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This work features the numerical computation and statistical analysis (response surface
and sensitivity) for the flow and thermal progress of an axisymmetric copper-
alumina/water hybrid nanofluid subjected to a permeable shrinking disk. The
simultaneous factors of magnetic field (MHD), heat generation and suction parameter in
the heat transfer development and flow characteristic are observed. The flow and energy
equations are mathematically developed based on the boundary layer assumptions.
These equations are then simplified with the aids of the similarity variables. The numerical
results are then generated by the bvp4c solver in the Matlab software. The dual solutions
are possible and exist up to a separation value upon the inclusion of suction effect. The
increment of heat generation parameter from 0% to 1% reduces the heat transfer rate
for all values of the stretching/shrinking parameter. For the response surface analysis, the
responses (skin friction coefficient and heat transfer rate) are analyzed for three factors
(magnetic, suction, heat generation) and three magnitudes (low, medium, high). Based
on this analysis, the magnetic and suction parameters provide a significant effect on the
skin friction with p-values < 0.05. Meanwhile, for the heat transfer coefficient, all factors
give significant impact with zero p-values. Meanwhile, the sensitivity analysis reveals that
the suction parameter has higher sensitivity to the heat transfer as compared to the
magnetic and heat generation parameter. Even though these parameters being less
sensitive, their influence on heat transfer remains statistically significant.

1. Introduction

Nanofluids and their characterization, preparation, application and modeling have been the
subject of extensive research over the last several decades. Choi and Eastman [1] are credited for
developing nanofluid with the theory that adding nanoparticles can improve the heat transmission
capabilities of a carrier fluid. Kodi et al., [2] analyzed the heat and mass transfer of non-Newtonian
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Jeffrey nanofluid (Cu—water and TiO,—water) with magnetic field, chemical reaction and radiation
effects. They found that the nanoparticles significantly improved the heat transfer process. Other
recent studies related to the non-Newtonian nanofluid flow could be found in Kodi et al., [3-6],
Vaddemani et al., [7], Kommaddi et al., [8] and Suresh Kumar et al., [9]. Rafique et al., [10] reported
the increment of heat transfer rate by 1.135% for single walled carbon nanotubes (SWCNTs) and
1.275% for multi walled carbon nanotubes (MWCNTSs) with the application of suction parameter.
Meanwhile, Mahmood et al., [11] analyzed and compared the stagnation point flow of nanofluid with
SWCNTs and MWCNTSs nanoparticles subjected to a stretching surface with the presence of magnetic
field and nonlinear thermal radiation. Other works regarding the boundary layer flow of nanofluids
could be referred to the previous studies [12-15].

Meanwhile, hybrid and ternary hybrid nanofluids are the most recent nanofluid types created by
combining two and three nanoparticles, respectively in a carrier fluid either with or without the
appropriate stabilization procedures. The utilization of hybrid nanofluids is based on the core idea of
significantly improving the heat transmission, thermophysical and hydrodynamic properties [16]. In
applications including automotive, refrigeration, solar energy, air conditioning, biomedical and
coolant in manufacturing, hybrid nanofluids are anticipated to perform better than single nanofluids
[17,18]. Even though hybrid nanofluids are said to have better heat transfer capability in the majority
of situations, further research is still necessary [19]. The recent fundamental and numerical studies
of BLF concerning the use of hybrid nanofluids were conducted by Wahid et al., [20], Mousavi et al.,
[21,22], Khashi’ie et al., [23-26], Mahmood et al., [27] and Rafique et al., [28]. For the surface criteria,
a stretching sheet typically enables a viable boundary layer solution as it naturally induces suction
towards the surface, facilitating the flow. Adversely, the use of suction through the shrinking surface
physically will maintain the opposing fluid movement by stabilizing the vorticity within the boundary
layer. From the mathematical view, this parameter will contribute to the generation of multiple
solutions when considering shrinking surface.

In addition to numerical interpretations, employing an experimental design in research offers
numerous advantages, especially when dealing with multiple factors or parameters and their
corresponding outcomes (responses). One commonly used design type is Response Surface
Methodology (RSM), which is utilized for analyzing and modeling processes where the response is
influenced by various variables. The methodology aims to determine the interaction effects among
independent variables. Mehmood et al., [29] discussed the use of ANOVA and RSM for the rotating
disk case. Recently, Yahaya et al., [30] used RSM to correlate the heat transfer rate with the testing
parameters and found that the suction parameter has a positive impact on this coefficient.
Furthermore, RSM and statistical data analysis have been applied to various fluid flow problems, as
discussed in previous studies [31-33].

Therefore, the main objective of the present study is to use both numerical and statistical analysis
(response surface analysis and sensitivity analysis) in analyzing the significant parameters (magnetic,
suction and heat generation) which are used in the present boundary layer flow problem. In order to
accomplish this goal, the governing model is first transformed using the similarity transformation into
a set of ODEs. Then, the bvp4c solver in the Matlab software is used to solve the ODEs and calculate
the responses (skin friction coefficient, heat transfer coefficient). Meanwhile, the central composite
design (CCD) in the Minitab software is selected to create the response surface design (RSD) and then
analyze the selected numerical data using the ANOVA in the response surface analysis (RSA). By
considering three physical factors, a fitted model for each responses are produced based on the
statistical data analysis. Besides, by applying the response surface analysis as well as the sensitivity
analysis, we can know which parameters are beneficial for the skin friction and heat transfer rate.
This analysis is also important to justify the reliability of the present data from a statistical method
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perspective. Meanwhile, from the numerical method perspective, it is proven that the present data
is in accordance with the previous finding as presented in the validation table. Hence, it is best to
analyze the present model and data using both statistical and numerical methods. Since no other
study of this kind has been done, the novelty and importance of this work are justified. This study
will draw a large audience of readers and scholars interested in advancing this research issue because
it contributes to the exploration of both statistical data analysis and numerical solutions.

2. Mathematical Formulation

The present investigation highlights a two-dimensional and axisymmetric flow of an
incompressible hybrid nanofluid Cu-Al,03/H,0 with magnetic field and heat generation effects. The
cylindrical polar coordinate (r,z) is considered where Z—axis is normal to the sheet while I' —axis

refers to the direction of the flow. The opposing fluid motion is generated due to a shrinking disk
(with velocity Au, =Acr; a2 <0 for shrinking and 1 >0 for stretching) as depicted in Figure 1.

Several assumptions are also considered in this analysis
i B, is the constant which represents magnetic field strength which is directed perpendicular

to the sheet.
ii. @ isthe constant which represents imposed heat generation effect.

iii. T, and T_ are the respective surface and ambient temperatures.

iv. V,=-25,/CV, denotes the permeable disk’s mass flux velocity with S >0 indicating the

suction impact.

T—>T,

Hybrid
Naneparticlas

w=Au, ; A<0
Fig. 1. lllustration of the physical problem
with coordinate system

Hence the governing model in PDEs form is [23]

0 0

—(ru)+—(rv) =0, 1
)+ () (1

ou ou Uy OUu O
IRV Rt hnf hnf

o a Pon OZ° B Phnt

B,u, (2)
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k 2
PEELISRVCLIN. I L G S 3)

or oz (pCp)hnf 622 (’Dcp)hnf ’

u=Au,, v=v,, T=T, at z=0
" } (4)

u—>0, T—>T,6 a z—>wx

The velocities in these equations are U and V while T denotes temperature. To simplify the
system of differential Eq. (2) to Eq. (4), the following similarity transformation is applied subject to
the fulfillment of Eq. (1),

T-T c
— o f(n), O(n) ==, =17 |
w=—r*Jov, f(n), 0(n) T n=1 " (5)

Here, y denotes the stream function with u = Loy crf’'(n) and v= 168_1/ =-2,Jcv, T (7).
r ror

Upon the similarity transformation, the Eq. (2) to Eq. (4) are reduced as highlighted in previous study
[23]

/uhnf/luf fm+2ffn_f!2_ O-hnf/o-f Mf’zo, (6)
Phnt / Phnt Phnt / Phnt

k /K
1 hnf/ f 0"+ Q 0+2f0' =0, (7)

Pr(pCy),, [(£Co), ~ (eCo),, /(00,),

f0)=S, f'(0)=4, 6(0)=1
f'7) >0, 0(1)>0 as n-ow (8)

where the parameters in Eq. (6) to Eq. (8) are defined as

O-fBOZ
i.  magnetic parameter | M = ;

CP
ii. heat generation parameter (Q = QO/(IOCp)f C), Q <0 for the heat absorption process and
Q > 0 for the heat generation process, and

iii.  Prandtl number (Pr =(Cp,tt)f/kf ); for the computational analysis, Pr=6.2 is used for the

water-based fluid.

Table 1 displays the experimentally validated correlations of properties for hybrid nanofluids, as
presented by Takabi and Salehi [34]. These correlations are established based on physical
assumptions and are applicable for both experimental and numerical investigations. Table 2 lists the
specific properties to facilitate computational analysis. These properties serve as inputs for the
modeling and simulation of hybrid nanofluid behavior.
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Table 1
Correlations of hybrid nanofluid
Properties Hybrid Nanofluid
Dynamic M
Viscocity Mg =351 G =O+
(1_¢hnf )
Heat Capacity — _
(p(:p)hnf - ¢1(pcp)sl +¢2 (pcp)52 +(1 ¢hnf )(pcp )f
Electrical B 40, + 4,0 ]
Conductivity (11¢22J —2¢,:0¢ +2 (¢161 +¢,0, ) + 20,
hnf
Ot = 4o+ O
O (o
P 4 gy o —(doy + ¢,0,) + 20,
¢hnf
Thermal B ]
Conductivity M — 20, Ky +2(¢1k1+¢2k2)+2kf
¢hnf
Koot = 4k, +pK K
R + ot K _(¢1k1+¢2k2)+2kf
¢hnf |
Densit
Y Phnt :¢1psl+¢2p52 +(1_¢hm‘ )pf
Table 2
Thermophysical properties for Cu, H,0 and Al,O3
Thermophysical Properties Cu H20 Al;,0s3
p (kg/m3) 8933 997.1 3970
k (W/mK) 400 0.6130 40
o (S/m) 59.6 x 10° 0.05 35 x 10°
C,(J/keK) 385 4179 765

Following Khashi’ie et al., [23], the physical quantities of interest are the skin friction coefficient
and thermal transfer rate which are respectively given as

k
0.5Re*C, ="™ £7(0),  Re¥*Nu, =0 (0) (9)

f f

where Re, =ru, /v, denotes the local Reynolds number.

3. Results and Discussion

The function bvp4c in Matlab software is used to compute the numerical solutions for the
reduced ODEs in the previous section. The coefficients of heat transfer and skin friction of Cu-
Al;03/H,0 are computed within the specific conditions as highlighted in the present figures and
tables. Meanwhile, for the optimization through RSM (see next section), three parameters namely
magnetic, heat generation and suction are varied for three testing values (low, medium and high
magnitudes). The present calculation data is similar to the previously published results which affirm
the validity of the present model as displayed in Table 3. However, the slight differences of results in
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Case 2 are due to the different use of the hybrid nanofluid’s correlations (present-Takabi and Salehi
[34], Khashi’ie et al., [23], Devi and Devi [35]).

Table 3
Model validation of f7(0) when 2=1and Q=0
M Case l Case 2
(= =0, Pr=1) (4,=0.1, ¢ =0.05, Pr=6.2)
Present Khashi’ie et al., [23] Soid et al., [36] Present Khashi’ie et al., [23] Soid et al., [36]
0.0 -1.17372  -1.17372 -1.17372 -1.24757 -1.25121 -
0.5 -1.36581 -1.36581 -1.36581 -1.43286 -1.44026 -
1.0 -1.53571 -1.53571 -1.53571 -1.59836 -1.60883 -
2.0 -1.83049 -1.83049 -1.83049 -1.88806  -1.90345 -
3.0 -2.08485 -2.08485 -2.08485 -2.13980 -2.15915 -

This section also highlights the reverse flow of hybrid nanofluid caused by the shrinking disk. The
unrestrained vorticity of this opposing flow can be stabilized using the application of suction. Figure
2 shows the existence of two boundary layer solutions up to a separation value 4, =—-2.5138. The
heat generation parameter is not directly affecting the fluid motion and as a consequence, the
separation value as well as the skin friction coefficient remains unchanged with the increment of Q
. Meanwhile, the thermal rate shows a downward trend as Q increased from 0% to 1%. Another
observation is the thermal rate slightly increases as 1 — +4 due to the aiding flow. The higher value
of the shrinking parameter (1 ——A4) reflects the restriction in fluid motion due to the unconfined

vorticity in the opposing shrinking flow.

23.375

§=2
M =10.1
@1 = @9 =0.01

23.37

=]

=2
& 2336

& Q = 0,0.01,0.02

Bass < e -= 7

23.35 __3
U= ST T T e F‘il'-hl.'f;\—)lm ion
A 2.5138 — — — Second Solution
23345 : s ' s
2514 2512 251 -2508 | 2506 2504 -2502 25

Fig. 2. Effect of heat generation parameter on the
heat transfer coefficient rate

4. Response Surface Analysis

The Response Surface Methodology (RSM) is important in designing an experiment with more
than two factors/parameters to identify the factor settings which optimize the responses (skin
friction coefficient, thermal rate) including to develop a model for the curvature in the data. In Table
3, the RSM which employs the central composite design with 3 factors and 20 runs is highlighted. The
magnetic, suction, and heat generation parameters are denoted as A, B and C, respectively. These
factors are classified into low (-1), medium (0), and high (+1) levels to represent their magnitudes.
There are no specific criteria in selecting the three testing values (low, medium, high) of each
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parameter. The values are based on the possibility of the numerical solutions for the shrinking flow
case in which the first solution being the responses. For the RSM, the total number of runs follows

the formula of R=C+2k + 2 such that C, 2K and 2 denotes the center points, axial points and

factorial/cube points, respectively. In this study, k=3 and C=6 are used. Table 4 is generated
based on the response surface design proposed by the Minitab software. From Table 3, a general
response surface Eq. (10) can also be computed:

Y =1+ A+1,B+1r.C+rgAB+ 1 ,CA+1,.BC+r A’ +r ,B*+r,C*+¢ (10)
Table 4
RSM for the case of 4 =4, =0.01, Pr=6.2 and 1=-25
Run Real Coded Responses

M S Q A B C 0.5R61/2Cf Re;l/Z Nu,

1 0.15 2.1 0.01 0 0 0 8.313513970 24.708231236
2 0.15 2.1 0.01 0 0 0 8.313513970 24.708231236
3 0.1 2.2 0.02 -1 01 1 9.173952956 26.013594846
4 0.1 2.2 0 -1 01 -1 9.173952956 26.019099367
5 0.2 2.1 0.01 1 0 0 8.396228092 24710024214
6 0.1 2 0.02 -1 -1 1 6.766644775 23.367045065
7 0.15 2 0.01 0 -1 0 7.030725864 23.377304847
8 0.15 2.1 0.01 0 0 0 8.313513970 24.708231236
9 0.2 2 0.02 1 -1 01 7.212474145 23.378951253
10 0.1 2 0 -1 -1 -1 6.766644776 23.373376578
11 0.15 2.1 0 0 0 -1 8.313513970 24.711165307
12 0.15 2.2 0.01 0 1 0 9.237377733 26.017528909
13 0.15 2.1 0.02 0 0 1 8.313513970 24.705296321
14 0.15 2.1 0.01 0 0 0 8.313513970 24.708231236
15 0.2 2.2 0.02 1 1 1 9.299221234 26.015926350
16 0.1 2.1 0.01 -1 0 0 8.226710821 24.706340906
17 0.15 2.1 0.01 0 0 0 8.313513970 24.708231236
18 0.2 2.2 0 1 1 -1 9.299221234 26.021428155
19 0.15 2.1 0.01 0 0 0 8.313513970 24.708231236
20 0.2 2 0 1 -1 -1 7.212474145 23.385262421

Prior to further analysis, it is crucial to assess the normality distribution of each response before
carrying the ANOVA tests. Figure 3 and Figure 4 present normality plots for skin friction and heat
transfer, respectively using the data in Table 3. In both cases, the distributions closely align with the
normal line as can be seen in Figure 3(a) and Figure 4(a). In addition, the histogram results (see Figure
3(b) and Figure 4(b)) reveal a low mean value, approximating zero, indicating the ideal nature of the
distributions. Additionally, the standard deviation reflects satisfactory results regarding the
variability of the model error which means that the responses in Table 4 are statistically acceptable.
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Normal Probability Plot Histogram
{respense is Skin Friction) {response is Skin Friction)
2 Mean -115463E-15
b 5 StDev 001808
35 N 20
30
80+ 5
70 &
é 501 S5
2 50 Z o
& w0 @ a
30 .
20 2
10 2
s 1
1 o T T u
-0.050 -0025 0.000 0025 0.050 -0.04 -0.02 .00 0.02 0.04
Residual Residual
(a) (b)
Fig. 3. lllustrations of (a) normal probability plot, (b) histogram of standardized residual for skin friction
Normal Probability Plot Histogram
[respense is Heat Transfer) (response is Heat Transfer)
@ Mean -2.4B590E-15
StDev 0.0005301
L ] N 20
95
30 8
a0 /\

@

Frequency

IS

e\
|/ TN\ e
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-0.0010 -0.0005 0.0000 0.0005 0.0010 0.0015

Residual Residual

(a) (b)

Fig. 4. lllustrations of (a) normal probability plot, (b) histogram of standardized residual for heat transfer

Table 5 displays the response surface ANOVA analysis, analyzing the effects of A, B, and C and
their interactions on the skin friction (response 1) and heat transfer rate (response 2). The factors A

12
and B as well as the interactions AB and BB provide a significant effect on the 0.5 Rer Cf (p-values

< 0.05). For the heat transfer coefficient, all single factors give significant impact with zero p-values.
Meanwhile, the high value of R-squared (R-sq) and R-sq (adj), 99.95% and 99.91% for the skin friction
model indicate that the model fits the data well as featured in Table 4.

In addition, through the response surface analysis, the fitted models are also obtained by
considering the effects and its interactions. The fitted models are given in Eq. (11) and Eq. (12) for
skin friction and heat transfer respectively.

Y, onee =8.31627+0.13117A +1.11948B — 0.00890A’ — 0.18630B — 0.00690C? (1)

—0.08014AB

V. iy, =24.7083+0.003214A + 1.32056B - 0.002952C — 0.000242A*A

(12)
—0.011008 B*B-0.000194 C*C —-0.002391AB + 0.000003AC + 0.000205BC

Table 5 reveals the significance of factors A and B in relation to skin friction. To assess the
sensitivity of each factor to the skin friction response, a dedicated sensitivity analysis for parameters
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A, B, and C is conducted and is presented in Eq. (13). The formulation of this sensitivity analysis is
grounded in the derivation of the response function outlined in Eq. (11).

a(y )
2 ) 0.13117-0.0178A - 0.08014B

oA
0 ( yo.s ReV2C )
— 7/ -1.11948-0.3726B —0.08014A, (13)
oB
O Yosnre,
A0 B 0.0138C,
oC
Table 5
Statistical analysis result
Source DF Adj SS Adj MS F-Value P-Value
Skin friction coefficient
A 1 0.1721 0.1721 277.79 0.000
B 1 12.5323 12.5323 20233.43 0.000
C 1 0.0000 0.0000 0.00 1.000
A*A 1 0.0002 0.0002 0.35 0.565
B*B 1 0.0955 0.0955 154.18 0.000
C*C 1 0.0001 0.0001 0.21 0.656
A*B 1 0.0514 0.0514 82.95 0.000
A*C 1 0.0000 0.0000 0.00 1.000
B*C 1 0.0000 0.0000 0.00 1.000
Error 10 0.0062 0.0006
Lack-of-Fit 5 0.0062 0.0012 * *
Pure Error 5 0.0000 0.0000
Total 19 12.9542
R-sq 99.95% R-sq(adj) 99.91%
Heat Transfer Coefficient
A 1 0.0001 0.0001 193.39 0.000
B 1 17.4389 17.4389 32657883.67 0.000
C 1 0.0001 0.0001 163.17 0.000
A*A 1 0.0000 0.0000 0.30 0.595
B*B 1 0.0003 0.0003 624.04 0.000
C*C 1 0.0000 0.0000 0.19 0.669
A*B 1 0.0000 0.0000 85.68 0.000
A*C 1 0.0000 0.0000 0.00 0.991
B*C 1 0.0000 0.0000 0.63 0.447
Error 10 0.0000 0.0000
Lack-of-Fit 5 0.0000 0.0000 * *
Pure Error 5 0.0000 0.0000
Total 19 17.4398
R-sq 100% R-sq(adj) 100%

Figure 5 presents a comparison of the sensitivity analysis for factors A, B, and C concerning skin
friction. Longer bars denote higher sensitivity, while shorter bars indicate lower sensitivity. This figure
aligns with the ANOVA analysis, confirming that factors A and B are the most sensitive to changes in
skin friction. The results suggest that magnetics and suction are the two most influential factors
affecting skin friction. Additionally, the contour plot illustrations as in Figure 6 indicate that the
interaction between A and B is much more significant than the interaction between C and A.
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(c)
Fig. 5. lllustrations of sensitivity analysis of each variable for (a) A=0,B=-1,(b)A=0,B=0,(c)A=0,B
=1

Contour Plots of Skin Friction
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Fig. 6. Sensitivity of responses with combinations of
different factors A, Band C
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As for the heat transfer, Table 5 shows that factor A, B and C are significant with heat transfer. In
order to check the sensitivity of each factor, Eq. (14) was developed as the partial derivatives of the
regression’s equation in Eq. (13).

o\Y.
% —0.003214 — 0.000484A — 0.002391B + 0.000003C,

8( yRe;l’2 Nu, )
— B =1.32056 -0.022016B —0.002391A + 0.000205C,

oY,
w — —0.002952 —0.000388C + 0.000003A + 0.000205B,

(14)

Similarly, a comprehensive sensitivity analysis was undertaken for each factor. Intriguingly, while
the ANOVA analysis underscored the significance of each factor in the context of heat transfer, the
sensitivity analysis, as depicted in Figure 7, revealed nuanced insights. Notably, suction (Factor B)
displayed markedly higher sensitivity to heat transfer compared to magnetic influence (Factor A) and
heat generation (Factor C). Despite factors A and C being less sensitive, their influence on heat
transfer remains statistically significant.

Upon closer examination of the patterns and trends illustrated by the contour lines and colours
in Figure 8, a distinct revelation emerged. The darker colour gradients on the plot denote interactions
between two factors, suggesting complex relationships within the system. This observation implies
that the interplay among the factors significantly influences the heat transfer dynamics. The detailed
examination of these interactions provides a deeper understanding of the system's behaviour,
enriching our insights into the intricate relationships governing heat transfer under the influence of
the studied factors.

C=0,A=-1 C=0,A=0

(a) (b)
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C=0,A=1

(c)
Fig. 7. lllustrations of sensitivity analysis for each variable for (a) C=0,A=-1,(b)C=0,A=0, (c)C=
0,A=1

Contour Plots of Heat Transfer

110 B*A 10 A Heat Transfer
] « 235
s 05 B 35 - 240
240 - 245
245 - 250
00 00 W 250 - 258
B 55 - 250
05 051 || = 260
Hold Values
-10 T T A0
40 05 00 05 10
B 0
c o

s 05 o 05 10
Fig. 8. Sensitivity of responses with combinations of

different factors A, Band C

5. Conclusion

This study focuses on investigating the Cu-Al,03/H,0 flow behavior subjected to different factors
(magnetic field, suction and heat generation) over a shrinking disk. A similarity transformation is
applied, resulting in a set of ODEs. The steady similarity solutions are numerically computed using
the bvpdc program. In addition to numerical analysis, RSM is also performed. This approach allows
for the examination of the relationship between the input parameters and the responses. To
summarize the findings, the details of the study's outcomes are as follows

i.  Dualsolutions are detected within the specific use of physical factors, however the stable first
solution is selected based on the first fulfillment of the far field condition.

ii. Based on the response surface analysis, the magnetic, heat generation and suction
parameters are the significant factors for the heat transfer development while the skin
friction coefficient is influenced by the magnetic and suction effects.
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