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Two-phase flow is the mutual interaction between solid and fluid phases which 
encountered in real life applications, such as sedimentation, blood flow, water 
pollution, fluidized bed and to name a few. In the theoretical study, this binary mixture 
is represented by partial differential equations that denotes its physical properties of 
all phases. Therefore, the interaction between three important elements over a 
stretching sheet is examined in this study where the focus is on Casson fluid, single-
wall carbon nanotubes (SWCNTs) and dust particles. Moreover, the aligned magnetic 
field effect and Newtonian heating (NH) are associate together to influence the flow 
region. In order to generate the results, the equations that governed the current model 
must therefore employ the similarity variables to produce the ordinary differential 
equations. Formulation of the problem is then continued by solving the resulting 
equations using Runge-Kutta Fehlberg (RKF45) method. Significant outputs for 
considered parameters are presented through graph. It is found that, the growing 
effect of fluid-particle interaction particle decreases the fluid phase distribution which 
contributes to the opposite trend in dust phase. 
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1. Introduction 
 

The theoretical study on fluid flow and heat transfer containing particles has been explored by 
many authors due to the advancement in the engineering, medical, industrial, technology and others 
applications. To meet these demands, researchers are motivated to introduce several models in 
dissimilar circumstances which simulate the physical situation in those applications into 
mathematical equations by considering certain assumptions. Two-phase flow model is one of the 
proposed models that can be used to measure the distributions of fluid and particles simultaneously, 
which is valid for spherical particles. It has been introduced to improve the conventional model 
shortcomings as the focus is solely on fluid flow. Saffman [1] pioneered the investigation of dust 
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particles in the motion of a gas in which the governing equations for each phase have been presented 
in his reported work. Many researchers followed the lead, and the exploration on this particular 
model thenceforth extensively increased for the flow problems with various conditions. Abbas et al., 
[2] carried out the study on Newtonian fluid flow containing dust particles through porous medium 
associated with magnetic field and slip effects. On the other hand, a comprehensive literature review 
on the growth of two-phase model concerning non-Newtonian fluid as a base fluid is reported by 
Aljabali et al., [3] and in the subsequent years, they continued to analyse Erying Powell fluid flow with 
the impact of temperature-dependent viscosity [4, 5]. Some recent investigations associated with 
two-phase flow problems for various non-Newtonian fluid in different geometries have been 
conducted by several authors [6-10]. 

Besides, there is also numerous research activities on the suspension of particles in fluid or can 
be recognized as nanofluid. However, the particles are in nanometer-sized and made up from various 
materials such as metals alumina, copper, metal oxides, Carbonxymethyl cellulose (CMC), carbon 
nanotubes (CNTs) and to name a few. As for base fluid, it allows for any types of Newtonian and non-
Newtonian fluids. Choi and Eastman [11] conclude that the adding of nanoparticles significantly 
increase the heat flow of fluid which can benefit many industrial applications. Such nanoparticles are 
important in solar receiver, nuclear, biomedical applications, heat exchanger, thermal storage and 
industrial cooling medium [12]. Alwawi et al., [13] addressed about the magnetic field effect on 
combined flow of free and forced convections over a solid sphere with copper, aluminum and silver 
nanoparticles by considering Casson fluid. Furthermore, a considerable amount of published works 
on distinct types of non-Newtonian fluid flow with nanoparticles have been explored in several 
studies [14-18]. Along with the development in nanotechnology field, exploration on this matter 
came into the limelight that renders the researchers to further investigate the thermo-physical 
characteristics of nanoparticles. One of them is CNTs, a cylinder tubes composed of carbon atoms, 
which has been proved to possess a remarkable thermal conductivity. Generally, there are two 
categories currently being investigated in research into CNTs: single-wall carbon nanotubes 
(SWCNTs) and multiple-wall carbon nanotubes (MWCNTs). Both CNTs have been examined by several 
authors whereby they reached a conclusion that SWCNTs have higher heat competency as compared 
to MWCNT [19, 20]. Thus, this paper will examine the significance of SWCNTs on the flow region. An 
analytical work on magnetic field flow problem of nanofluid filled with CNTs for varying conditions 
has been carried out by Aman et al., [20], Saqib et al., [21] and Hussanan et al., [22]. Recent 
contributions on CNTs have been treasured in the existing literature [23–26]. 

From the abovementioned works, it can be noticed that the fluid flow problems containing dust 
particles and nanoparticles are solved independently. Attempts to account for the existence of both 
particles in fluid motion are worthy of special treatment and to the best of our knowledge, there are 
few studies conducting on their interaction especially for CNTs case. Other than that, the rheological 
behaviour of non-Newtonian Casson fluid is said to closely resemblance human blood as compared 
to others models [27]. By taking these into accounts, this paper examines the addition of SWCNTs in 
human blood flow by introducing magnetic field impact and Newtonian heating (NH) on flow region. 
Note that, human blood is assumed as fluid-solid particle system, whereby Casson fluid and dust 
particles represent the fluid and dust phases, respectively. Numerical computation of the present 
model is carried by employing RKF45 method and is displayed in graphical form.  
 
2. Mathematical Model 

 
A steady, two dimensional and incompressible flow of Casson fluid embedded with SWCNTs and 

spherical shape with constant dimension of dust particles under the influenced of modified magnetic 
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field effect is conducted here. The stretching sheet is assumed to move with constant velocity, ( )
w

u x

, as displayed in Figure 1 where vertical line represents x -  axis and -y axis normal to it. 

 

 
Fig. 1. Physical model of two-phase flow 

 
The governing equation of the motion and heat transfer of current problem can be described as 

below [28, 29] 
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where  ,u v ,   1, , , , ,   nf p nf nfnf
T c      and 

0B  are the velocity components in  ,x y  directions, 

temperature, density, specific heat at constant pressure, plastic dynamic viscosity of non-Newtonian, 

electrical conductivity, aligned angle and magnetic field for fluid phase, respectively.  , , , p p p pu v T   

, s vc   and T
 denote the velocity components in  ,x y  directions, temperature, density, specific 

heat, velocity and thermal relaxation time for dust phase, respectively. The thermophysical 
properties of nanofluid and nanoparticles are listed in Tables 1 and 2 where subscript ,f CNT  and 

  correspond to fluid, carbon nanotubes and solid volume fraction of nanoparticles. 

 
Table 1 
Thermophysical properties of nanofluid 

Properties Nanofluid 
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Table 2 
Thermophysical properties of fluid and nanoparticles [27] 

Physical Properties 
Based fluid Nanoparticles 

Human blood SWCNTs 

( )  
3kg /m A 1053 2600 

( )pC  J/ kgk B 3594 425 

( )k  W/mk C 0.492 6600 

( )  s /m D 0.18 106 - 107 

 
Eqs. (1)-(6) obey the following flow and thermal boundary conditions 
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where 
sh  represents heat transfer coefficient. Similarity variables under consideration are 
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Solving the governing equations by applying Eq. (8) results to 
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The model is bounded by the following equations 
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represent Casson parameter, mass concentration of particle phase, magnetic field parameter, fluid-
particle interaction parameter, Prandtl number, specific heat ratio of mixture and conjugate 
parameter for NH, respectively. Furthermore, if M  and   are not addressed in this study, the exact 

equation for single-phase flow of Casson fluid can be acquired. Thus, Eq. (9) results to the following 
equation 
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The physical quantities on the surface sheet for the current model are 
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3. Results  
 

In this section, the mathematical analysis of the present flow is discussed in details. The solutions 
for assorted values of   and β  are computed by setting 

1
= π 6,Pr = 21, =1, = 2,αA M  

= = 0.5, = 0.01N β   and = 0.3b . To guarantee the exactness of current solutions, the current model 

is compared with analytic solution obtained from Eq. (15) and existing numerical work carried out by 
Nadeem et al., [30] using RKF45 method. It is conducted by transforming the current model into 

conventional model by ignoring certain parameters. From Table 3, an excellent agreement of 
1/ 2

f x
C Re  

for several values of A  can be noticed which indicate that the obtained results are considered to be 
accurate. Next, exploration in the behaviour of all phases for the involved parameters is carried out 
through graphical form. 

Figures 2 to 5 show the behaviour of flow and heat transfer of all phases to the influence of 
parameters   and β . Both profiles of fluid phase are observed to reduce as β enhances. However, 

dust phase experiences increasing trend in all profiles. This result is attributed to the reduction of the 
velocity relaxation time of dust particles in response to the enhancement of β , which triggers the 

particles to accelerate until their motion and Casson fluid velocity become identical. Next, from 
Figures 4 and 5, it can be noticed that increasing effect of   encourages the motion and heat 

distributions of all phases. These occurrences occurred because of nanoparticles become increasing 
factor in enhancing the heat transfer. Moreover, parameter   produces a significant effect on fluid 

temperature as compared to velocity since a marked difference in the temperature distribution can 
be discovered when the value of   is varied.  

 
Table 3 

Comparison of 
1/ 2

f xC Re  for different values of M  and A  when 1
= π 2= 0,  αβ   

M  A  
Exact equation 
(18) 

Nadeem et al., 
[30] 

Present 

0   1.0000 1.0042 1.0000 
 5 1.0954 1.0954 1.0954 
 1 1.4142 1.4142 1.4142 

10   - 3.3165 3.3166 
 5 - 3.6331 3.6332 
 1 - 4.6904 4.6904 
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Fig. 2. Influence of β  on velocity profile Fig. 3. Influence of β  on temperature profile 

 

 
  

Fig. 4. Influence of   on velocity profile Fig. 5. Influence of   on temperature profile 

 
4. Conclusions 
 

Numerical investigation on aligned magnetic field flow past a vertical stretching sheet under 
consideration of accumulation of dust particles and SWCNTs in Casson fluid with NH is performed. 
The mathematical equations describing the proposed problem is initially presented in this study, 
where the distributions of fluid and dust phases can then be determined. The findings of this study 
suggest that a similar trend in all displayed figures can be noticed in all phases. In addition, an 
insignificant change occurs in fluid phase with response to the influence of involved parameters 
except for temperature profile of  . The findings from this study therefore contributes in the 

development of two-phase fluid flow problem containing CNTs. 
 
 



CFD Letters 

Volume 15, Issue 1 (2023) 17-25 

24 
 

Acknowledgement 
The authors gratefully acknowledge the financial support received in the form of fundamental 
research grants (FRGS) fund from the Ministry of Higher Educational, Malaysia, 
FRGS/1/2021/STG06/UITM/02/2 and Universiti Teknologi MARA (600-UiTMCTKD (PJI/RMU 5/2/1) 
RCF-RACER 2021 (7/2021)). 
 
References  
 
[1] Saffman, PG. "On the stability of laminar flow of a dusty gas." Journal of Fluid Mechanics 13, no. 1 (1962): 120-128. 

https://doi.org/10.1017/S0022112062000555 
[2] Abbas, Z, Hasnain, J, and Sajid, M. "Effects of slip on MHD flow of a dusty fluid over a stretching sheet through 

porous space." Journal of Engineering Thermophysics 28, no. 1 (2019): 84-102. 
https://doi.org/10.1134/S1810232819010077 

[3] Aljabali, Ahlam, Kasim, Abdul Rahman Mohd, and Hussein, Ayman Mohd. 2019. "A progress on the development 
of mathematical model on two-phase flow over a vertical stretching sheet." Journal of Physics: Conference Series 
1366, no. 1 (2019): 012045. https://doi.org/10.1088/1742-6596/1366/1/012045 

[4] Aljabali, Ahlam, Kasim, Abdul Rahman Mohd, Arifin, Nur Syamilah, Isa, Sharena Mohamad, and Ariffin, Noor 
Amalina Nisa. "Analysis of convective transport of temperature-dependent viscosity for non-Newtonian Erying 
Powell fluid: A numerical approach." CMC-Computers Materials & Continua 66, no. 1 (2021): 675-689. 
https://doi.org/10.32604/cmc.2020.012334 

[5] Aljabali, Ahlam, Kasim, Abdul Rahman Mohd, Arifin, Nur Syamilah, and Isa, Sharena Mohamad. "Mixed convection 
of non-Newtonian Erying Powell fluid with temperature-dependent viscosity over a vertically stretched surface."  
CMC-Computers Materials & Continua 66, no. 1 (2021): 421-435. https://doi.org/10.32604/cmc.2020.012322 

[6] Kasim, Abdul Rahman Mohd, Arifin, Nur Syamilah, Zokri, Syazwani Mohd, and Salleh, Mohd Zuki. "The investigation 
of a fluid-solid interaction mathematical model under combined convective Jeffrey flow and radiation effect 
embedded Newtonian heating as the thermal boundary condition over a vertical stretching sheet," In Defect and 
Diffusion Forum, vol. 399, pp. 65-75. Trans Tech Publications Ltd, 2020. 
https://doi.org/10.4028/www.scientific.net/DDF.399.65 

[7] Kasim, Abdul Rahman Mohd, Arifin, Nur Syamilah, Zokri, Syazwani Mohd, and Salleh, Mohd Zuki. "Fluid-particle 
interaction with buoyancy forces on Jeffrey fluid with Newtonian Heating." CFD Letters 11, no. 1 (2019): 1-16.  

[8] Kasim, Abdul Rahman Mohd, Arifin, Nur Syamilah, Ariffin, Noor Amalina Nisa, Salleh, Mohd Zuki, and Anwar, 
Muhammad Imran. "Mathematical model of simultaneous flow between Casson fluid and dust particle over a 
vertical stretching sheet." International Journal of Integrated Engineering 12, no. 3 (2020): 253-260. 

[9] Ali, Gohar, Ali, Farhad, Khan, Arshad, Ganie, Abdul Hamid, and Khan, Ilyas. "A generalized magnetohydrodynamic 
two-phase free convection flow of dusty Casson fluid between parallel plates." Case Studies in Thermal Engineering 
29, no. (2022): 101657. https://doi.org/10.1016/j.csite.2021.101657 

[10] Low, Euwing, Mansur, Syahira, Choy, Yaan Yee, and Low, Eugene. "Flow and heat transfer of MHD dusty nanofluid 
toward moving plate with convective boundary condition." Journal of Advanced Research in Fluid Mechanics and 
Thermal Sciences 89, no. 2 (2022): 43-55. https://doi.org/10.37934/arfmts.89.2.4355 

[11] Choi, S US, and Eastman, Jeffrey A. 1995. Enhancing thermal conductivity of fluids with nanoparticles. Argonne 
National Lab.(ANL), Argonne, IL (United States). 

[12] Mabood, F, Yusuf, TA, Rashad, AM, Khan, WA, and Nabwey, Hossam A. "Effects of combined heat and mass transfer 
on entropy generation due to MHD nanofluid flow over a rotating frame." CMC-Computers Materials & Continua 
66, no. 1 (2021): 575-587. https://doi.org/10.32604/cmc.2020.012505 

[13] Alwawi, Firas A, Alkasasbeh, Hamzeh T, Rashad, Ahmed M, and Idris, Ruwaidiah. "A numerical approach for the 
heat transfer flow of carboxymethyl cellulose-water based Casson nanofluid from a solid sphere generated by 
mixed convection under the influence of Lorentz force." Mathematics 8, no. 7 (2020): 1094. 
https://doi.org/10.3390/math8071094 

[14] Zokri, Syazwani Mohd, Arifin, Nur Syamilah, Kasim, Abdul Rahman Mohd, and Salleh, Mohd Zuki. "Flow of Jeffrey 
fluid over a horizontal circular cylinder with suspended nanoparticles and viscous dissipation effect: Buongiorno 
model." CFD Letters 12, no. 11 (2020): 1-13. https://doi.org/10.37934/cfdl.12.11.113 

 
[15] Zokri, Syazwani Mohd, Arifin, Nur Syamilah, Kasim, Abdul Rahman Mohd, and Salleh, Mohd Zuki. "Free convection 

boundary layer flow of Jeffrey nanofluid on a horizontal circular cylinder with viscous dissipation effect." Journal of 
Advanced Research in Micro and Nano Engineering 1, no. 1 (2020): 1-14.  

https://doi.org/10.1017/S0022112062000555
https://doi.org/10.1134/S1810232819010077
https://doi.org/10.1088/1742-6596/1366/1/012045
https://doi.org/10.32604/cmc.2020.012334
https://doi.org/10.32604/cmc.2020.012322
https://doi.org/10.4028/www.scientific.net/DDF.399.65
https://doi.org/10.1016/j.csite.2021.101657
https://doi.org/10.37934/arfmts.89.2.4355
https://doi.org/10.32604/cmc.2020.012505
https://doi.org/10.3390/math8071094
https://doi.org/10.37934/cfdl.12.11.113


CFD Letters 

Volume 15, Issue 1 (2023) 17-25 

25 
 

[16] Mahat, Rahimah, Rawi, Noraihan Afiqah, Kasim, Abdul Rahman Mohd, and Shafie, Sharidan. "Mixed convection 
flow of viscoelastic nanofluid past a horizontal circular cylinder with viscous dissipation." Sains Malaysiana 47, no. 
7 (2018): 1617-1623. https://doi.org/10.17576/jsm-2018-4707-33 

[17] Khan, M, Malik, MY, Salahuddin, T, and Hussian, Arif. "Heat and mass transfer of Williamson nanofluid flow yield 
by an inclined Lorentz force over a nonlinear stretching sheet." Results in Physics 8, no. (2018): 862-868. 
https://doi.org/10.1016/j.rinp.2018.01.005 

[18] Chandel, Shikha, and Sood, Shilpa. "Numerical analysis of Williamson-micropolar nanofluid flow through porous 
rotatory surface with slip boundary conditions." International Journal of Applied and Computational Mathematics 
8, no. 3 (2022): 1-22. https://doi.org/10.1007/s40819-022-01337-x 

[19] Haq, Rizwan Ul, Nadeem, Sohail, Khan, Zafar Hayyat, and Noor, Noor Fadiya Mohd. "Convective heat transfer in 
MHD slip flow over a stretching surface in the presence of carbon nanotubes." Physica B: Condensed Matter 457, 
(2015): 40-47. https://doi.org/10.1016/j.physb.2014.09.031 

[20] Aman, Sidra, Khan, Ilyas, Ismail, Zulkhibri, Salleh, Mohd Zuki, Alshomrani, Ali Saleh, and Alghamdi, Metib Said. 
"Magnetic field effect on Poiseuille flow and heat transfer of carbon nanotubes along a vertical channel filled with 
Casson fluid." AIP Advances 7, no. 1 (2017): 015036. https://doi.org/10.1063/1.4975219 

[21] Saqib, Muhammad, Khan, Ilyas, and Shafie, Sharidan. "Application of Atangana–Baleanu fractional derivative to 
MHD channel flow of CMC-based-CNT's nanofluid through a porous medium." Chaos, Solitons & Fractals 116, no. 
(2018): 79-85. https://doi.org/10.1016/j.chaos.2018.09.007 

[22] Hussanan, Abid, Khan, Ilyas, Gorji, Mohammad Rahimi, and Khan, Waqar A. "CNTS-water–based nanofluid over a 
stretching sheet." BioNanoScience 9, no. 1 (2019): 21-29. https://doi.org/10.1007/s12668-018-0592-6 

[23] Bilal, M, Khan, Imran, Gul, Taza, Tassaddiq, Asifa, Alghamdi, Wajdi, Mukhtar, Safyan, and Kumam, Poom. "Darcy-
forchheimer hybrid nano fluid flow with mixed convection past an inclined cylinder." CMC-Computers Materials & 
Continua 66, no. 2 (2021): 2025-2039. https://doi.org/10.32604/cmc.2020.012677 

[24] Saqib, Muhammad, Khan, Ilyas, Shafie, Sharidan, Mohamad, Ahmad Qushairi, and Sherif, El-Sayed M. "Analysis of 
magnetic resistive flow of generalized Brinkman type nanofluid containing carbon nanotubes with ramped 
heating." Comput Mater Contin 67, no. 1 (2021): 1069-1084. https://doi.org/10.32604/cmc.2021.012000 

[25] Alsagri, Ali Sulaiman, Nasir, Saleem, Gul, Taza, Islam, Saeed, Nisar, KS, Shah, Zahir, and Khan, Ilyas. "MHD thin film 
flow and thermal analysis of blood with CNTs nanofluid." Coatings 9, no. 3 (2019): 175. 
https://doi.org/10.3390/coatings9030175 

[26] Khan, Muhammad Sohail, Mei, Sun, Fernandez-Gamiz, Unai, Noeiaghdam, Samad, Shah, Said Anwar, and Khan, 
Aamir. "Numerical analysis of unsteady hybrid nanofluid flow comprising CNTs-ferrousoxide/water with variable 
magnetic field." Nanomaterials 12, no. 2 (2022): 180. https://doi.org/10.3390/nano12020180 

[27] Khalid, Asma, Khan, Ilyas, Khan, Arshad, Shafie, Sharidan, and Tlili, I. "Case study of MHD blood flow in a porous 
medium with CNTS and thermal analysis." Case Studies in Thermal Engineering 12, no. (2018): 374-380. 
https://doi.org/10.1016/j.csite.2018.04.004 

[28] Arifin, Nur Syamilah, Zokri, Syazwani Mohd, Kasim, Abdul Rahman Mohd, Salleh, Mohd Zuki, Mohammad, Nurul 
Farahain, and Yusoff, Wan Nur Syahidah Wan. "Aligned magnetic field on dusty Casson fluid over a stretching sheet 
with Newtonian heating." Malaysian Journal of Fundamental and Applied Sciences 13, no. 3 (2017): 244-247. 
https://doi.org/10.11113/mjfas.v13n3.592 

[29] Siddiqa, Sadia, Hossain, M Anwar, and Saha, Suvash C. "Two-phase natural convection flow of a dusty fluid." 
International Journal of Numerical Methods for Heat & Fluid Flow 25, no. 7 (2015): 1542-1556. 
https://doi.org/10.1108/HFF-09-2014-0278 

[30] Nadeem, Sohail, Haq, Rizwan Ul, Akbar, Noreen Sher, and Khan, Zafar Hayat. "MHD three-dimensional Casson fluid 
flow past a porous linearly stretching sheet." Alexandria Engineering Journal 52, no. 4 (2013): 577-582. 
https://doi.org/10.1016/j.aej.2013.08.005 

 
 

https://doi.org/10.17576/jsm-2018-4707-33
https://doi.org/10.1016/j.rinp.2018.01.005
https://doi.org/10.1007/s40819-022-01337-x
https://doi.org/10.1016/j.physb.2014.09.031
https://doi.org/10.1063/1.4975219
https://doi.org/10.1016/j.chaos.2018.09.007
https://doi.org/10.1007/s12668-018-0592-6
https://doi.org/10.32604/cmc.2020.012677
https://doi.org/10.32604/cmc.2021.012000
https://doi.org/10.3390/coatings9030175
https://doi.org/10.3390/nano12020180
https://doi.org/10.1016/j.csite.2018.04.004
https://doi.org/10.11113/mjfas.v13n3.592
https://doi.org/10.1108/HFF-09-2014-0278
https://doi.org/10.1016/j.aej.2013.08.005

