine thermal conductivity 
which could be greatly influenced the characteristics of nanofluid [28–30]. The experiment results from Refs. [28–30] found an in
crease nanoparticles volume fraction in Fe3O4-water based led to an increase in the thermal conductivity at a certain temperature. The 
argument from the experiment results inspired the authors to investigate the correlation ferroparticles volume fraction to skin friction 
and Nusselt number. Hence, the governing equations in vector form are simplified to the Tiwari and Das model [31] to conduct this 
present study. Tiwari and Das model [31] known as the single-phase model stated that the liquid carrier and nanoparticles are in 
thermal equilibrium with the same velocity of flow and takes the volume fraction of nanoparticles into account to analyze the 
behaviour of nanofluid. This model assumed the nanoparticles have a uniform shape and size. Then, the equations are solved using a 
numerical approach by implementing the Keller-box method. The results from numerical data will be used in statistical analysis. It is 
noteworthy to mention that in this study the ferroparticles term is used to represent the nanoparticles in ferrofluid. 
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2. Governing equations of ferrofluid flow problem 

The boundary layer flow of ferrofluid is two-dimensional, laminar, steady, incompressible and mixed convection heat transfer 
occurs at stagnation flow. The y-axis is normal to the x-axis along the direction of a stationary vertical surface with the presence of a 
magnetic field and thermal radiation as shown in Fig. 1. It is assumed that the free stream velocity is far from the body U∞(x) = bx and 
the plate’s temperature Tw(x) = T∞ + ax is proportional to the distance of x from the stagnation point where a and b are constants 
while T∞ is the ambient temperature. Water (liquid carrier) and Fe3O4 (ferroparticles) are assumed to be single-phase fluids and have 
no-slip conditions with thermal equilibrium in ferrofluid. The ferroparticles are restricted to statistically homogeneous with uniformly 
sized and spherical particles as suggested by Brinkman [32] and Maxwell [33]. As the source term mentioned above, the movement of 
ferrofluid in a uniform magnetic field of strength Bo is applied at the positive y-direction perpendicular to the plate exerted to the 
Lorentz force in the momentum equation. The magnetic Reynolds number is assumed to be small; thus, the induced magnetic field and 
magnetic polarization are negligible. The fluid flow on the vertical plate in combined free and forced convection or called mixed 
convection has created the assisting and opposing flows [10]. Hence, the buoyancy force on the flow creates assisting flow (heated 
plate, Tw > T∞) and opposing flow (cooled plate, Tw < T∞) involved in the momentum equation. Furthermore, viscous dissipation and 
Joule heating are ignored while modelling the energy equation. 

Under the assumptions above, the basic governing equations of the ferrofluid flow are formulated using the infinitesimally small 
fluid element with Eulerian differential formulation in the Cartesian coordinate. The continuity and momentum equations adopted the 
derivation as [34,35]: 

The continuity equation: 

∇·V = 0 (1) 

The momentum equation: 

ρff (∇ ·V)=∇p+ μff∇
2V+(J×B) + ρff g (2)  

where ∇ =
(

∂
∂x,

∂
∂y,

∂
∂z

)
is vector operator, V = (u, v,w) is a velocity vector field, p is pressure, J = σff (E+V×B) is the current density 

(Lorentz force), B = (0,Bo, 0) is a total magnetic field, E = (0, 0,0) is an electric field and g = (− g,0, 0) is the gravitation acceleration 
(ρff g). 

Next, the energy equation is derived using the first law of thermodynamics. Here, the effect of viscous dissipation, Joule heating and 
the rate of the energy equation are neglected. By considering the fundamental energy balance principle [35], this law can be written as 

(∇ ·V)T =αff∇
2T +

1
(
ρCp
)

ff

∇qr. (3) 

qr = (− ∇Qr) ·(dx, dy, dz) is a net flux of thermal radiation where Qr = qrA with qr is the radiative heat flux and A = (dydz, dxdz,
dxdy) is surface area. The effective thermophysical properties expressions of ferrofluid (subscript ff) represents by σ is the electrical 
conductivity, ρ is the density, μ is the dynamic viscosity, α is the thermal diffusivity, T is the ferrofluid temperature and (ρCp) is the 
effective heat capacity. It should be emphasized that the ferrofluid flow and heat transfer equations are derived in three-dimensional, 
and then reduce to two-dimensional. Eqs. (1)–(3) derived with respect to the boundary layer approximation by order of magnitude 
analysis and simplified using Boussinesq approximation yields 

∂u
∂x

+
∂v
∂y

= 0, (4) 

Fig. 1. Physical model and coordinate system.  
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u
∂u
∂x

+ v
∂u
∂y

=U∞
dU∞

dx
+ vff

∂2u
∂y2 +

(ρβ)ff

ρff
g(T − T∞) −

σff B2
o(x)

ρff
(u − U∞), (5)  

u
∂T
∂x

+ v
∂T
∂y

=αff
∂2T
∂y2 −

1
(
ρCp
)

ff

∂qr

∂y
(6)  

subject to the boundary conditions [36] where the Blasius flow and constant wall temperature are considered as 

u = v = 0, T = Tw at y = 0,
u → U∞,T → T∞ as y → ∞,

(7)  

where u and v are the velocity components along the x and y -axes, respectively. Besides, ν, β and k denotes the kinematic viscosity, 
thermal expansion and thermal conductivity. The subscript ff can be expressed in terms of liquid carrier, ferroparticles and ferro
particles volume fraction are adapted from Refs. [37–39] and the value of thermophysical properties considered as in Ref. [40]. The 
radiative heat flux term, qr simplified using the Rosseland approximation [41,42] given by 

qr = −
4σ∗

3k∗
∂T4

∂y
(8)  

where σ∗ and k∗ denote the Stefan-Boltzmann constant and the mean absorption coefficient, respectively. The term T4 expressed as a 
linear function of temperature expanding in a Taylor series about T∞ implies that the temperature difference within the flow is suf
ficiently small and excludes the higher-order terms [43] in Eq. (6), then becomes 

u
∂T
∂x

+ v
∂T
∂y

=αff
∂2T
∂y2 +

1
(
ρCp
)

ff

16σ∗T3
∞

3k∗
∂2T
∂y2 (9) 

The following similarity transformation is applied to obtain differential equations in dimensionless forms: 

η=
(

b
νf

)1/2

y,ψ =
(
bνf
)1/2xf (η), θ(η)= T − T∞

Tw − T∞
(10)  

where η is the non-dimensional similarity variable, θ is the fluid temperature and ψ is the stream function. Eq. (4) is satisfied and Eqs. 
(5) and (7) as well (9) were written as below by definition u =

∂ψ
∂y and v = −

∂ψ
∂x. 

1
(1 − φ)2.5[1 − φ + (φρs)

/(
ρf
)]f

′′′

+ ff ′′ − f ′ 2
+
(1 − φ)ρf + φ(ρβ)s

/
βf

(1 − φ)ρf + φρs
λθ

−
σff
/

σf

(1 − φ) + φ
(
ρs

/
ρf

)M(f
′

− 1)= 0,
(11)  

1
Pr

((
ρCp
)

f(
ρCp
)

ff

)(
kff

kf
+

4
3

Nr
)

θ′′ + f θ
′

− f ′ θ= 0 (12)  

f (η) = 0, f ′

(η) = 0 = 0, θ(η) = 1 at η = 0
f
′

(η) → 0, θ(η) → 0 as η → ∞
(13)  

where f ′ and θ′ represents the derivation with respect to the variable η with parameter involved as defined 

M =
σf B2

o

ρf b
, Pr=

νf
(
ρCp
)

f

kf
,Nr =

4σ∗T3
∞

k∗kf
, λ=

Grx

Rex
(14)  

where λ is the mixed convection parameter, M is the magnetic parameter, Pr is the Prandtl number and Nr is the radiation parameter in 
which the local Grashof number and the local Reynolds number are expressed as 

Gr=
gβf (Tw − T∞)x3

ν2
f

,Rex =
U∞x

νf
(15)  

Here, it is noticed that λ is a constant with the flow impact of free convection corresponding to the buoyancy force effect in forced 
convection or the forced convection flow effect in free convection. Here, λ < 0 and λ > 0 denotes the opposing and assisting flows, 
respectively. The domination of forced convection is measured when λ → 0 (Grx = 0) while λ → ∞ (Rex ≈ 0) describes the free 
convection [44]. At the hot surface, the buoyant motion is in the same direction as the forced motion but the direction is reversed to the 
forced motion at the cold surface. Next, the local skin friction coefficient Cf and the local Nusselt number Nux along the vertical wall are 
simplified into the dimensionless expression obtained as 
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Cf Re1/2
x =

f ′′(0)
(1 − φ)2.5,NuxRe− 1/2

x = −

(
kff

kf
+

4
3

Nr
)

θ
′

(0) (16)  

3. Numerical and statistical analysis procedure 

Eqs. (11) and (12) with boundary conditions (13) are solved numerically using the Keller-box method as derived by Yasin et al. [40, 
45] and Cebeci and Bradshaw [46]. Next, the derivation of this method will be run in Matlab with step size, Δη = 0.001. Tables 1 and 2 
show the present results indicating a good agreement with Groson and Pop’s [47] results. Hence, the numerical computation suggests 
an accurate and acceptable result. 

It is worth mentioning that when the value of the parameters equals zero, it means the parameter is absent from the equations such 
as φ = 0 which represents pure fluid water without the Fe3O4 particles. Besides, the value of the parameter in this study does not show 
the exact value like the experimental study because the purpose of this study is to show the estimating phenomenology trend when the 
pertinent parameter is increased or decreased. It is crucial to point out that all results found in this study do not exist in the dual 
solutions for assisting and opposing flows although the boundary layer thickness η∞ has a large value. The fixed value (represents the 
parameter that exists in the ferrofluid flow) is taken at Pr = 6.2 (water), λ = − 2 (opposing flow), λ = 2 (assisting flow), M = 1 and Nr =
1 to carry out the numerical computations. Meanwhile, the phenomenology trend of the ferroparticles volume fraction parameter is 
studied within the range of 0 ≤ φ ≤ 0.1. The effects of ferroparticles volume fraction for assisting and opposing flow at a stagnation 
point on the vertical surface are discussed. Each parameter stated is chosen from the previous studies [19,22–24,48]. Based on the 
numerical data, a simultaneous regression analysis is proposed to predict the ferroparticles volume fraction that influences the Cf Re1/2 

and NuxRe− 1/2 using IBM SPSS software. Each pair of the observations satisfies the relationship of simple linear regression that can be 
expressed as 

di = β̂o + β̂1ci + ei i = 1, 2, ..., n (17)  

where ci is a predictor or independent variable, β̂ is a regression coefficient, di is a response or dependent variable and ei = di− d̂i is a 
residual. In this study, di (actual observation) and d̂i (estimated) are the values of Cf Re1/2 and NuxRe− 1/2. The residuals describe the 
error in the estimation of the model to the ith observation di. The estimated regression model which incorporates the ferroparticles 
volume fraction (φ) influences Cf Re1/2 and NuxRe− 1/2 defined as 

Cf Re1/2
est = β̂o + β̂1φ,NuxRe− 1/2

est = β̂o + β̂1φ (18) 

Before further regression analysis was conducted, the data must be normally distributed and possess a linear relationship between 
the predictor and response variable. The boxplot test observed that the data are normally distributed and the linearity between 
variables is shown in the numerical results below. Then, the validity of the correlation coefficient is evaluated using probable error by 
applying the following formula 

P.E(r)= 0.6745
1 − r2
̅̅̅
n

√ (19)  

where r is the correlation coefficient and n is the number of observations. 

4. Results and discussion 

The effect of ferroparticles volume fraction φ on velocity profile f ′

(η), temperature profile θ(η), reduced skin friction Cf Re1/2 and 
reduced Nusselt number NuxRe− 1/2 are shown in Figs. 2–5. Correspondingly, Fig. 2 depicts the increment of parameter φ leading to a 
decrement f ′

(η), which causes elevates the momentum boundary layer thickness for assisting flow. However, an opposite trend is 
observed in opposing flow. The circumstance trend of these two flows occurs due to the buoyancy force and Lorentz force direction. In 
assisting flow (heated plate, Tw > T∞), when the magnetic field is applied at the vertical plate as shown in Fig. 1, the direction of the 
Lorentz force becomes vertically downward direction. This is opposite to the ferrofluid flow and buoyancy force direction [49]. This 
phenomenon shows the Lorentz force tends to retards the fluid movement and decrease the ferrofluid velocity. Meanwhile, the 
reversed phenomenon occurs in the opposing flow (cooled plate, Tw < T∞). Even though the Lorentz force direction confronts the fluid 

Table 1 
Comparison of Cf Re1/2  

λ Groson and Pop [47] Present 

φ = 0 φ = 0.1 φ = 0.2 φ = 0 φ = 0.1 φ = 0.2 

0 1.232587 1.884324 2.622743 1.232588 1.884324 2.622744 
1 1.526774 2.172517 2.918305 1.526777 2.172518 2.918305 
5 2.560232 3.223206 4.018088 2.560233 3.223206 4.018088 
10 3.677522 4.392795 5.266077 3.677525 4.392800 5.266078 
15 4.687465 5.464257 6.421169 4.687465 5.464258 6.421171  
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Table 2 
Comparison of NuxRe− 1/2  

λ Groson and Pop [47] Present 

φ = 0 φ = 0.1 φ = 0.2 φ = 0 φ = 0.1 φ = 0.2 

0 1.573432 1.969206 2.349363 1.573434 1.969207 2.349364 
1 1.652418 2.033616 2.406390 1.652420 2.033617 2.406391 
5 1.883998 2.240041 2.598275 1.884000 2.240043 2.598276 
10 2.083819 2.432875 2.786792 2.083821 2.432877 2.786793 
15 2.236582 2.586342 2.941284 2.236584 2.586343 2.941285  

Fig. 2. Velocity profile f ′

(η) for increasing of φ  

Fig. 3. Temperature profile θ(η) for increasing of φ  

Fig. 4. Cf Re1/2 with several values of φ  
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movement direction, the velocity of opposing flow still increases due to the buoyancy force having the same direction as the Lorentz 
force direction that gravitates over the cooled plate [49]. Besides, it is perceived that one particular interest in influencing the velocity 
is the viscosity and temperature of ferrofluid. This argument is supported by experiment results conducted by Malekzadeh et al. [50], 
Toghraie et al. [51] and Sundar et al. [52] that observed the viscosity of Fe3O4-water based has increased with an upsurge in φ but 
diminished due to the increment of temperature. Fig. 3 shows the increase of φ elevates the parameter θ and thermal boundary layer 
thickness for both types of flow. Physically, the high temperature of the fluid will cause the intermolecular force of cohesion to 
decrease and random molecular motion to increase. Hence, this phenomenon makes the viscosity of the fluid decline and at the same 
time increases the velocity of the fluid but the different outcomes to the assisting flow velocity concern the buoyancy force and Lorentz 
force direction. 

Figs. 4 and 5 illustrate the increment of φ are increase Cf Re1/2 and NuxRe− 1/2 for both flows. The dimensionless Nusselt number is 
the measured component for determining the effectiveness of convective heat transfer flow through a fluid layer comprising eddies of 
recirculation. The results reduced Nusselt number in Fig. 5 observed proportional to the temperature of ferrofluid (see Fig. 4) when the 
ferroparticles volume fraction increased. This phenomenon demonstrates an enhanced rate of heat transport. Consequently, the 
magnetocaloric process is created in the ferrofluid flow in which the thermal energy is converted to the mechanical energy of motion 
[4]. This particular ideal process by Ref. [4] outlines fundamental principles for substantial improvement of the energy efficiency of a 
device. Apart from that, a considerable part of the Lorentz force goes into increasing the rate of heat transport and augmenting reduced 
skin friction coefficient. 

The numerical results show that the ferroparticles volume fraction gives a significant linear relationship on the Cf Re1/2 and 
NuxRe− 1/2. Further, Tables 3–6 shows the estimated value of Cf Re1/2 and NuxRe− 1/2 for both flow with the various value of φ using the 
proposed regression model below: 

The estimated Cf Re1/2 for assisting flow: Cf Re1/2
est = 2.188+ 5.125φ 

The estimated Cf Re1/2 for opposing flow: Cf Re1/2
est = 0.888+ 6.034φ 

The estimated NuxRe− 1/2 for assisting flow: NuxRe− 1/2
est = 3.112+ 1.375φ 

The estimated NuxRe− 1/2 for opposing flow: NuxRe− 1/2
est = 2.563+ 2.872φ 

The estimated value of Cf Re1/2 and NuxRe− 1/2 in Tables 3–6 observed have the same increasing pattern when the ferroparticle 
volume fraction are enhanced with a small residual. The measurement of association between ferroparticles volume fraction and 
reduced skin friction as well as reduced Nusselt number are measured by the coefficient of determination (R2). The linear association is 
closed to 100% of the variation in reduced skin friction and reduced Nusselt number explained by ferroparticles volume fraction shown 
in Table 7. Meanwhile, a strong linear relationship between two variables is generally certain when the value r/P.E(r) is greater than 6. 
As seen in Table 7, it demonstrates the coefficient of correlation is statistically significant and satisfies the linear relationship between 
ferroparticles volume fraction and reduced skin friction as well as reduced Nusselt number. 

5. Conclusions 

The magnetohydrodynamic (MHD) flow and heat transfer of Fe3O4-water based ferrofluid at the stagnation point on a vertical flat 
plate are scrutinized with the Blasius flow, thermal radiation and constant wall temperature are studied. The numerical analysis is 
implemented to investigate the significant impact of ferroparticles volume fraction on velocity, temperature, reduced skin friction and 
reduced Nusselt number. The findings of the study are as follows:  

• The opposite phenomenon occurs due to the buoyancy force and Lorentz force for assisting and opposing flows on the velocity 
profile.  

• An increasing ferroparticles volume fraction corresponding increases the reduced skin friction and reduced Nusselt number 
improve positively correlated between two variables.  

• The significance of regression analysis proposed the equations model to forecast the effect of ferroparticles volume fraction. 

Fig. 5. NuxRe− 1/2 with several values of φ  
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This phenomenon occurs provides critical insights into ferrofluid behaviour flow on a vertical flat plate that helps researchers to 
investigate the same problem in real application with the complex problem using the proposed regression model. Considering the 
limitation of Tiwari and Das model, the experiment study needs to further implement to investigate the magnetic properties and actual 
particle size of ferrofluid to ensure the stability and cooling performance on the verticle plate. 
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Table 3 
The estimated and actual value of Cf Re1/2 for assisting flow.  

φ Cf Re1/2
est Cf Re1/2 ei 

0 2.18800 2.19756 0.00956 
0.01 2.23925 2.24369 0.00444 
0.05 2.44425 2.43891 − 0.00534 
0.1 2.70050 2.71087 0.01037  

Table 4 
The estimated and actual value of Cf Re1/2 for opposing flow.  

φ Cf Re1/2
est Cf Re1/2 ei 

0 0.88800 0.89331 0.00531 
0.01 0.94834 0.95087 0.00253 
0.05 1.18970 1.18613 − 0.00357 
0.1 1.49140 1.49800 0.00660  

Table 5 
The estimated and actual value of NuxRe− 1/2 for assisting flow.  

φ NuxRe− 1/2
est NuxRe− 1/2 ei 

0 3.11200 3.11148 − 0.00052 
0.01 3.12575 3.12540 − 0.00035 
0.05 3.18075 3.18071 − 0.00005 
0.1 3.24950 3.24905 − 0.00045  

Table 6 
The estimated and actual value of NuxRe− 1/2 for opposing flow.  

φ NuxRe− 1/2
est NuxRe− 1/2 ei 

0 2.56300 2.55581 − 0.00720 
0.01 2.59172 2.58876 − 0.00297 
0.05 2.70660 2.71002 0.00342 
0.1 2.85020 2.84421 − 0.00599  

Table 7 
Values of probable error.  

φ = 0 Flow R2 P.E(r) r/P.E(r)

Cf Re1/2 Assisting 0.99900 0.0000944 10587.73674 
Opposing 0.99999 0.0000009 1058773.674 

NuxRe− 1/2 Assisting 0.99999 0.0000009 1058773.674 
Opposing 0.99900 0.0000944 10577.14900  
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