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Nanotubes have been designed to be significantly larger than any other material, and 
these cylindrical carbon molecules have exceptional properties that are important for 
nanoscience and nanotechnology. Due to their exceptional thermal conductivity and 
mechanical and electrical properties, carbon nanotubes are used as additives to 
improve heat transfer in various industrial applications. The study analyzed a steady, 
two-dimensional, carbon nanotubes (CNTs) flow on aligned magnetohydrodynamics 
mixed convection over a static or moving wedge with convective boundary conditions. 
The CNTs used are single-wall carbon nanotubes (SWCNTs), multi-wall carbon 
nanotubes (MWCNTs), and water as the base fluid. The similarity transformation was 
used to reduce the partial differential governing equations into ordinary differential 
equations. Then, the reduced equations were solved using fourth-fifth order Runge–
Kutta–Fehlberg and coded into Maple Software. The results of velocity and 
temperature profiles were illustrated graphically while the results of skin friction 
coefficient and Nusselt number were presented in tabulated data. It is found that the 
velocity profiles increase, and temperature profiles decrease when the angle of aligned 
magnetic field parameter, the interaction of magnetic parameter, convective 
parameter, and total angle of the wedge parameter number increase. For case where 
Biot number and volume fraction of nanoparticles parameters increase, the velocity 
profiles decrease, and temperature profiles increase. SWCNTs have increased skin 
friction and Nusselt numbers due to their higher density and thermal conductivity 
compared to MWCNTs. The finding of this study will benefit the who works in research 
and development in a range of industries and the mathematics body of knowledge as 
it provides new information to people who are interested in this field.  
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1. Introduction 
 

In the field of industrial and technological applications, nanofluids play an important role due to 
their superior physical, chemical and thermal performance. The purpose of using nanofluids is to 
increase the thermal conductivity of the fluid. One of the techniques, to increase the effective 
thermal conductivity of this mass transfer fluid, is to add nanoparticles or nanotubes in the base fluid. 
Choi [1] was the first to study heat transfer in nanofluids. According to Choi [1] and Eastman et al., 
[2], a nanofluid is a fluid composed of nanoparticles dispersed in a base fluid. Khan et al., [3] noted 
that a variety of nanoparticles are commonly used in nanofluids, including copper (Cu), iron (Fe), 
CNTs, and others. CNTs are allotropes of carbon with a cylindrical nanostructure and are used in a 
wide variety of fields, including optics, microelectronics cooling, nanotechnology, chemical 
production, and many other areas of material science [4-6]. There are two types of CNTs: single-wall 
carbon nanotubes (SWCNTs) and multiwall carbon nanotubes (MWCNTs) [7, 8]. SWCNTs are 
monolayers, while MWCNTs consist of multiple layers of graphene. The effects of SWCNTs and 
MWCNTs were evaluated over a static or moving wedge with convective boundary condition with 
aligned MHD presence for this study. 

Fluid boundary layer flow plays a significant role in spreading knowledge given the growing 
interest in the theory in a wide range of physical problems. The boundary layer flow over wedges has 
recently become a popular subject in fluid mechanics due to its many applications in thermal 
engineering, such as heat exchangers, heat insulators, geothermal systems, crude oil extraction, and 
nuclear waste storage. A steady laminar flow past a fixed wedge was first analysed by Falkner and 
Skan [9] to illustrate Prandtl's boundary layer theory. This equation a form 𝑎𝑥m, where 𝑥 is the 
coordinate measured along the wedge wall and 𝑎 (>0), and 𝑚 are constants and its similar solution 
was later studied by Hartree [10] and Koh and Hartnett [11]. The investigations on nanofluids over a 
wedge were made by a lot of researchers and they obtained lots of valuable results. Ilias et al., [12-
14] studied the nanofluids flow past a static wedge using the Keller-box method. They found that the 
magnetic parameter significantly influences fluid velocity, temperature, skin friction, and heat 
transfer rates for both steady and unsteady flow. Pandey and Kumar [15] investigated a nanofluids 
flow over a wedge with the thermal radiation, viscous dissipation, and chemical reactions effects. 
They found that an increase in solid volume fraction of nanofluids with the magnetic parameter, the 
skin friction coefficient decreases, and for Nusselt number and Sherwood number shown the 
opposite behaviours. The permeable moving and stationary wedge are studied by Ishak et al., [16]. 
They found that the velocity profiles and Nusselt numbers of moving wedges are higher, but the 
temperature profiles and skin friction are lower than those of stationary and moving against flow 
wedges. Kandasamy et al., [17] investigated the SWCNTs in the presence of water and seawater with 
variable stream conditions over a porous wedge with the effect of solar radiation energy. They found 
that the thermal boundary layer of SWCNTs-water absorbs incident solar radiation and transits it to 
the working fluid convection, compared to Cu-water. Berrehal et al., [18] studied MWCNTs with 
water as the base fluid flowing over a wedge with thermal radiation and found that heat transfer 
irreversibility becomes dominant near the surface of the wedge when the radiation parameter 
decreases, in contrast to the behaviour of the nanoparticles volume fraction. 

Several studies have been conducted on the heat transfer enhancement of nanofluids flowing 
through CNTs under magnetohydrodynamics (MHD) effects over a wedge. Amar [19] studied the 
impact of the viscous dissipation, thermophoresis, Brownian motion on MHD fluid boundary layer 
flow past a wedge with heat and mass transfer of nanofluids. Based on the study, an increase the 
magnetic field effect shows an increase in local Sherwood number and skin-friction but decrease in 
Nusselt number and concentration profile. Venkataramanaiah et al., [20] studied MHD flow and heat 
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transfer from water-functionalized CNTs over a static or moving wedge. They found that the magnetic 
field reduces boundary layer thickness and increases skin friction and Nusselt numbers. SWCNTs also 
offer higher skin friction and Nusselt numbers due to their higher density and thermal conductivity. 
In the presence of a heat source or sink, it was found that a magnetic field increases skin friction and 
heat transfer rates. The MHD flow and heat transfer from water functionalized CNTs over a 
static/moving wedge are studied by Khan et al., [21]. It is shown that the magnetic field reduces 
boundary layer thickness and increases skin friction and Nusselt numbers. Due to higher density and 
thermal conductivity, SWCNTs offer higher skin friction and Nusselt numbers. Noranuar et al., [22, 
23] studied a mixture of water-based single-wall and multi-wall CNTs with the effect of MHD. They 
found that the CNTs' magnetic field decreases both the temperature and velocity of the CNT 
nanofluids. However, when human Casson blood is used as nanoparticles, the results found that the 
temperature and velocity profiles increase with the incorporation of CNTs. Alqahtani et al., [24] 
studied sodium alginate-based carbon nanotubes with MHD stagnation-point flow on a convective 
heated stretching disk with viscous dissipation and suction effects. They found that the magnetic field 
increases velocity and skin friction. Based on this theoretical literature [19-24], the influence of MHD 
makes an increasingly important contribution to thermal conductivity in CNTs. The studies on the 
magnetic field effect were discovered by another researcher [25-27] was discuss in different 
situation.  

In general, convection is a heat transfer mechanism involving the movement of fluid from a hotter 
to a colder medium. Mixed convection flow and heat transfer within various geometries flow has 
many engineering applications. The investigation of mixed convection flow in various types of fluid 
are increasingly interested by the researchers. The behaviour of boundary layers in forced flow over 
a wedge was investigated by Watanabe [28]; Khan, Culham, & Haq [21]; Yih [29] and Mahood, Shafiq, 
Khan, & Badruddin [30]. The result for various values of pressure gradient parameter (m) have a 
substantial influence on fluid velocity. Mishra et al., [31] also looked at the flow of mixed convection 
nanofluids across a wedge with a magnetic field presence. When it comes to velocity, the magnetic 
field is more effective. Waini et al., [32] discovered that as the mixed convection parameter is 
reduced, the velocity distribution decelerates in their study. The studies on the mixed convection 
were discovered by the researcher [33, 34] was discuss in different situation.  

Convective boundary conditions also play a crucial role in many engineering processes and 
industries. Anuar et al., [35] study a convective boundary condition over a moving wedge in 
nanofluid. They found that a larger value in convective parameter show an increasing behaviour for 
temperature and local Nusselt number. Hussain et al., [36] discussed on the fluid over a penetrable 
stretching wedge in the existence of nonlinear radiation and convective boundary condition. They 
found that an increased value of convective parameter shows an increases Nusselt number and 
decreases skin friction coefficient. Another study in convective boundary condition with the different 
geometries’ situation such as Ilias et al., [37] who study the influence of aligned and transverse 
magnetic field on two-dimensional natural convection boundary layer flow in the presence of 
convective boundary condition. Bosli et al., [38] investigation of aligned MHD nanofluid with 
convective boundary condition. Rosaidi et al., [39] investigate the behaviour of MHD free convection 
flow of magnetic nanofluids over a moving vertical plate with convective boundary conditions. Based 
on their study, an increase the convective parameter shows that increase the heat transfer and skin 
fraction. 

Based on these previous studies, this study investigates the aligned MHD mixed convection 
water-functionalized carbon nanotubes flow over a static or moving wedge with convective boundary 
conditions. The solutions are solved using the fourth-fifth order Runge-Kutta-Fehlberg method and 
displayed and analysed graphically.  
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2. Mathematics Formulation 
 

This study considers steady two-dimensional boundary layer flow pasta static or a moving wedge 
in a water-based nanofluids containing SWCNTs and MWCNTs. The nanofluids is assumed 
incompressible and the flow is assumed to be steady and laminar. It is also assumed that the base 
fluid (i.e., water) and the nanoparticles are in thermal equilibrium and no slip occurs between them. 

A Cartesian coordinate system (𝑥, 𝑦), where 𝑥 and 𝑦 are the coordinates measured along the 
surface of the wedge and normal to it, respectively as shown in Figure 1. The wedge surface is 
retained by convective heat transfer 𝑇𝑓. Meanwhile the temperature 𝑇∞ is the ambient fluid 

temperature. The magnetic strength 𝐵(𝑥) is applied to the flow with acute angle 𝛼 along 𝑦  direction. 
It is assumed that wedge is moving with the velocity 𝑈𝑤(𝑥) = 𝑈𝑤𝑥𝑚 and the free stream velocity 
𝑈𝑒(𝑥) = 𝑈∞𝑥𝑚 where 𝑈𝑤 and 𝑈∞ are constants. The wedge’s total angles are Ω = 𝜆𝜋, where 𝜆 =
2𝑚

1+𝑚
 which refers to angle parameter and m is the pressure gradient parameter. It is also assumed 

that the induced magnetic field caused by the motion of electrically conducting fluid is neglected, as 
it is very small compared to magnetic field. Considering the known modelling of Tiwari and Das [7], 
under the boundary layer approximations, the basic steady conservation of mass, momentum, and 
energy equations can be written as based on [9-14]: 

 

 
Fig. 1. The schematic diagram of the problem and coordinate system 
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𝜌𝑛𝑓
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2
 (2) 

  

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑛𝑓

𝜕2𝑇

𝜕𝑦2
 (3) 

 
The boundary conditions for the velocity and temperature of this problem are given by: 
 

𝑢 = 𝑈𝑤(𝑥),          𝑣 = 0,           𝑘𝑛𝑓  
𝜕𝑇

𝜕𝑦
= −ℎ𝑓(𝑇𝑓 − 𝑇),                  𝑜𝑛 𝑦 = 0 (4) 
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𝑢 = 𝑈𝑒(𝑥), 𝑇 = 𝑇∞                                                                          𝑎𝑠 𝑦 → ∞ 
 
where u and v denote the velocity components in x- and y-directions respectively, 𝑣 is kinematic 

viscosity, 𝜎 is the electrically conductivity, 𝐵(𝑥) = 𝐵0𝑥
𝑚−1

2  is magnetic field with 𝐵0 the strength of 
the magnetic field,  𝑇 is the temperature of the fluid , 𝑇𝑓 is the hot fluid at uniform temperature, 𝑇∞ 

is the constant temperature of ambient cold fluid, 𝑔  is the gravity acceleration and ℎ𝑓 is the heat 

transfer coefficient of fluid in term of  ℎ𝑓 = 𝑐√(𝑚 + 1)𝑥𝑚−1 is the convective heat transfer 

coefficient arises from convective boundary conditions where c is a constant. The effective properties 
of magnetic nanofluids for CNTs may be expressed in terms of the properties of base fluids, 
nanoparticles, and the volume fraction of solid nanoparticles as follow [8, 21]: 
 

𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝐶𝑁𝑇 ,     𝜇𝑛𝑓 =
𝜇𝑓

(1 − 𝜙)2.5
  ,  

  

(𝜌𝐶𝑝)
𝑛𝑓

= (1 − 𝜙)(𝜌𝐶𝑝)
𝑓

+ 𝜙(𝜌𝐶𝑝)
𝐶𝑁𝑇

  ,   (𝜌𝛽)𝑛𝑓 = (1 − 𝜙)(𝜌𝛽)𝑓 + 𝜙(𝜌𝛽)𝐶𝑁𝑇 (5) 

  

𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝐶𝑝)
𝑛𝑓

, 𝛽𝑛𝑓 = (1 − 𝜙)𝛽𝑓 + 𝜙𝛽𝐶𝑁𝑇 , 

 
𝑘𝑛𝑓

𝑘𝑓
= (1 − 𝜙 + 2𝜙

𝑘𝐶𝑁𝑇

𝑘𝐶𝑁𝑇 − 𝑘𝑓
ln

𝑘𝐶𝑁𝑇 + 𝑘𝑓

2𝑘𝑓
)

× (1 − 𝜙 + 2𝜙
𝑘𝑓

𝑘𝐶𝑁𝑇 − 𝑘𝑓
ln

𝑘𝐶𝑁𝑇 + 𝑘𝑓

2𝑘𝑓
)

−1

 

 

 

where  𝜙  is the volume fraction of nanoparticle, , 𝜇𝑛𝑓 is the effective dynamic viscosity, 𝜌𝑛𝑓  is the 

effective density, (𝜌𝛽)𝑛𝑓 is the thermal expansion coefficient, 𝛼𝑛𝑓 is the thermal diffusivity of the 

fluid, 𝑘𝑛𝑓  is the thermal conductivity of the nanofluids, 𝜌𝑓  is the effective density of fluid, (𝜌𝐶𝑝)
𝑛𝑓

  

is the heat capacity of CNTs, 𝜇𝑓 is the effective dynamic viscosity of fluid, 𝑘𝑓 is the thermal 

conductivity of the fluid, 𝑘𝐶𝑁𝑇  is the thermal conductivity of CNTs and (𝜌𝛽)𝐶𝑁𝑇 is the thermal 
expansion coefficient of CNTs. 

The continuity (1) is satisfied by introducing a stream function 𝜓(𝑥, 𝑦) such as: 
 

𝑢 =
𝜕𝜓

𝜕𝑦
, 𝑣 = −

𝜕𝜓

𝜕𝑥
 (6) 

 
The following similarity variables are introduced to solve the governing equations in Eq. (1) to Eq. 

(3), as in the study by [12-14]: 
 

𝜂 = [
𝑚 + 1

2𝑥2
𝑅𝑒𝑥]

1
2

𝑦, 𝜓 = [
2𝜈𝑓

2𝑅𝑒𝑥

𝑚 + 1
]

1
2

𝑓(𝜂),          𝜃 =
𝑇 − 𝑇∞

𝑇𝑓 − 𝑇∞
 (7) 

 

where 𝜂 is the similarity variable, 𝑅𝑒𝑥 =
𝑈𝑒𝑥

𝜈𝑓
 is the Reynolds number, 𝑈𝑒 = 𝑈∞𝑥  𝑚  and  𝑓(𝜂) the non-

dimensional stream function and 𝜃(𝜂) the non-dimensional temperature. 
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By substitute Eq. (5), Eq. (6) and Eq. (7) into Eq. (2) and Eq. (3), the following nonlinear systems 
of ordinary differential equations were obtained 
 

𝑓′′′(𝜂) + [(1 − 𝜙)2.5 (1 − 𝜙 + 𝜙 (
𝜌𝐶𝑁𝑇

𝜌𝑓
))] [𝑓(𝜂)𝑓′′(𝜂) + 𝜆 (1 − (𝑓′(𝜂))

2
)] 

 

−(2 − 𝜆)(1 − 𝜙)2.5𝑀 sin2 𝛼 (𝑓′(𝜂) − 1) 

+(2 − 𝜆) [1 − 𝜙 + 𝜙 (
(𝜌𝛽)𝐶𝑁𝑇

(𝜌𝛽)𝑓
)] (1 − 𝜙)2.5𝜆𝑇 sin

Ω

2
= 0 

 

(8) 

𝑘𝑛𝑓

𝑘𝑓

(1 − 𝜙 + 𝜙
(𝜌𝐶𝑝)

𝐶𝑁𝑇

(𝜌𝐶𝑝)
𝑓

)

1

𝑃𝑟
𝜃′′(𝜂) − 𝑓(𝜂)𝜃′(𝜂) = 0 (9) 

 
Subjected to the boundary conditions (4), which becomes:  

      

𝑓(0) = 0,   𝑓′(0) = 𝜀,   𝜃′(0) = −𝐵𝑖(1 − 𝜃(0))           𝑜𝑛  𝜂 = 0 

 
𝑓′(𝜂) = 1,   𝜃(𝜂) = 0,                                                             as 𝜂 → ∞ 

(10) 

 
where primes denote differentiation with respect to 𝜂, 𝑀 is the magnetic parameters where 𝑀 =

𝜎𝐵0
2 𝜌𝑈∞⁄ ,  𝐺𝑟 = 𝑔𝛽𝑓(𝑇𝑤 − 𝑇∞)𝑥3 𝑣𝑓

2⁄  is the Grashof number, 𝜆𝑇 =
𝐺𝑟𝑥

𝑅𝑒2 is the buoyancy 

parameter or mixed convection parameter, Ω = 𝜆𝜋 is the total angle of wedge, where  𝜆 =
2𝑚

𝑚+1
 

which refers to angle parameter and 𝑚 is the pressure gradient parameter, Pr is the Prandtl number, 

Pr= (𝜇𝐶𝑝)
𝑓

𝑘𝑓⁄   and  Biot number is the  𝐵𝑖 =
𝐶

𝑘𝑛𝑓
√(

2𝜐𝑓

𝑈∞
). Note that 𝜀 denotes the direction of 

motion of the plate. Here 𝜀 = 0  for the static wedge, while 𝜀 < 0 is for the wedge and the fluid move 
in the opposite direction and 𝜀 > 0 indicates the wedge and the fluid move in the same. The 
quantities of engineering interest are the local skin friction coefficient, 𝐶𝑓 at the surface of the plate 

and local Nusselt number, 𝑁𝑢𝑥  which are defined as: 
 

𝐶𝑓 =
𝜏𝑤

𝜌𝑓𝑈∞
2 ,     𝑁𝑢𝑥 =

𝑥𝑞𝑤

𝑘𝑓(𝑇𝑓 − 𝑇∞)
 (11) 

 
where 𝜏𝑤 is the wall skin friction or shear stress at the plate and 𝑞𝑤 is the heat flux from the plate, 
which given by: 
 

𝜏𝑤 = 𝜇𝑛𝑓 (
𝜕𝑢

𝜕𝑦
)

𝑦=0

    ,   𝑞𝑤 = −𝑘𝑛𝑓 (
𝜕𝑇

𝜕𝑦
)

𝑦=0

 (12) 

 
Substituting Eq. (5) – Eq. (7) into Eq. (12) and using Eq. (11), the non-dimensional skin friction 

coefficient and local Nusselt number written as: 
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𝐶𝑓(𝑅𝑒𝑥)
1
2 = √

𝑚 + 1

2

𝑓′′(0)

(1 − 𝜙)2.5
 ,     

 

𝑁𝑢𝑥

(𝑅𝑒𝑥)
1
2

= −√
𝑚 + 1

2

𝑘𝑛𝑓

𝑘𝑓
𝜃′(0) 

(13) 

 
3. Method of Solution 
 

In order to solve the nonlinear system of differential Eq. (8) and Eq. (9) with the boundary 
conditions Eq. (10), the Runge-Kutta-Fehlberg fourth-fifth method by using a software Maple 20. The 
system of non-linear ordinary differential with boundary conditions will be solved numerically 
utilizing Maple dsolve command with option numeric. This software automatically detected fourth 
and fifth order Runge–Kutta–Fehlberg method to solve the two-point boundary value problem. The 
RKF45 uses both fourth and fifth order Runge–Kutta scheme. 

The results of the current study were compared to the results of a previous study to validate the 
validity and correctness of the present analysis, the numerical values of skin friction coefficient are 
derived and compared with four studies which are Watanabe [28], Khan, Culham, & Haq [21], Yih 
[29] and Mahood, Shafiq, Khan, & Badruddin [30], as shown in Table 1 below. The reported results 
are in good agreement with the previous researchers. 
 

Table 1  
Comparison Result of 𝑓′(0) for Different Values of 𝑚 when 𝛼 = 𝑀 =  𝜆𝑇 =  𝜙 = 𝐵𝑖 = 0  

𝑚 (Iterative numerical 
quadratures method) 
[28] 

(Quasi linearization 
technique) [21] 

(keller Box 
method) [29] 

(Runge-Kutta Fehlberg 
with shootimg technique) 
[30] 

Present 
result 
(RK45F) 

0.0 0.46960 0.4696 0.469600 0.469599988 0.469604 
0.0141 0.50461 - 0.504614 0.504614318 0.504618 
0.0435 0.58698 - 0.568978 0.568977764 0.568982 
0.0909 0.65498 0.6550 0.654974 0.654993688 0.654983 
0.1429 0.73200 - 0.73200 0.731998540 0.732003 
0.2 0.80213 0.8021 0.802125 0.802125593 0.802131 
0.3333 0.92765 0.9277 0.927653 0.927653591 0.927660 
0.5 - 1.0389 - 1.038903483 1.038911 
1 - 1.2326 1.232588 1.232587657 1.232598 

 
4. Results  
 

The results of different variations of flow parameters are presented and discussed as above. The 
thermophysical properties of the CNTs and base fluid are given in Table 2. The parameters used for 
simulation are 𝛼 = 45𝑜 , 𝑀 = 2, 𝜆 = 0.3333, 𝜆𝑇 = 0.3, 𝜙 = 0.1 and 𝐵𝑖 = 0.1 , unless otherwise 
stated: 
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Table 2 
Thermophysical Properties of Carbon Nanotube and Base Fluid 
[21, 40, 41] 

Physical Properties SWCNT MWCNT Base Fluid (water) 

𝜌(𝑘𝑔 𝑚3⁄ ) 2600 3000 997.1 
𝐶𝑝(𝐽 𝑘𝑔𝐾⁄ ) 425 796 4179 

𝑘(𝑊 𝑚𝐾⁄ ) 6600 1600 0.613 
𝛽 × 10−5(𝐾−1) 2.6 2.8 21 
Pr   6.2 

 
Figure 2 to Figure 7 shows how velocity and temperature profiles change with different values 𝛼,

𝜆, 𝑀, 𝜆𝑇 , 𝜙 and 𝐵𝑖. While the numerical value of skin friction coefficient and Nusselt number for 
SWCNTs-water and MWCNTs-water are shown in Table 3 and Table 4. 

Figure 2(a) and Figure 2(b) shows the effect of inclination angle of magnetic field,  on velocity 
and temperature profiles of SWCNTs and MWCNTs for 𝜀 = −0.2, 𝜀 = 0 and 𝜀 = 0.2. It is observed 

for every type of CNTs and all conditions of the wedges that with an increase in  , while the other 
parameters which are  𝜆 = 0.3333, 𝑀 = 2, 𝜆𝑇 = 0.3, 𝜙 = 0.1  and 𝐵𝑖 = 0.1 are kept constant. It 
shows that for all three casess of 𝜀, as 𝛼 increase the velocity profile increases while the temperature 
profile decreases. This may due to the rise in the aligned angle makes magnetic field stronger. When 
𝛼 = 0° it indicates that there is no magnetic field, but when the 𝛼 = 90° the aligned magnetic field 
behaves like a transverse magnetic field hence it attracts the nanoparticles because of changes in the 
aligned angle’s position. The velocity profiles for both CNTs past a wedge with condition of 𝜀 = 0.2 
is the highest followed by 𝜀 = 0 and 𝜀 = −0.2, while MWCNTs is higher compared to SWCNTs.  
Meanwhile, the wedge with condition of 𝜀 = −0.2 has the highest temperature followed by the 𝜀 =
0 and 𝜀 = 0.2.  
 

  
(a) (b) 

Fig. 2. Effects of 𝛼 on (a) velocity profiles and (b) temperature profiles 

 
Figure 3(a) and Figure 3(b) illustrates the impact of interaction of magnetic field, 𝑀 on velocity 

and temperature profiles for both SWCNTs and MWCNTs. Meanwhile the other parameters which 
are 𝜆 = 0.3333, 𝛼 =, 45𝑜   𝜆𝑇 = 0.3, 𝜙 = 0.1  and 𝐵𝑖 = 0.1 are kept constant at for 𝜀 = −0.2, 𝜀 =
0 and 𝜀 = 0.2 condition.  The magnetic field parameter is denoted as the variable 𝑀 which is the 
ratio of electromagnetic and viscous forces. It serves as a measure of the applied magnetic field’s 
strength. The figure shows a clear indication that the velocity boundary layer’s thickness decreases 
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when the values of 𝑀 are increased. It shows that an increase in 𝑀 , the velocity profiles increase 
while temperature profile is decrease for all CNTs wedges. When 𝑀 = 0, this indicates there is no 
magnetic force and with the increment of magnetic field value, it pushes the fluid to the wedge and 
the momentum boundary layer decreases. When the strength of the magnetic parameter increases, 
the Lorentz force that is related to the magnetic field thins out the boundary layer. Furthermore, the 
viscous action decelerates the fluid. The fluid which is decelerated by the viscous action, received a 
push from the magnetic field which counteracts the viscous effects. From the figure above, the 
velocity and temperature profiles for the 𝜀 = 0.2 is the highest followed by 𝜀 = 0 and 𝜀 = −0.2. Also 
shown that SWCNTs in moving along the flow has the higher velocity profiles compared to MWCNTs 
while SWCNTs has the higher temperature compared to MWCNTs. 
 

  
(a) (b) 

Fig. 3. Effects of 𝑀 on (a) velocity profiles and (b) temperature profiles 

 
Figure 4(a) and Figure 4(b) shows the of volume fraction of nanoparticles, 𝜙 on velocity and 

temperature profiles of SWCNTs and MWCNTs for 𝜀 = −0.2, 𝜀 = 0 and 𝜀 = 0.2. While the other 
parameters which are  𝜆 = 0.3333, 𝛼 =, 45𝑜   𝜆𝑇 = 0.3, 𝑀 = 2  and 𝐵𝑖 = 0.1  are kept constant. It 
shows that when there is an increase in the 𝜙, the velocity profile decreased. Physically, this is due 
to the reason that an increase in 𝜙 leads to an increase in the thermal conductivity of the magnetic 
nanofluid, hence the thickness of the thermal boundary layer increases and viscosity increases and 
finally velocity decreases. Meanwhile, there is an increase in the magnetic nanofluid temperature, 
when an increase in 𝜙. Furthermore, it tends to go asymptotically to zero as the distance from the 
boundary increases. An increase in the 𝜙 increases the nanofluid’s thermal conductivity. Another 
observation when 𝜙 increases, there is also an increase in the thickness of the thermal boundary 
layer. The sensitivity thickness of the thermal boundary layer has in terms of 𝜙 is related to the 
nanofluid’s increased thermal conductivity. This agrees with the physical behaviour that when the 𝜙 
increases, the thermal conductivity, and the thermal boundary layer thickness both increases. 
Changes in the nanoparticles’ shape, size, volume fraction and material allow for tuning so that the 
heat transfer process can be maximised throughout the fluid volume. This is because the 𝜙 is 
dependent on the particle size. Enhancement in thermal conductivity can lead to efficiency 
improvements, although small, via more effective fluid heat transfer. During the convective heat 
transfer process in nanofluids, the heat transfer is dependent on the thermal conductivity as well as 
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other properties like density, the specific heat, and the nanofluid’s dynamic viscosity. Besides that, it 
is show from the figure above that the 𝜀 = 0.2 has the highest velocity profiles followed by 𝜀 = 0 
and 𝜀 = −0.2. From the graph obtained it shows that MWCNTs of the moving along the flow have 
the higher velocity profiles compared to SWCNTs while the moving against the flow wedge of 
SWCNTs has the higher temperature profiles compared with the MWCNTs. 
 

  
(a) (b) 

Fig. 4. Effects of 𝜙 on (a) velocity profiles and (b) temperature profiles 

 
Figure 5(a) and Figure 5(b) illustrates the effects of convection parameter, 𝜆𝑇 on velocity and 

temperature profiles for both SWCNTs and MWCNTs. Meanwhile the other parameters which are 
𝛼 = 45𝑜 , 𝜆 = 0.3333, 𝑀 = 2, 𝜙 = 0.1 and 𝐵𝑖 = 0.1 are kept constant at 𝜀 = −0.2, 𝜀 = 0 and 𝜀 =
0.2 condition. It shows when the value 𝜆𝑇 is increase the fluid velocity increases. This happed due to 
the ratio of buoyancy to viscous forces within the boundary layer. Thus, the fluid viscosity drops with 
a rise in its values, thus raising the flow velocity. Meanwhile, the thermal buoyancy parameter 
impacts the non-dimensional temperature in the boundary layer. It shows that temperature in the 
boundary layer drop monotonically regardless of the convection mode. Furthermore, the thermal 
boundary layer’s thickness reduces with the rise in the value of 𝜆𝑇 . This is because as 𝜆𝑇 rises, the 
fluid’s thermal state rises as well, thereby decreasing the rate of heat transfer from the wedge surface 
to the fluid. Based on the figure shown, the 𝜀 = 0.2 has the highest velocity and temperature profiles 
followed by 𝜀 = 0 and 𝜀 = −0.2. Physically, this is because of the larger values of buoyancy force. 
Also, it shows that MWCNTs of the moving along the flow wedge have the higher velocity profiles 
compared to SWCNTs while SWCNTs has the higher temperature profiles compared with the 
MWCNTs. 
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(a) (b) 

Fig. 5. Effects of 𝜆𝑇 on (a) velocity profiles and (b) temperature profiles 

 

Figure 6(a) and Figure 6(b) shows the effect of wedge angle parameter,  on velocity and 
temperature profiles of SWCNTs and MWCNTs for 𝜀 = −0.2, 𝜀 = 0 and 𝜀 = 0.2. While the other 
parameters which are 𝛼 = 45𝑜 , 𝑀 = 2, 𝜆𝑇 = 0.3, 𝜙 = 0.1 and 𝐵𝑖 = 0.1 are kept constant. It 
should be noted that 𝜆 = 0 represents a vertical wedge angle of 0𝑜, 𝜆 = 0.1665 (30𝑜) represents 
the zero degree’s wedge angle or a flat wedge, 𝜆 = 0.3333 represents a vertical wedge or the wedge 
angle of 60𝑜, 𝜆 = 0.6667 represents a vertical wedge or the wedge angle of 120𝑜and 𝜆 = 1 
represents a stagnation point flow or the wedge angle of 180𝑜. From the figure above, it shows an 
increase of the value of 𝜆  for both type of CNTs, the velocity profiles increase while the hydrodynamic 
boundary layer’s thickness decreases. These results coincide with the work of [12,42] that examined 
how rarefied fluids flow over a wedge. The 𝜆 measures the pressure gradient and therefore a 
positive 𝜆 value is an indication of a favourable or negative pressure gradient. Furthermore, if 𝜆 is 
negative, the flow could be considered as decelerating. In this current study, only the positive 𝜆 value 
is considered as a representation of accelerated flows. Thus, for accelerated flows, i.e., positive 
values of  𝜆  velocity profiles squeeze closer and closer to the surface of the wall and hence overshoot 
or backflow phenomena is difficult to be noticed. Meanwhile, Figure 6(b) shows that there is a 
decrease in temperature when 𝜆 increases. It was also observed that the magnetic nanofluid’s 
maximum temperature was gathered when the flow passes over a flat plate while the minimum value 
was observed during a stagnation flow. This can be explained by the fact that for 𝜆 = 0, the fluid 
motion’s driving force (i.e., the pressure gradient) becomes zero. Thus, at the surface of the wedge, 
the temperature of the fluid rises. Alternatively, for a rising non-zero 𝜆 values, the fluid motion’s 
driving force intensifies. This leads to an accelerated fluid flow and it is also capable of carrying more 
heat from the wedge’s surface to the fluid. Thus, the fluid’s temperature at the wedge’s surface 
lowers. The velocity profiles of the 𝜀 = 0.2 is highest followed by 𝜀 = 0 and 𝜀 = −0.2 while the 
moving along the wedge of MWCNTs has the higher velocity profiles compared to the follow wedge 
of SWCNTs. Then, for the temperature it can been seen the condition of wedge of the 𝜀 = −0.2 has 
the highest temperature followed by 𝜀 = 0 and 𝜀 = 0.2 while moving against the flow wedge of 
SWCNTs shows the higher value than the MWCNTs. 
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(a) (b) 

Fig. 6. Effects of 𝜆 on (a) velocity profiles and (b) temperature profiles 

 
The result on the effect of Biot number, 𝐵𝑖 on velocity and temperature profiles for both SWCNTs 

and MWCNTs are shows in Figure 7(a) and Figure 7(b). Meanwhile the other parameters which 
are 𝛼 = 45𝑜 , 𝑀 = 2, 𝜆𝑇 = 0.3, 𝜙 = 0.1 and 𝜆 = 0.3333 are kept constant at 𝜀 = −0.2, 𝜀 = 0 and 
𝜀 = 0.2 condition. 𝐵𝑖 is related to the convection heating at the surface it also is an analysis of the 
relationship of the solid conduction and it surface convection. It shows that when the 𝐵𝑖 increases, 
the velocity profiles also increase for all types of CNTs. When 𝐵𝑖 = 0, there is no convective heat 
transfer and the velocity would also be low whereas when  𝐵𝑖 increases, the buoyancy force becomes 
stronger as a result of the increase in strength of convective process on the wedge. When 𝐵𝑖 → ∞ 
convective boundary condition problem reduces to constant wall temperature. It is worth noting that 
as 𝐵𝑖 rises, so does the temperature profile. 𝐵𝑖 stands for the ratio of the hot fluid edge's convection 
resistance to the cold fluid edge's convection resistance over the surface. Furthermore, because hot 
fluid thermal resistance is proportional to ℎ𝑓, increasing values of 𝐵𝑖 coincides with a decrease in 

fluid edge convection. As a result, the thermal boundary layer's width increases. Based on the figure, 
it shows that the wedge with 𝜀 = 0.2 condition has the highest velocity profiles follow by 𝜀 = 0 and 
𝜀 = −0.2 while the wedge with the 𝜀 = −0.2 has the highest temperature profiles than other 
wedges. Compared between two CNTs that are used, MWCNTs have the higher velocity profiles 
compared to SWCNTs. Meanwhile, the moving against the flow wedge of SWCNTs is higher 
temperature compared to MWCNTs. 
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(a) (b) 

Fig. 7. Effects of 𝐵𝑖  on (a) velocity profiles and (b) temperature profiles 

 
Table 3 presents the variation occurring in skin friction coefficient and Nusselt number for 

different 𝛼, 𝑀, 𝜆, 𝜆𝑇 , 𝜙 and 𝐵𝑖 values applicable to various wedge movements for SWCNTs-water. For 
all three cases, it could be clearly seen that all parameters had a boosting effect on the friction factor 
coefficients and Nusselt number, especially for the case when 𝜀 = −0.2 and 𝜀 = 0.2 respectively. 
The highest value could be seen for the case when 𝛼, and 𝑀 are modified. It is interesting to note 
that in the case 𝜀 = 0.2, the friction factor coefficient was found to be lesser than with the cases of 
𝜖 = −0.2 and 𝜀 = 0. Meanwhile, for Nusselt number the case of 𝜀 = −0.2 was found to be lesser 
than with the cases of 𝜖 = 0.2 and 𝜀 = 0. 

Table 4 lists the different variations in the skin friction coefficient and Nusselt number for 
different values of dimensionless parameters for MWCNTs-water. For all three cases, an 
enhancement was seen in the heat transfer rates with improving values of 𝛼, 𝑀, 𝜆, 𝜆𝑇 , 𝜙 and 𝐵𝑖, 
especially for 𝜀 = 0.2 can be benefit to the heat transfer rates while for skin friction can been seen 
in the case of 𝜀 = −0.2. The highest value could be seen for the case when 𝛼 and 𝜙 in the case 𝜀 =
−0.2 and 𝜀 = 0.2 for skin friction and Nusselt number respectively.  

Therefore, skin friction for SWCNTs-water has highest value compared to MWCNTs-water while 
the highest value for Nusselt number is MWCNTs-water compared to SWCNTs-water. 
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Table 3 
Variation in Skin Friction Coefficient and Nusselt Number at Different Dimensionless Parameters for SWCNTs 
Water 

𝛼 𝑀 𝜙 𝐵𝑖  𝜆𝑇 𝜆 SWCNTs-water 

Skin Friction Nusselt Number 

𝜀 = −0.2 𝜀 = 0 𝜀 = 0.2 𝜀 = −0.2 𝜀 = 0 𝜀 = 0.2 
0o 2 

 
0.1 
 

0.1 
 

0.3 0.3333 1.333088 1.230641 1.072348 0.300730 0.309530 0.315319 
45o 2.536001 2.175688 1.789830 0.309647 0.314242 0.317880 
700 3.164233 2.686635 2.189060 0.312159 0.315828 0.318862 
900 3.332705 2.824478 2.297368 0.312708 0.316188 0.319092 

45o 0 0.1 
 

0.1 
 

0.3 0.3333 1.333088 1.230643 1.072348 0.300729 0.309582 0.315319 
1 2.024546 1.765620 1.473505 0.306798 0.312628 0.316909 
2 2.536001 2.175689 1.789830 0.309647 0.314295 0.317879 
4 3.332705 2.824479 2.297368 0.312707 0.316241 0.319092 

45o 2 0 0.1 
 

0.3 0.3333 2.177062 1.861353 1.526378 0.111256 0.112894 0.114068 
0.05 2.346209 2.009516 1.650580 0.206966 0.209984 0.212295 
0.1 2.536002 2.175689 1.789832 0.309699 0.314295 0.317933 
0.2 2.995825 2.578129 2.126919 0.541660 0.550269 0.557320 

45o 2 0.1 0 0.3 0.3333 2.518886 2.161186 1.777323 0 0 0 
0.1 2.536001 2.175689 1.789830 0.309647 0.314295 0.317879 
0.5 2.574775 2.210268 1.820903 1.018951 1.069752 1.112387 
10 2.640786 2.274974 1.884092 2.251146 2.506239 2.749136 
100 2.647989 2.282609 1.892013 2.387477 2.677701 2.956297 

45o 2 0.1 0.1 
 

0 0.3333 2.518886 2.161186 1.777323 0.309557 0.314239 0.317843 
0.1 2.524603 2.166028 1.781496 0.309587 0.314258 0.317855 
0.5 2.547352 2.185322 1.798146 0.309706 0.314332 0.317904 
1 2.575529 2.209282 1.818857 0.309852 0.314424 0.317964 
2 2.631055 2.256691 1.859952 0.310135 0.314604 0.318083 

45o 2 0.1 0.1 0.3 0 2.466127 2.095242 1.708869 0.309066 0.313877 0.317590 
0.1665 2.501272 2.135811 1.749785 0.309364 0.314092 0.317739 
0.3333 2.536001 2.175690 1.789830 0.309647 0.314295 0.317879 
0.6667 2.604048 2.253265 1.867277 0.310169 0.314670 0.318139 
1 2.670359 2.328211 1.941584 0.3106423 0.315009 0.318373 
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Table 4 
Variation of Skin Friction Coefficient and Nusselt Number at Different Dimensionless Parameters for 
MWCNTs Water 

𝛼 𝑀 𝜙 𝐵𝑖  𝜆𝑇 𝜆 MWCNTs-Water 

Skin Friction Nusselt Number 

𝜀 = −0.2 𝜀 = 0 𝜀 = 0.2 𝜀 = −0.2 𝜀 = 0 𝜀 = 0.2 
0o 2 

 
0.1 
 

0.1 
 

0.3 0.3333 1.353150 1.249410 1.088768 0.270116 0.278038 0.283162 
45o 2.546419 2.186096 1.799424 0.277899 0.282062 0.285313 
700 3.172519 2.694977 2.196806 0.280109 0.283433 0.286150 
900 3.340558 2.832395 2.304728 0.280591 0.283746 0.286347 

45o 0 0.1 
 

0.1 
 

0.3 0.3333 1.353150 1.249410 1.088768 0.270116 0.278038 0.283162 
1 2.037688 1.778573 1.485302 0.275400 0.280629 0.284492 
2 2.546419 2.186096 1.799424 0.277899 0.282062 0.285313 
4 2.969969 2.832395 2.304728 0.279472 0.283746 0.286347 

45o 2 0 0.1 
 

0.3 0.3333 2.177062 1.861353 1.526378 0.111256 0.112894 0.114068 
0.05 2.351051 2.014365 1.655061 0.191420 0.194231 0.196362 
0.1 2.546419 2.186096 1.799424 0.277899 0.282062 0.285313 
0.2 3.612818 3.095439 2.543303 0.499799 0.507139 0.512703 

45o 2 0.1 0 0.3 0.3333 2.530356 2.172638 1.787921 0 0 0 
0.1 2.546419 2.186096 1.799424 0.277899 0.282062 0.285313 
0.5 2.583602 2.218926 1.828675 0.928061 0.975397 1.014928 
10 2.649442 2.283281 1.891266 2.102674 2.356036 2.595736 
100 2.656921 2.291138 1.899421 2.237973 2.526557 2.803679 

45o 2 0.1 0.1 
 

0 0.3333 2.530356 2.172638 1.787921 0.277826 0.282018 0.285285 
0.1 2.535721 2.177130 1.791760 0.277851 0.282033 0.285294 
0.5 2.557075 2.195037 1.807074 0.277947 0.282091 0.285332 
1 2.583536 2.217284 1.826132 0.278066 0.282164 0.285378 
2 2.635714 2.261335 1.863972 0.278295 0.282305 0.285469 

45o 2 0.1 0.1 0.3 0 2.468193 2.098288 1.712313 0.276765 0.281061 0.284430 
0.1665 2.508070 2.143103 1.756841 0.277052 0.281264 0.284568 
0.3333 2.547406 2.187076 1.800343 0.277323 0.281456 0.284698 
0.6667 2.624293 2.272410 1.884272 0.277821 0.281807 0.284937 
1 2.698995 2.354612 1.964574 0.278269 0.282122 0.285152 

 
5. Conclusions 
 

This paper study on the effects an aligned MHD mixed convection water functionalized CNTs flow 
over a static or moving wedge with convective boundary condition. The influences of the aligned 
angle of magnetic field, 𝛼 , interaction of magnetic field, 𝑀 ,volume fraction of nanoparticles, 𝜙, 
wedge angle parameter, 𝜆, Biot number, 𝐵𝑖, and convection parameter, 𝜆𝑇 on effect of SWCNTs, 
MWCNTs and base fluid results obtained: example: 
 

i. As the value of 𝛼, 𝑀, 𝜆, 𝑎𝑛𝑑 𝜆𝑇 increases, the velocity profiles increase whereas the 
temperature profiles decrease.  

ii. As the value of 𝛼, 𝑀, 𝜆, 𝜙, 𝐵𝑖  𝑎𝑛𝑑 𝜆𝑇 increases, the skin friction and Nusselt number is 
increasing.  

iii. An increase in 𝜙 and 𝐵𝑖, depicts the decrement in velocity profiles meanwhile the 
temperature profiles increase. Also, the moving against the flow wedge of MWCNTs is the 
highest skin friction and moving along the flow wedge of SWCNTs is the highest Nusselt 
number. 
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iv. As the increase value of 𝛼, 𝜙, 𝜆, 𝑎𝑛𝑑 𝜆𝑇, the moving along with the flow wedge of 
MWCNTs is the highest velocity profiles. While, moving against the flow wedge of SWCNTs 
is the highest temperature profiles.   

v. As value in 𝑀 increase, the highest velocity profiles and temperature profiles is on moving 
along the flow wedge of SWCNTs. Meanwhile, the highest skin friction is on moving 
against the flow wedge of SWCNTs and for the Nusselt number moving along the flow 
wedge of SWCNTs is the highest. 

vi. With 𝐵𝑖 increasing shows that moving along the flow wedge of MWCNTs has the highest 
velocity profiles and moving against the flow wedge of SWCNTs has the highest 
temperature profiles. 

vii. The moving along the flow wedge of MWCNTs has the highest skin friction and moving 
along the flow wedge of SWCNTs has the highest temperature profile as a 𝜆𝑇 increases. 
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