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The fermentation process is a crucial stage in transforming substrate to ethanol. Ethanol is obtained by

fermenting the substrate using microbial such as yeasts or bacteria. This process can be explained in a

system of nonlinear Ordinary Differential Equations (ODEs) mathematical model. The broad

understanding of the model can improve the prediction of ethanol production yield. In this paper, the

stability analysis is done to investigate the stability of the proposed model and followed by the

investigation of its parameter behaviour towards the model.
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I INTRODUCTION

The most known of ethanol production can be found
nowadays are using fermentation and synthetic process.
The origin resources of synthetic ethanol are from the by-
product of petroleum meanwhile the natural resources for
fermentation ethanol is by the substrate. Because of the
limited resource and the environmental concerns, the
production of ethanol using fermentation has increased in
the market and has grabbed much attention among the
researcher such as Khor and Lalchand (2014). The huge
number of its natural resources also one of the factors that
drew the attention to ethanol production by fermentation.
Ethanol production using fermentation is very complex to
understand and expensive to operate. One of the
convenient ways to experiment the ethanol production is by
using the mathematical model. The understanding of the
model that describes the fermentation process will increase
the production yield. As mention by Almquist et al. (2014),
the study on the kinetic model will improve the ethanol
yield by learning the behaviour of microbial and the
substrate consumed in the fermentation process. In order

to have a deep understanding of the microbial nature and
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subsequently optimise the production yield, a lot of
consideration must be made such as includes all the

parameters and significant factors into the model.

II. LITERATURE REVIEW

Many studies have been conducted to improve the process
of ethanol production using fermentation. In addition,
there are also studies by Fan et al. (2017) embed the
Pervaporation technique to remove the ethanol during the
fermentation process. This technique is invented because of
the ethanol itself could inhibit the fermentation process. It
is to believe that this technique could increase production,
improve the utilization of the equipment and reduce water
waste in the fermentation process. Despite the
enhancement introduced in the fermentation process, there
are yet many weaknesses in the system of fermentation
ethanol that are difficult to be solved as the whole system.
Scully & Orlygsson (2015) reviewed the thermophilic
bacteria used in ethanol production. This type of microbial
has an advantage among others because of its ability to

produce ethanol from a range of substrates. There are many

studies and methods have been conducted to understand
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the process of ethanol production using fermentation. One
of that method is studying the mathematical modelling that
can describe the process. Moreover, a lot of studies need to
be considered to clarify the actual situation in the
fermentation process and to interpret it into the
mathematical model of the system. Phisalaphong et al.
(2006) have introduced a mathematical model that
includes the inhibition effect into their model. This model
considers not only the inhibition effect of the substrate and
the product in microbial growth but also in product
formation. In order to understand the inhibition effect in
model, the model

the mathematical present by

Phisalaphong et al. (2006) is investigated using

mathematical analysis in the next section.

III1. MATHEMATICAL MODEL

The model is based on three state variables, namely
microbial, product (ethanol in our case) and substrate. The
differential equations describing the conservation of state

variables are listed in equations (1) to (3).

The variables and parameters used in this mathematical

model are as follows:

X(t)

is the concentration of microbial
is the concentration of ethanol
is the concentration of substrate

is the maximum specific rate for microbial

Hmax
growth

Vimax is the maximum specific rate for ethanol
production

Ksx is the substrate half-saturation coefficient for
microbial growth

Ksp is the substrate half-saturation coefficient for
ethanol production

Kix is the inhibition effect on high concentrations
of substrate in microbial growth

Kip is the inhibition effect on high concentrations
of substrate in ethanol production

P max s the inhibition effect on high concentrations

of product in microbial growth

Pp max is the inhibition effect on high concentrations
' of product in ethanol production
Kyq is the microbial death rate
m is the maintenance of the microbial
Mathematical Model 1:

T = | Hmax

dx (1) S(t) {1 P(t>]x(t)‘KdX(t) (®

2 _P max
KSX +S(t)+s(t) le X,
dP(t) S(t) [1_ P(t) ]x(t)
= Vmax 2 (2)
dt KSP +S(t)+s(t%’: PP,max
ds (t) _ X (t)_dP(t)_mX ) 3)
dt dt dt

A. Non-Dimensional Model

In this section, we describe how to modify the
mathematical Model 1 into a non-dimensional model.

Using the following transformations,

Vi K
XZX(KD(),PZDM ,SZS(K|X),t=Ti
Ky Ky
the previous Model 1 can be written in a non-

dimensional form as follows.

Mathematical Model 2:
dx SX
—=(1-Ap)lo—— X
dz ( p)o-a+s+32 @
dp SX
-+ _(1- =
dr ( Kp)y+ﬂs+sz 5
ds SX
—=(/1p—l)a—2
dr a+s+S
SX ©
+(kp-1)¢ 5 +(1-p)x
y+pS+s
where
oo Hmax _ Ksx B Kip _ VmaxKip
Kd Kix Kix Kd Px max
¢:VmaxKIP p=M KspKip _ VmaxKip
KdKIX Kd K|)(2 Kd I:’P,malx
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Those constants are described as follow:

(o3 is the ratio of maximum specific microbial
growth to its death rate
a is the ratio of substrate half-saturation

coefficient for microbial growth to its
inhibitory effect

is the ratio of substrate inhibitory effect
between ethanol production and microbial
growth

is the ratio of maximum specific ethanol
production and its substrate inhibitory effect
to microbial death rate and its product
inhibitory effect

is the ratio of maximum specific ethanol
production and its substrate inhibitory effect
to microbial death rate and its product
inhibitory effect

is the ratio of microbial maintenance
coefficient to its death rate

is the ratio of substrate half-saturation
coefficient for ethanol production and its
substrate inhibitory effect towards the
product inhibitory effect in microbial growth.

is the ratio of maximum specific ethanol
production and its substrate inhibitory effect

towards microbial death rate and the product
inhibitory effect in ethanol production.

Model 2 is analysed in terms of the stability and the
behaviour of its parameters toward the model. There are

several parameters that can be investigated.

B. Stability Analysis

The stability of Model 2 is determined by the eigenvalues

of the Jacobian matrix at an equilibrium solution
(X*, p*, S*) . By setting each equation of Model 2 to zero

leads to the equilibrium solutions of the model. MATLAB
has been used in finding the equilibrium point. The result

shows that the model has 2 equilibrium point which is
(0,0,0) and (0,1/1(,0) and the Jacobian for each point

is calculated as follows:

at(0,0,0)
-1 0
J(0,00)=| 0 00
1-p 00

and at(O,l/K,O)

195

The calculation det|J Al | =0 1is done once because

of both points have the same value of the matrix J .

-1-2 0 O
det| O -1 01]=0
1-p 0 -2
(-1-4)(4*)=0
Then A=-1 A1=0

And the eigenvector
for A=-1,
0 0 0)x 0
0 10 p}_[o
1-p 0 1){s 0
p=0 ,(1-p)x+s=0
p=0 letx=1
1
e =
B
for A=0,
-1 0 0)(x 0
0 0 Ofpl=|0
1-p 0 0OJ(s 0
(1—p)X=O
x=0
0
e, &e, =1
1

As stated in Brandon J & Wiggins S. (1991), the
eigenvalue zero real part is indicating this model have
centre manifold at both equilibrium point. Meanwhile, the
eigenvalue with the negative real part represents the decay

manifold as shown in Figure 1. Hence this model is stable.
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Figure 1. Phase Portrait of Model 2

C. Parameters Behaviour

Model 2 is a nonlinear system of the ODE which is
complicated to solve analytically. Some assumption has to
be made to ease the analysis and also to understand the
behaviour of the parameters in the model. Equation 4 and

Equation 5 can be solved by assuming

SX
z= ;2 and m= 5 Equation 4 is solved
a+s+s v+ pS+S
as follows:

%:[o-z(l—/lp)—l]x

I%dx:j[az(l—lp)—l]dr

x(7) = Xoe[o-z(lf/l p)-llz

while for Equation 5:
%z(l—ch)m
1
———dp=|mdr

_ (1_ % po )e—K'Tm
K (7)

|E>(r)=1

then the solution for Equation 4 is:
(1 —KkTM
Uz[l_ﬂ{l(lffpo)eﬂ_l .
K
X(7) = Xo€

The parameter X, and [, is the initial value for the

®

concentration of microbial and the concentration of
ethanol respectively.

The investigation of the parameters behaviour toward
Model 2 is done by using Equation 7 and Equation 8.
Figure 2 shows the investigation of parameter x towards
a graph of

ethanol production. In this analysis,

concentration of ethanol versus time is plotted with the

different value of x which is 10, 20, 30 and 40. This
experiment shows that the parameter x is the inhibiting
effect of ethanol production. This is proven by the reduced
amount of time for each ethanol concentration goes to
zero when the value of x increased.

The analysis of parameter m is conducted by setting the
of the initial

value parameter K =10 and the

concentration of ethanol, P, is 10. As shown in Figure 3,

this investigation is to experiment with the different value

of the parameterm in ethanol production. The
experiment value of m are 0.0001, 0.0002, 0.0003 and
0.0004. Based on the pattern shown in Figure 3, the
parameter m also provides the inhibition in ethanol
production as the increasing of its value resulting in the

lower amount of time for each ethanol concentration goes

to zero.
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Figure 2. The change of ethanol production towards

x with p, =10 and m=0.0001
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Figure 3. The change of ethanol production towards m
with p, =10 and ¥ =10

Equation 8 is related to microbial growth that will
contribute to the production of ethanol in fermentation.
This equation has five parameters (M, x, 4, o and 2)
and it is important to understand their role in microbial
growth. The study is conducted as same as in ethanol
production for the parametermbut the values are
increased in order to observe the change of Equation 8.

The analyse values of m are 0.1, 0.2, 0.3 and 0.4. Figure 4
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illustrates the reduction of microbial concentration against
time. The parameter m shows the contrary result in this
equation compares with Equation 7. Figure 4(b) shows
that the lowest value of m (the red line) is the first to
reach the microbial concentration at 2.5 compare with
others. It also indicates that the small value of m will

inhibitsmicrobial growth.

10
<
S &
s
=
8 6
2
S
o
g 4t
S
S
=5
o
o 5 10 15 20
Time, t
(@
55
5
=<
=
S
T 45
=
3
=
5 4
o
=
235
S
=
a3l
2.5 ; . :
o 1 2 3 4 5 6
Time, t

Figure 4. The effect of the parameter m to microbial
growth with X, =10, 41 =10,x=10, o =0.1and

Z=0.1. (a) The overall system of microbial growth;
(b) Time difference for the concentration of microbial,
X =25

The second parameter to analysed in Equation 8 is
parameter x . The parameter x is analysed using the same
value as in Equation 7. However, this parameter also
produces the same form of result with the parameter m
for Equation 8 and it contradicts with the result for

Equation 7 as shown in Figure 5. The microbial
concentration is reduced to 2.5 at the time, 7 =1 when
k=10 (the lowest among the other value) while the
others need time greater than 1. This indicates that the

smallest value of k¥ will increases the inhibition effect in

microbial growth.
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Figure 5. The effect of the parameter x to microbial
growth with X, =10, A=10,m=0.1, 0 =0.1and

z=0.1. (a) The overall system of microbial growth; (b)
Time difference for the concentration of microbial, X = 2.5

The parameter A has examined using the same concept
as other parameters. The manipulative values of this
parameter are 10, 20, 30 and 40 and the behaviour of it
changes value is recorded in Figure 6. The figure shows
that the microbial concentration is decreasing and the rate
of decline increase with the increment of A value. It

implies that the inhibition effect of microbial is directly

proportional to the increasing value of the parameter A .

Microbial Concentration, x

10
Time, t

(a)

20
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Figure 6. The effect of the parag)l)eter A to microbial growth
with X, =10, x =10,m=0.1, 0 =0.1and z=0.1.
(a) The overall system of microbial growth; (b) the Time

difference for the concentration of microbial, X = 2.5

Figure 7 and Figure 8 represent the study of parameter
oand parameter Z toward the microbial growth
respectively. The experimented values of parameter o and
parameter Z are 0.1, 0.2, 0.3 and 0.4. These two
parameters give the same outcome when the study of their
behaviour toward Equation 8 is conducted. Their
increasing values has lessened the time for the microbial
concentration reaches 2.5. It demonstrates that both
parameters will increase the inhibition effect in microbial

growth if their value increases.
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Figure 7. The effect of the parameter o to microbial growth
with X, =10, 2=10,m=0.1, k=10 and z=0.1.

(a) The overall system of microbial growth; (b) the Time
difference for the concentration of microbial, X = 2.5
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Figure 8. The effect of the parameter Z to microbial growth

with X, =10, A=10,m=0.1, 6 =0.1and ¥ =10. (a)

The overall system of microbial growth; (b) the Time
difference for the concentration of microbial, X = 2.5

IV. CONCLUSIONS

The studied model presents a system of nonlinear ODEs
for ethanol production using fermentation process. The
broad understanding of this model could estimate the
ethanol production yield precisely. The stability of Model
2 is studied in the first place and the result shows that this

model is stable at two points which are at (0,0,0) and

(0,1/x,0). Five parameters such as x, m, 4, o and

Z behaviour are investigatedtoward the model. By
definition, the parameter xis defined as the ratio of
inhibition effect in ethanol production to the death rate of
microbial. The increasing value of the parameter x will
increase the microbial growth but reduce the ethanol
production and it is consistent with the result shown in
Figure 2 and Figure 5. The parameter mis evaluated in
two different situations which is in small value and in
ordinary value. The small value of moccurs when the
great amount of substrate is used. This lead to increased
substrate inhibition in ethanol production as shown in
Figure 3. Meanwhile, the ordinary value of mis analysed
when the substrate is not a significant factor in Figure 4.

Hence the microbial growth is directly proportional to the
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parameter m . Figure 6 shows the increment of A value
will inhibit microbial growth. By definition, this happens

because it will increase the maximum concentration of
ethanol V5 and indirectly increase the inhibition effect

to the microbial growth. The increase of parameter o

value that has a maximum concentration of microbial,
Hmax Will increase the rate of intra relationship between

the microbial and eventually cause the inhibition in
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