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The effects of homogeneous-heterogeneous reaction on the fluid flow over a shrinking 
sheet is examined. A hybrid nanofluid is considered, with alumina and copper as the 
nanoparticles and water as the base liquid. The governing equations are solved 
numerically using similarity approach with the help of MATLAB software. Two 
outcomes are attained for several ranges of the mass flux parameter 𝑆. The friction 
factor as well as the concentration gradient enhances in the presence of nanoparticles, 
but the rate of heat transfer declines. Moreover, the concentration gradient is 
intensified for larger homogeneous and heterogeneous strength.  
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1. Introduction 
 

The flow characteristics over a shrinking sheet was first discussed by Goldstein [1], while the 
stretching counterpart was established by Crane [2]. Wang [3] and Miklavčič and Wang [4] reported 
that the flow over a shrinking surface is possible by imposing certain suction strength on the surface. 
Similar observations were reported by several researchers [5-9]. According to them, the flow induced 
by a shrinking sheet shows physical phenomena quite distinct from the forward stretching flow. 

The homogeneous (bulk) and heterogeneous (surface) reactions have significant applications in 
the biochemical, catalysis, and combustion systems. A simple of these reactions with equal and 
different diffusivities for autocatalyst and reactant in the boundary layer flow was introduced by 
Chaudhary and Merkin [10], respectively. Then, Merkin [11] extended the problem to the Blasius 
flow. Inspired by these studies, Kameswaran et al., [12] considered the nanofluid flow over a 
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stretching surface. They noticed that the fluid velocity was reduced, while the fluid concentration 
was increased in the presence of nanoparticles. 

Also, they concluded that the concentration at the surface was declined for strong heterogeneous 
strength. Besides, Nandkeolyar et al., [13] inspected the effect of heat generation and magnetic field. 
They discovered that the magnetic field reduces the species concentration as well as the nanofluid 
velocity. Meanwhile, the nanofluid temperature was increased caused by the heat generation. 
Moreover, Liu et al., [14] considered the nanofluid flow past a stretching plate with four distinct 
shapes of Al2O3 nanoparticles. They discovered that the platelet nanoparticle gives the highest heat 
transfer capacity compared to others. 

Choi and Eastman [15] used the term ‘nanofluid’, which refers to a mixture of the nanoparticles 
and the base fluid, which could increase its thermal conductivity. They expected that the addition of 
metallic nanoparticles in the base fluids can essentially improve the thermal conductivities of the 
conventional base fluids and enhance the heat transfer execution of these fluids. Then further studies 
reported that more advanced nanofluid could be engineered by mixing this nanofluid with another 
type of nanoparticles to form ‘hybrid nanofluid’. This kind of fluid is believed to offer good thermal 
characteristics as compared to the base fluid and nanofluid containing single nanoparticles. Hybrid 
nanofluids are widely applied in many fields of heat transfer such as electronic cooling, generator 
cooling, coolant in machining, nuclear system cooling, transformer cooling, biomedical, drug 
reduction, refrigeration and etc. with better efficiency compared to nanofluids applicability. The 
experimental works involving the hybrid nanofluids were done [16,17]. On the other hand, the 
numerical studies on the hybrid nanofluids flow were done by Takabi and Salehi [18], Khashi'ie et al., 
[19,20], Khan et al., [21], Albeshri et al., [22], Asghar and Ying [23], among others. Moreover, the dual 
solutions of the hybrid nanofluid flow were examined by Waini et al., [24-26]. Recently, Yasir et al., 
[27] reported the effect of copper and titania nanoparticles on a stretchable/shrinkable curved 
immersed in ethylene glycol. They concluded that, copper increases porosity and titania acts as a 
photocatalys. Additionally, the effect of SWCNTs-CuO/Ehylene glycol on a stagnation region of 
stretching/shrinking surface, while ZnO-MWCNTs/EO on Homann flow of hybrid nanofluid towards 
biaxial shrinking surface was reported by Yasir et al., [28,29], respectively. 

Motivated by the above-mentioned study, in the present paper, we study the effect of 
homogenous-heterogeneous reactions on hybrid (Al2O3-Cu/water) nanofluid flow over a 
stretching/shrinking sheet by considering the chemical reaction model as proposed by Chaudhary 
and Merkin [10] and Merkin [11]. In this analysis, we assume that the auto catalysis and reactant 
have the same diffusion coefficients. Different from the work reported by Ramesh et al., [30], the 
present study considers both stretching and shrinking sheets, where multiple solutions are attained 
for the case of shrinking sheet and their temporal stabilities are determined is also one of the 
objectives of this investigation. By incorporating similarity transformations, the partial differential 
equations (PDE) of the flow model are converted to ordinary differential equations (ODE). These ODE 
are solved numerically by using rigorous MATLAB built-in solver bvp4c. Instead of analyzing the 
critical values of the physical parameters, their physical effects on the flow characteristics are also 
examined. Thus, it provides valuable information on the gradients of essential factors to control the 
boundary layer flow pattern. Then, the findings are then presented and discussed numerically and 
graphically where it will answer the research question of how the chemical reaction affect the fluid 
flow. The output obtained from this study will give insight to the research of catalysis which involve 
the chemical reaction where the study is done using the mathematical approach and embedded with 
theory of fluid flow. The results would benefit scientists and engineers to become familiar with the 
flow behaviour of nanofluids and the way to predict the properties of this fluid for possibility of using 
it in various engineering and industrial processes, such as, blood flows, lubrication processes with 
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grease and heavy oils, glass blowing, electronic chips, food stuff, slurries, etc. In addition, it should 
be stated that the results of the paper are new and original with many practical applications of 
nanofluids in the modern industry. 
 
2. Methodology 
 

The flow triggered by a shrinking sheet with alumina and copper hybrid nanoparticles is 
considered. The surface velocity is 𝑢𝑤(𝑥) = 𝑐𝑥 with constant c and the mass flux velocity is 𝑣𝑤. 
Meanwhile, the ambient and the surface temperatures are denoted by 𝑇∞ and 𝑇𝑤, respectively, and 
both are constants. The homogeneous-heterogeneous reactions are also taking into consideration. 
Following Chaudhary and Merkin [10] and Merkin [11], a simple homogeneous reaction and the first 
order of heterogeneous reaction can be written as follows: 
 
𝐴 + 2𝐵 → 3𝐵, rates = 𝑘1𝑎𝑏2           (1) 
 
𝐴 → 𝐵, rates = 𝑘𝑠𝑎             (2) 
 
where these processes are assumed to be isothermal. Here, 𝑎 and 𝑏 are the chemical concentrations 
for species 𝐴 and 𝐵, respectively, with the rate constants 𝑘1 and 𝑘𝑠. It is worth to mention the 
governing equation respected to the propose problem has been undergone the boundary layer 
approximations. Accordingly, the hybrid nanofluid equations are [11,13,30]: 
 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0              (3) 

 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
=

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

𝜕2𝑢

𝜕𝑦2             (4) 

 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

𝑘ℎ𝑛𝑓

(𝜌𝐶𝑝)
ℎ𝑛𝑓

𝜕2𝑇

𝜕𝑦2            (5) 

 

𝑢
𝜕𝑎

𝜕𝑥
+ 𝑣

𝜕𝑎

𝜕𝑦
= 𝐷𝐴

𝜕2𝑎

𝜕𝑦2  − 𝑘1𝑎𝑏2           (6) 

 

𝑢
𝜕𝑏

𝜕𝑥
+ 𝑣

𝜕𝑏

𝜕𝑦
= 𝐷𝐵

𝜕2𝑏

𝜕𝑦2  + 𝑘1𝑎𝑏2           (7) 

 
subject to 
 

𝑣 = 𝑣𝑤, 𝑢 = 𝑢𝑤(𝑥)𝜆, 𝑇 = 𝑇𝑤 , 𝐷𝐴
𝜕𝑎

𝜕𝑦
= 𝑘𝑠𝑎, 𝐷𝐵

𝜕𝑏

𝜕𝑦
= −𝑘𝑠𝑎 at 𝑦 = 0

𝑢 → 0, 𝑇 → 𝑇∞, 𝑎 → 𝑎0, 𝑏 → 0   as   𝑦 → ∞
      (8) 

 
where the coordinates (𝑥, 𝑦) with corresponding velocities (𝑢, 𝑣) are measured along the 𝑥- and 𝑦- 
axes, while 𝑇 represents the temperature. Besides, 𝐷𝐴 and 𝐷𝐵 are the corresponding diffusion 
coefficients of species 𝐴 and 𝐵, and 𝑎0 > 0. The thermophysical properties are given in Table 1 and 
Table 2. Note that 𝜑1 (Al2O3) and 𝜑2 (Cu) are the nanoparticles volume fractions where 𝜑ℎ𝑛𝑓 = 𝜑1 +

𝜑2, and the subscripts 𝑛1 and 𝑛2 correspond to their solid components. Further, the subscripts ℎ𝑛𝑓 
and 𝑓 respectively denote the hybrid nanofluid and the base fluid. 
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Table 1 
Thermophysical properties of nanoparticles and water [31] 
Properties Base fluid Nanoparticles 

water Cu Al2O3 

𝜌 (𝑘𝑔/𝑚3) 997.1 8933 3970 
𝐶𝑝 (𝐽/𝑘𝑔𝐾) 4179 385 765 

𝑘 (𝑊/𝑚𝐾) 0.613 400 40 
Prandtl number, Pr 6.2   

 
Table 2 
Thermophysical properties of hybrid nanofluid [18] 
Properties Correlations 
Thermal 
conductivity 𝑘ℎ𝑛𝑓

𝑘𝑓

=

𝜑1𝑘𝑛1 + 𝜑2𝑘𝑛2

𝜑ℎ𝑛𝑓
+ 2𝑘𝑓 + 2(𝜑1𝑘𝑛1 + 𝜑2𝑘𝑛2) − 2𝜑ℎ𝑛𝑓𝑘𝑓

𝜑1𝑘𝑛1 + 𝜑2𝑘𝑛2

𝜑ℎ𝑛𝑓
+ 2𝑘𝑓 − (𝜑1𝑘𝑛1 + 𝜑2𝑘𝑛2) + 𝜑ℎ𝑛𝑓𝑘𝑓

 

Heat capacity (𝜌𝐶𝑝)ℎ𝑛𝑓 = (1 − 𝜑ℎ𝑛𝑓)(𝜌𝐶𝑝)𝑓 + 𝜑1(𝜌𝐶𝑝)𝑛1 + 𝜑2(𝜌𝐶𝑝)𝑛2 

Density 𝜌ℎ𝑛𝑓 = (1 − 𝜑ℎ𝑛𝑓)𝜌𝑓 +  𝜑1𝜌𝑛1 + 𝜑2𝜌𝑛2 

Dynamic viscosity 𝜇ℎ𝑛𝑓 =
𝜇𝑓

(1 − 𝜑ℎ𝑛𝑓)2.5
 

 
To get similarity solution, the following variables are introduced [13,30] 
 

𝜓 = √𝑐𝜈𝑓𝑥𝑓(𝜂),     𝜂 = 𝑦√𝑐/𝜈𝑓 ,      𝜃(𝜂) = (𝑇 − 𝑇∞)/(𝑇𝑤 − 𝑇∞),

𝑎 = 𝑎0𝑔(𝜂),     𝑏 = 𝑎0ℎ(𝜂)
       (9) 

 
with 𝜓 as the stream function where 𝑢 = 𝜕𝜓/𝜕𝑦 and 𝑣 = − 𝜕𝜓/𝜕𝑥, which yield 
 

𝑢 = 𝑐𝑥𝑓′(𝜂),      𝑣 = − √𝑐𝜈𝑓  𝑓(𝜂)                    (10) 

 
The dimensionless variables in Eq. (9) are adopted from the previous studies [13,30]. The 

dimensionless variable   is defined as / ( )y x = , where ( )x  is the boundary layer thickness. By 

implementing the order of magnitude analysis, one obtains ( )
1/2

( ) /f wx x u = , which then implies 

 
1/2

f

c
y


 
=  

 
 

 

 

where ( )wu x cx= . The dimensionless velocity is defined as ( ) / wg u u =  or ( )wu u g = , with 

 

u
y y

  



  
= =
  

, 

 
which then yields 
 

( )
1/2

( )fx c g


 



=


. 
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Integrating both sides with respect to   gives 

 

( )
1/2

( )fx c f  =  

 
where ( ) ( )f g  = . 

Similar as velocity u  which is expressed in terms of dimensionless quantity, / ( )wu u f = , the 

temperature T  is also expressed in terms of dimensionless quantity as 
 

w

T T

T T
 



−
=

−
 

 
which is unity at the wall, (0) 1 = , and zero far away from the wall, ( ) 0  = . For further reading, 

one can refer to Avramenko et al., [32], Avramenko and Shevchuk [33], and Waini et al., [34]. 
The continuity Eq. (3) is identically satisfied. Now, Eq. (4) to Eq. (7) reduce to 

 
𝜇ℎ𝑛𝑓/𝜇𝑓

𝜌ℎ𝑛𝑓/𝜌𝑓
𝑓′′′ + 𝑓𝑓′′ − 𝑓′2

= 0                      (11) 

 
1

𝑃𝑟

𝑘ℎ𝑛𝑓/𝑘𝑓

(𝜌𝐶𝑝)
ℎ𝑛𝑓

/(𝜌𝐶𝑝)
𝑓

 𝜃′′ + 𝑓𝜃′ = 0                     (12) 

 
1

𝑆𝑐
𝑔′′ + 𝑓𝑔′ − 𝐾𝑔ℎ2 = 0                      (13) 

 
𝛿

𝑆𝑐
ℎ′′ + 𝑓ℎ′ + 𝐾𝑔ℎ2 = 0                      (14) 

 
subject to 
 
𝑓(0) = 𝑆,      𝑓′(0) = 𝜆,    𝜃(0) = 1,   𝑔′(0) = 𝐾𝑠𝑔(0),     𝛿ℎ′(0) = 𝐾𝑠𝑔(0)

𝑓′(𝜂) → 0,    𝜃(𝜂) → 0,    𝑔(𝜂) → 1,    ℎ(𝜂) → 0       𝑎𝑠     𝜂 → ∞
               (15) 

 
where primes indicate differentiation w.r.t. 𝜂. The physical parameters appear in Eq. (12) to Eq. (15) 
is the Prandtl number 𝑃𝑟, the Schmidt number 𝑆𝑐, the ratio of the diffusion coefficients 𝛿, the 
strength of the homogeneous 𝐾 and the heterogeneous 𝐾𝑠 reactions, and the constant mass flux 
parameter 𝑆, defined as 
 

𝑃𝑟 =  
(𝜇𝐶𝑝)𝑓

𝑘𝑓
,     𝑆𝑐 =

𝜈𝑓

𝐷𝐴
,    𝛿 =

𝐷𝐵

𝐷𝐴
,     𝐾 =

𝑘1𝑎0
2

𝑐
,     𝐾𝑠 =

𝑘𝑠

𝐷𝐴√𝑐/𝜈𝑓
,     𝑆 = −

𝑣𝑤

√𝑐𝜈𝑓
               (16) 

 
Here, 𝑆 < 0 and 𝑆 > 0 are for injection and suction cases, respectively, while 𝑆 = 0 represents 

an impermeable case. Besides, 𝜆 < 0 and 𝜆 > 0 respectively represent the shrinking and stretching 
surfaces, while 𝜆 = 0 denotes a fixed surface. As discussed by Chaudhary and Merkin [10], both 
diffusion coefficients (𝐷𝐴 and 𝐷𝐵) are of comparable sizes, thus, these coefficients are assumed to be 
equal by taking 𝛿 = 1. Hence, one gets 
 
𝑔(𝜂) +  ℎ(𝜂) = 1                       (17) 
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Using Eq. (17), Eq. (13) and Eq. (14) become 
 
1

𝑆𝑐
𝑔′′ + 𝑓𝑔′ − 𝐾𝑔(1 − 𝑔)2 = 0                     (18) 

 
subject to 
 
𝑔′(0) = 𝐾𝑠𝑔(0),    𝑔(𝜂) → 1     𝑎𝑠     𝜂 → ∞                    (19) 
 
The skin friction coefficient 𝐶𝑓 and the local Nusselt number 𝑁𝑢𝑥  are defined as 

 

𝐶𝑓 =  
𝜇ℎ𝑛𝑓

𝜌𝑓𝑢𝑤
2 (

𝜕𝑢

𝜕𝑦
)

𝑦=0
,     𝑁𝑢𝑥 = − 

𝑥𝑘ℎ𝑛𝑓

𝑘𝑓(𝑇𝑤−𝑇∞)
(

𝜕𝑇

𝜕𝑦
)

𝑦=0
                   (20) 

 
which then yield 
 

𝑅𝑒𝑥
1/2

𝐶𝑓 =
𝜇ℎ𝑛𝑓

𝜇𝑓
𝑓′′(0),    𝑅𝑒𝑥

−1/2
𝑁𝑢𝑥 = −

𝑘ℎ𝑛𝑓

𝑘𝑓
𝜃′(0)                  (21) 

 
where 𝑅𝑒𝑥 = 𝑢𝑤𝑥/𝜈𝑓 represents the local Reynolds number. Note that, when 𝜑ℎ𝑛𝑓 = 0 (regular 

fluid) for the permeable shrinking sheet, Eq. (11) has the exact solution [9,35] 
 

𝑓(𝜂) = 𝑆 −
2

𝑆 ± √𝑆2−4 
(1 − 𝑒− 

𝑆 ± √𝑆2−4

2 
 𝜂)                                (22) 

 
Then, 
 

𝑓′′(0) =
𝑆 ± √𝑆2−4

2 
                       (23) 

 
Consequently, the present results can be compared with the exact solution (23) for validation 

purposes.  
 
3. Temporal Stability Analysis 
  

This stability analysis was employed by Merkin [36] and then popularized by Weidman et al., [37]. 
To begin, first consider the following variables 
 

𝜓 = √𝑐𝜈𝑓𝑥𝑓(𝜂, 𝜏),     𝜂 = 𝑦√𝑐/𝜈𝑓 ,      𝜃(𝜂, 𝜏) = (𝑇 − 𝑇∞)/(𝑇𝑤 − 𝑇∞),

𝑎 = 𝑎0𝑔(𝜂, 𝜏),     𝑏 = 𝑎0ℎ(𝜂, 𝜏),      𝜏 = 𝑐𝑡
                (24) 

 
Now, the unsteady form of Eq. (4) to Eq. (7) are employed, while Eq. (3) remains unchanged. On 

using (24), one obtains 
 
𝜇ℎ𝑛𝑓/𝜇𝑓

𝜌ℎ𝑛𝑓/𝜌𝑓

𝜕3𝑓

𝜕𝜂3 + 𝑓
𝜕2𝑓

𝜕𝜂2 − (
𝜕𝑓

𝜕𝜂
)

2

−
𝜕2𝑓

𝜕𝜂𝜕𝜏
= 0                    (25) 
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1

𝑃𝑟

𝑘ℎ𝑛𝑓/𝑘𝑓

(𝜌𝐶𝑝)
ℎ𝑛𝑓

/(𝜌𝐶𝑝)
𝑓

 
𝜕2𝜃

𝜕𝜂2
+ 𝑓

𝜕𝜃

𝜕𝜂
−

𝜕𝜃

𝜕𝜏
= 0                    (26) 

 
1

𝑆𝑐

𝜕2𝑔

𝜕𝜂2 + 𝑓
𝜕𝑔

𝜕𝜂
− 𝐾𝑔(1 − 𝑔)2 −

𝜕𝑔

𝜕𝜏
= 0                    (27) 

 
subject to 
 
𝑓(0, 𝜏) = 𝑆,      𝑓′(0, 𝜏) = 𝜆,    𝜃(0, 𝜏) = 1,   𝑔′(0, 𝜏) = 𝐾𝑠𝑔(0, 𝜏)

𝑓′(𝜂, 𝜏) → 0,    𝜃(𝜂, 𝜏) → 0,    𝑔(𝜂, 𝜏) → 1    𝑎𝑠     𝜂 → ∞
                 (28) 

 
Then, the disturbance is applied to the steady solution 𝑓 = 𝑓0(𝜂), 𝜃 = 𝜃0(𝜂), and 𝑔 = 𝑔0(𝜂) of 

Eq. (11), Eq. (12) and Eq. (18) by employing the following relations [37] 
 
𝑓(𝜂, 𝜏) = 𝑓0(𝜂) + 𝑒− 𝛾𝜏𝐹(𝜂),      𝜃(𝜂, 𝜏) = 𝜃0(𝜂) + 𝑒− 𝛾𝜏𝐻(𝜂),

𝑔(𝜂, 𝜏) = 𝑔0(𝜂) + 𝑒− 𝛾𝜏𝐺(𝜂)
                 (29) 

 
The eigenvalue 𝛾 will determine the stability of the solutions as 𝜏 → ∞. Also, 𝐹(𝜂), 𝐻(𝜂), and 

𝐺(𝜂) are relatively small compared to 𝑓0(𝜂), 𝜃0(𝜂), and 𝑔0(𝜂). By employing Eq. (29), and after 
linearization, Eq. (25) to Eq. (27) become 
 
𝜇ℎ𝑛𝑓/𝜇𝑓

𝜌ℎ𝑛𝑓/𝜌𝑓
𝐹′′′ + 𝑓0𝐹′′ + 𝑓0

′′𝐹 − 2𝑓0
′𝐹′ + 𝛾𝐹′ = 0                   (30) 

 
1

𝑃𝑟

𝑘ℎ𝑛𝑓/𝑘𝑓

(𝜌𝐶𝑝)
ℎ𝑛𝑓

(𝜌𝐶𝑝)
𝑓

⁄
𝐻′′ + 𝑓0𝐻′ + 𝜃0

′ 𝐹 + 𝛾𝐻 = 0                   (31) 

 
1

𝑆𝑐
𝐺′′ + 𝑓0𝐺′ + 𝑔0

′ 𝐹 − 𝐾(1 − 4𝑔0 + 3𝑔0
2)𝐺 + 𝛾𝐺 = 0                  (32) 

 
subject to 
 
𝐹(0) = 0,      𝐹′(0) =  0,     𝐻(0) = 0,   𝐺′(0) = 𝐾𝑠𝐺(0)  

𝐹′(𝜂) → 0,     𝐻(𝜂) → 0,      𝐺(𝜂) → 0    𝑎𝑠     𝜂 → ∞
                  (33) 

 
To obtain 𝛾 from Eq. (30) to Eq. (32), the new boundary condition 𝐹′′(0) = 1 is included in Eq. 

(33) to replace 𝐹′(𝜂) → 0 𝑎𝑠 𝜂 → ∞ [38]. 
 
4. Results and Discussion 
 

By utilising the package bvp4c in MATLAB software, Eq. (11), Eq. (12), and Eq. (18) subject to Eq. 
(15) and Eq. (19) are numerically solved. This method employs the 3-stage Lobatto IIIa formula [39]. 

The values of 𝑓′′(0) for various of 𝑆 when 𝜑ℎ𝑛𝑓 = 0 and 𝜆 = −1 are compared with the exact 

solution (23) and Yasin et al., [9]. It is found that the results are comparable for each 𝑆 considered, 
as shown in Table 3. Also, Table 4 shows the comparison of 𝑓′′(0) and −𝜃′(0) with Hamad [40] with 
different values of 𝜑1 when 𝑆 = 0, 𝜆 = 1, and Pr = 6.2 for Al2O3/water (𝜑2 = 0). We notice that 
the present results are comparable with that mentioned literature. Next, Table 5 displays the values 

of the skin friction coefficient 𝑅𝑒𝑥
1/2

 𝐶𝑓, local Nusselt number 𝑅𝑒𝑥
−1/2

𝑁𝑢𝑥 and the concentration 
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gradient 𝑔′(0) with various parameters when 𝑆 = 0, 𝜆 = 1 (stretching sheet), Sc = 1, and Pr = 6.2. 

The rising of 𝜑ℎ𝑛𝑓 tends to upsurge the rates of 𝑅𝑒𝑥
−1/2

𝑁𝑢𝑥, but reduce the rates of 𝑅𝑒𝑥
1/2

 𝐶𝑓 and 

𝑔′(0). Besides, the rise of 𝐾 declines the values of 𝑔′(0), whereas the effect of larger 𝐾𝑠 is to enhance 

the values of 𝑔′(0). However, the values of 𝑅𝑒𝑥
1/2

 𝐶𝑓 and 𝑅𝑒𝑥
−1/2

𝑁𝑢𝑥 are not affected by these 

parameters. 
 

Table 3  
Values of 𝑓′′(0) for various 𝑆 when 𝜑ℎ𝑛𝑓 = 0 and 𝜆 = −1 

𝑆 Exact solution Eq. (23) Yasin et al., [9] Present results 

2 1 1.0000 1.00000 
3 2.61803 (0.38197) 2.6180 (0.3820) 2.61803 (0.38197) 
4 3.73205 (0.26795) 3.7321 (0.2680) 3.73205 (0.26795) 

Results in “( )” are the second solutions 

 
Table 4 
Values of 𝑓′′(0) and −𝜃′(0) when Pr = 6.2, 𝑆 = 𝜑2 = 0 and 𝜆 = 1 for different values of 𝜑1 
(Al2O3/water) 
𝜑1 Hamad et al., [40] Present results 

𝑓′′(0) −𝜃′(0) 𝑓′′(0) −𝜃′(0) 
0.05 -1.00538 1.62246 -1.00538 1.62246 
0.1 -0.99877 1.49170 -0.99877 1.49170 
0.15 -0.98185 1.37543 -0.98184 1.37543 
0.2 -0.95592 1.27118 -0.95592 1.27118 

 
Table 5  

Values of 𝑅𝑒𝑥
1/2

 𝐶𝑓, 𝑅𝑒𝑥
−1/2

𝑁𝑢𝑥 and 𝑔′(0) with various parameters when 𝑆 =

0, 𝜆 = 1 (stretching sheet), 𝑆𝑐 = 1, and Pr = 6.2 
𝜑ℎ𝑛𝑓  𝐾 𝐾𝑠 𝑅𝑒𝑥

1/2
 𝐶𝑓 𝑅𝑒𝑥

−1/2
𝑁𝑢𝑥 𝑔′(0) 

2% 1 1 -1.08022 1.80634 0.25144 
4%   -1.16179 1.84203 0.24593 
6%   -1.24516 1.87812 0.24137 
2% 0.5  -1.08022 1.80634 0.31966 
 1.5  -1.08022 1.80634 0.13871 
 1.8  -1.08022 1.80634 0.01205 
 1 2 -1.08022 1.80634 0.29717 
  4 -1.08022 1.80634 0.33351 
  6 -1.08022 1.80634 0.34923 

 

Figure 1 to Figure 3 show the variations of 𝑅𝑒𝑥
1/2

𝐶𝑓, 𝑅𝑒𝑥
−1/2

𝑁𝑢𝑥 and 𝑔′(0) against 𝑆 for various 

𝜑ℎ𝑛𝑓 when 𝜆 = −1, Pr = 6.2, Sc = 1, and 𝐾 = 𝐾𝑠 = 0.5. These figures show that the values of 

𝑅𝑒𝑥
1/2

𝐶𝑓 and 𝑔′(0) are intensified, whereas the values of 𝑅𝑒𝑥
−1/2

𝑁𝑢𝑥 are reduced with the rise of 

𝜑ℎ𝑛𝑓. Besides, for fixed values of the selected parameters, it is observed that the dual solutions are 

possible for some range of suction strength 𝑆. The critical values are 𝑆𝑐 = 1.9474, 1.9065, 1.8750 for 
𝜑ℎ𝑛𝑓 = 2%, 4%, 6%, respectively. This observation is consistent with the fact that the flow over a 

shrinking surface is only possible by imposing an appropriate suction strength on the surface as 
discussed by Miklavčič and Wang [4]. Also, these figures expose that the boundary layer separates 
slower for larger 𝜑ℎ𝑛𝑓. Moreover, the variations of 𝑔′(0) against 𝑆 for different values of 𝐾 and 𝐾𝑠 

when 𝜆 = −1, Pr = 6.2, Sc = 1 and 𝜑ℎ𝑛𝑓 = 2% are presented in Figure 4 and Figure 5. The values of 

𝑔′(0) are upsurged for larger values of 𝐾 and the increment is more pronounced with the rise of 𝐾𝑠. 
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The critical values occur at 𝑆𝑐 = 1.9474 for all selected values of 𝐾 and 𝐾𝑠. Further, the effect of 𝐾 
and 𝐾𝑠 on 𝑔(𝜂) when 𝜆 = −1, 𝑆 = 2, Pr = 6.2, Sc = 1 and 𝜑ℎ𝑛𝑓 = 2% are depicted in Figure 6 and 

Figure 7. The decreasing pattern on both branch solutions of 𝑔(𝜂) is noticed for larger values of 𝐾 
and 𝐾𝑠. 
 

 

 

 
Fig. 1. 𝑅𝑒𝑥

1/2
𝐶𝑓 vs 𝑆 and 𝜑ℎ𝑛𝑓  Fig. 2. 𝑅𝑒𝑥

−1/2
𝑁𝑢𝑥 vs 𝑆 and 𝜑ℎ𝑛𝑓 

 

 

 

 
Fig. 3. 𝑔′(0) vs 𝑆 and 𝜑ℎ𝑛𝑓  Fig. 4. 𝑔′(0) vs 𝑆 and 𝐾 
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Fig. 5. 𝑔′(0) vs 𝑆 and 𝐾𝑠  Fig. 6. 𝑔(𝜂) with 𝐾 

 

 
Fig. 7. 𝑔(𝜂) with 𝐾𝑠 

 
Moreover, the variations of 𝛾 against 𝑆 when 𝜆 = −1, and 𝜑ℎ𝑛𝑓 = 2% is portrayed in Figure 8. 

For positive eigenvalues 𝛾, it is seen that 𝑒− 𝛾𝜏 → 0 as 𝜏 → ∞. In contrast, for negative values of 𝛾, it 
is found that 𝑒− 𝛾𝜏 → ∞. These observations indicate that the first solution is stable over time, while 
the second solution is unstable and thus not physically reliable in the long run. 
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Fig. 8. 𝛾 against 𝑆 

 
5. Conclusions 
 

The effects of Al2O3-Cu hybrid nanoparticles on the flow over a shrinking sheet was accomplished. 
Both homogeneous and heterogeneous reaction effects were considered. Findings found that dual 
solutions exist for certain parameters. It was found that the critical values occur in the suction region 

(𝑆 > 0). The increment of 𝑅𝑒𝑥
1/2

𝐶𝑓 and 𝑔′(0), while the reduction of 𝑅𝑒𝑥
−1/2

𝑁𝑢𝑥 were observed with 

the rise of 𝜑ℎ𝑛𝑓. Also, the values of 𝑔′(0) increased for larger values of 𝐾 and 𝐾𝑠. Finally, it was 

discovered that the first solution is stable over time, whereas the second is not. 
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