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A methodology is proposed to apply an endurance function model with a genetic algorithm to estimate the fatigue life of notched
or smooth components. The endurance function model is based on stress tensor invariants and deviatoric stress invariants. In
the proposed methodology, FEA is used to simplify the application of the endurance function model. Experimental results from
published literature are considered for the case studies to evaluate the proposed methodology. The results show that the proposed
methodology simplified the application of the endurance function model, particularly by reducing the need for notch sensitivity
factors, and the stress invariants can be calculated directly from the stresses at the critical point. The comparison with experimental

results shows that, with proper calibration, the model can predict fatigue life accurately.

1. Introduction

Since the investigations by Wohler in 1860, fatigue experi-
ments and predictions have played a major role in mechanical
design [1, 2], and researchers investigating the fatigue prob-
lem have made huge efforts in order to devise sound method-
ologies suitable for safely assessing mechanical components
subjected to time-variable loadings [3-7]. It is acknowledged
globally that correctly estimating fatigue damage in real
components is a complex process involving a high number
of different variables that have to be properly taken into
account in order to avoid unwanted and dangerous failures
[8]. Any reliable fatigue assessment technique should be
able to efficiently and simultaneously model the damaging
effect of nonzero superimposed static stresses, the degree of
multiaxiality of the stress field and the role of stress con-
centration phenomena [9]. Especially in the case of cyclic or
random multiaxial loading histories, the fatigue assessment
is difficult to correctly perform since damage accumulation
depends on all the components of the stress tensor and their
variation during the whole phenomenon [9, 10]. To ensure
that their results are close to reality, the calibration of such
an engineering fatigue assessment method should be based
on pieces of experimental information that can be easily

obtained through tests run in accordance with the pertinent
standard codes [8, 9,11-13]. The stress analysis is conducted to
correctly estimate fatigue damage by directly postprocessing
simple linear elastic finite element (FE) models [14-17].

To deal with the fatigue life assessment problem of struc-
tural components under multiaxial load histories (propor-
tional or nonproportional, cyclic or random), Brighenti and
Carpinteri [8] proposed an endurance function based fatigue
life estimation model, based on a continuum damage
mechanics formulation [18]. The model does not require
any evaluation of a critical plane as it considers the damage
accumulated at a point using stress tensor invariants and
deviatoric stress invariants, and invariants are not coordi-
nate system specific quantities. Also, as per the continuum
mechanics concept, the endurance function is defined as
a continuously evolving function with applied loading, so
there is no requirement for any conventional loading cycle
counting algorithm [8, 18]. The damage (D) is evaluated at
a specific point of the structural component through the
appropriate endurance function (E) and a suitable expression
of damage increment (dD). The fatigue life is assumed to
occur when damage D reaches unity. A genetic algorithm
(GA) approach is employed to evaluate numerically the
several parameters used for characterization of the damage
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FIGURE I: (a) Specimen used for EN3B testing with notch radius
1.25mm [9]; (b) specimen used for C40 testing [13].

mechanics approach, once the effects of some experimental
complex histories are known [8, 19]. In this paper, a method-
ology has been proposed to predict fatigue life using the
endurance function model and GA procedures coupled with
finite element analysis. Two steel alloys EN3B (cold rolled
low carbon steel) and C40 (carbon steel) are selected for
study. Experimental fatigue life data for tension torsion tests
from published literature is used [9, 13]. The determination
of stress invariants for the endurance function is greatly
simplified due to the use of finite element analysis and also
helps reduce the number of parameters by one; that is, the
stress concentration effect can be avoided as we can obtain
the exact value of stresses at the notch. The results show that
the above mentioned methodology worked well in the low
and medium cycle range, while for high cycles the results are
highly conservative.

2. Finite Element Modeling and Analysis

Two sets of experimental data on tension torsion fatigue
life on steel alloys EN3B and C40 were considered in this
paper [9, 13]. The specimen dimension detail used to obtain
the results for each alloy is shown in Figure 1. The three-
dimensional model is designed using computer-aided design
software and the finite element model is developed utilizing
ANSYS software with 10-node tetrahedral elements, to better
capture the curved surfaces of the specimen geometry. Dense
mesh at the notch root is maintained by the sphere of
influence technique, where mesh size control is implemented
by defining a spherical volume in which required mesh size is
maintained and not in the whole meshed component. Finite
element analysis is performed on both specimen geometries
with the same respective loading conditions used f; the
specimens are of nearly the same geometry or experimental
testing (Table 1) and the FEA model is shown in Figure 2.
Load is applied as force and moment, which will result in the
required applied normal and shear stresses at the net area, as
mentioned in Table 1.

2.1. Mesh Sensitivity Analysis. Mesh sensitivity analysis has
been performed to obtain the optimum mesh size which
will give a good balance between accuracy, processor time,
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and storage load [19]. Table 2 shows the result of the mesh
sensitivity analysis. As the specimens are of similar notch
size and shape, the resulting optimum mesh size is also of
the same size; mesh sensitivity is not needed for individual
specimens. From Table 2, it can be seen that after a mesh size
of 0.175 mm the stress values do not change by an appreciable
amount, but there is an exponential rise in the number
of nodes and elements, which will result in an increase of
the processor time and storage requirement without much
increase in the accuracy of the stress results. Hence, to get the
optimum performance a mesh size of 0.175 mm is selected for
meshing both specimen models.

3. Endurance Function Model

Brighenti and Carpinteri [8] proposed an endurance function
model on the basis of a continuum damage mechanics
approach, with the assumption that the whole fatigue life
is crack nucleation dominated and that the fatigue life for
crack propagation is negligible with respect to total life. For
isotropic materials the endurance function can be expressed
as below:

E(0,S,) = [a -1, (0) +ay - 1, (0) + a5 - I (0)

ta, - ]21/2 (S.) +as ']31/3 (Se)] —-0p=0,

I, =0,+0,+0; I,=0,0,+0,05+030],

I; = 0,0,03,

(17 - 31,) (21 - 91,1, + 271,)

J.= 3 3 27

>

@

where a, to a; and o, are the material constants, I}, I,,
and I are stress tensor invariants, and J,, J; deviatoric
stress invariants are functions of stress tensor ¢ and effective
deviatoric stress tensor S,, respectively. Here, S, = S —S,; that
is, Sis the current applied deviatoric stress tensor and S, is the
back stress tensor which measures the endurance function
evolution in the stress space.

Damage is assumed to occur when E(o,S,) > 0 and
no damage occurs when E(0,S,) < 0, and an increment
in damage will happen when dE (increment in endurance
function) > 0. To define dE properly, it is specified that if there
is a case where the stress value at point i results in E(0;, S, ;) >
0 and the previous point results in E(o;_;,S,; ;) < 0,
the quantity E(o; ), S,; ;) is set equal to zero, which in turn
results in keeping dE always greater than zero.

The damage D is evaluated by considering the progressive
accumulation of damage increments; that is, at each load
step the damage increment is equal to or greater than zero
dD > 0 and consequently the material damage D is a non-
decreasing positive function; that is, D > 0 [3]. And final
collapse occurs when D reaches unity (D = 1). The damage
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TaBLE 1: Experimental loading conditions and fatigue life of EN3B specimen having notch radius 1.25 mm and C40 specimen having notch
radius 0.5 mm.

Ee(ir:rl:; ;t:e(;s/{;ta) Sh:rizs;:e(sl\s/[a;ar)let Load ratio (R) Phase difference (*) Cyfll\erj )t (:(fla 816111'6
EN3B [9]
275 158.8 -1 0 0.046
259.6 155.9 -1 0 0.083
230 132.8 -1 0 0.2
200 115.5 -1 0 0.44
190 109.7 -1 0 1.4
180 103.9 -1 0 2.17
285 164.5 -1 90 0.032
270 155.9 -1 90 0.059
260 150.1 -1 90 0.31
250 144.3 -1 90 0.079
230 132.8 -1 90 0.24
200 115.5 -1 90 2.1
C40 [13]

200 200 -1 0 0.027
179 179 -1 0 0.22
160 160 -1 0 0.072
129.75 129.75 -1 0 0.18
118.8 118.8 -1 0 0.44
101 101 -1 0 2.0
199.7 199.7 -1 90 0.011
180 180 -1 90 0.014
160.25 160.25 -1 90 0.041
140 140 -1 90 0.28
129.65 129.65 -1 90 0.11
119.5 119.5 -1 90 0.94
109.3 109.3 -1 90 11
99.6 99.6 -1 90 2.0
158 158 0 0 0.026
138.5 138.5 0 0 0.047
119 119 0 0 0.15
99.55 99.55 0 0 0.35
89.4 89.4 0 0 0.43
79.72 79.72 0 0 0.79
67.9 67.9 0 0 2.0
158 158 0 90 0.021
138.75 138.75 0 90 0.036
119.3 119.3 0 90 0.085
99.25 99.25 0 90 0.087
89.55 89.55 0 90 0.34
66.8 66.8 0 90 2.0
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FIGURE 2: Structural analysis model of specimen.
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TABLE 2: Mesh sensitivity analysis results.
Mesh size VoD mises  Tresca Max  Number Number of
(mm) stress stress  principal of clements
(MPa) (MPa) (MPa) nodes
0.1 562.96 575.72 576.27 587762 409838
0.125 562 573.85 574.53 414193 287994
0.15 561.1 572.8 574 260754 181331
0.175 560.78 572.65 575.42 176749 122197
0.2 554.79 565.7 569.95 144013 99252

rate dD is assumed to depend on the current value of E as well
as dE, with the relationship between dD and dE as follows:

dD = A-EP.dE, (2)

where A and B are material constants. The stress gradient
effect is taken into account by inserting a reducing factor G
into (2):

dD = [A-E®-dE|-G. (3)
Here,
G=e"7, (4)

where G is the notch gradient correction factor which
depends on V (material constant) and the stress field param-
eter p, which represents the stress gradient absolute value at
the notch root. The evolution of deviatoric back stress S, is
assumed to follow the relationship below:
h .
dsﬁ{c-dE (S-S, ?de>0 %)
0 if dD =0,

where C and h are material parameters.

3.1. Application of Genetic Algorithm for Parameter Estima-
tion. A genetic algorithm (GA) is used to find the opti-
mum values of these parameters. Such algorithms (random
stochastic methods of global optimization) are used to
minimize or maximize an objective function chosen for a
given problem to be solved. Such an approach can be useful
to evaluate the model parameters (in the context of model
parameter tuning), once the response of the physical system
to a given input is known [20]. GAs have some advantages
with respect to classical techniques, as they allow us to
handle problems with multiple minima and nonconvexity
properties, thus avoiding numerical instability and missing
the global optimum [21]. A GA can handle any kind of
objective function and creates a population of solutions
and applies genetic operators, such as selection, mutation,
crossover, and elitism to evolve the solutions in order to
find the best ones [22], by iteratively repeating the “evolution
procedure” until a given tolerance is attained [23]. In order to
apply the endurance function model, values of 11 parameters
that need to be evaluated, as defined in (1)-(5). If the fatigue
life N, is known for the generic multiaxial stress history
where damage D reaches unity, a prediction error can be
defined as follows:

ezD(al,aQ,...,Nf)—l, (6)

where D(ay, a,, ... ,Nf) is the damage evaluated at Nf. The
values of the model parameters can be found by minimizing
this error function using the GA procedure [8].

4. Simplified Endurance Function Model

The two materials, EN3B and C40 steels, are used in this
study with six sets of fatigue life data (Table 1), under cyclic
multiaxial in-phase and out of phase loadings. Specimens
are notched specimens as shown in Figure 1. The mechanical
characteristics of both steels are as follows in Table 3 [8, 9].
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TABLE 3: Mechanical properties of EN3B and C40 steels.

Material Young’s Yield stress Ultimate tensile Loading condition Fatigue limit (MPa)
name modulus (GPa) (MPa) strength (MPa) (at cycles)
R-Phase
En3B [9] 208.5 653 676 -1 0 192.4 (10° cycles)
-1 90 188.2 (10° cycles)
] 0 101 (2 x 10° cycles)
40 (3] 206 537 715 -1 90 99.6 (2 x 10° cycles)
0 67.9 (2 x 10° cycles)
90 66.8 (2 x 10° cycles)
TABLE 4: Parameters at of calibration points for endurance function model obtained from GA for EN3B and C40.
Load (MPa) a a a a, a, B A
o T
EN3B (R = -1 and phase = 0°)
275 158.8 0.5107 1.004 0.2313 1.129 1197 180 5.348 x 10~° 0.2299
180 103.9 0.4001 0.5233 0.4113 0.7745 0.8194 166.5 1.009 x 10~° 0.08192
EN3B (R = -1 and phase = 90°)
285 164.5 0.4255 119 0.3625 1.076 0.7991 141.4 7.056 x 10~° 0.2389
200 115.5 0.2708 0.327 0.2189 0.7392 0.4868 149.7 2.882x107° 0.07962
C40 (R = -1 and phase = 0°)
200 200 0.1412 0.3676 0.4504 1.404 -0.3757 80.18 8.034 x 10~° 0.4285
101 101 0.4972 0.7769 0.3194 1.44 0.9721 85.33 1.485x 1071 0.2322
C40 (R = -1 and phase = 90°)
199.7 199.7 0.4358 0.5965 0.6721 1.428 1.165 76.7 2.868 x 107 0.2134
99.6 99.6 0.2615 0.2907 0.4818 1.345 -0.2697 79.02 1.032x107° 0.1377
C40 (R = 0 and phase =0°)
158.1 158.1 0.7446 0.2931 0.432 1.731 0.2959 58.4 8.05% 1077 0.224
67.9 67.9 0.05374 0.5927 0.6035 0.9929 0.3145 61.08 1.609 x 107° 0.03816
C40 (R = 0 and phase = 90°)
158 158 0.4721 0.4814 0.5829 1.655 0.7878 54.44 7373 x 107 0.2677
66.8 66.8 0.1452 0.6464 0.572 0.9294 0.6613 61.83 1.198 x 10~° 0.1313

Initially linear stress analysis of specimens was conducted
at every set of applied stress mentioned in Table 1, and all
three principal stresses (0,, 0,, 03) were recorded at the notch
root where the highest value of maximum principal stress is
occurring [24, 25]. Neuber elastic plastic correction is applied
where stresses are found to be above yield strength [2, 14, 26].
Stress invariants (I, I, I, J,, and J5) are then calculated from
the following relationships depending on principal stresses
after Neuber correction is applied where necessary [27].

The endurance function parameters, where G is the notch
gradient correction factor, becomes G =1 due to the fact that
FEA gives the value of stress at the notch root directly. This
in return nullifies the requirement to determine parameter V'
and the stress field parameter y, thus reducing the number
of endurance function parameters by one. For both of the
considered materials EN3B and C40 steel, the cyclic behavior

is assumed to be following a stable hysteresis loop, which in
return allows the change in back stress dS;, = 0. Thus, there
is no need to calculate parameters C and 4 in (5). So finally,
from 11 parameters of the endurance function, the number
required is reduced to eight, a,, a,, a5, a4, a5, 0, A, and B.

Now, to calculate the value of parameters at calibration
points (from all loading conditions considered in this study
as per Table 1, the selected ones to calibrate the parameters
of endurance function are called calibration points. Table 4
shows the calibration points with calibrated parameter val-
ues), GA is used where the error function which is to be
minimized is defined as (7), with the assumption that, as the
cyclic behavior of the material is stable, the damage in each
cycle is the inverse of the fatigue life in the cycles:

1
e=D-—, )
Ny



where the damage per cycle is calculated from the endurance
function. These equations are inserted in the GA algorithm
for optimization of the endurance function parameters [28-
30]. Figure 3 shows the flow chart of fatigue life estimation
process.

The initial values table required for the GA is generated
randomly from the ranges of parameters assumed. The range
for o, is defined with its upper limit as the conventional
fatigue limit [8, 9] and the lower limit is set to be 25%
less than the upper limit initially and then modified with
ranges of other parameters until the combinations become
stable, which results in minimum error. From being stable,
it is assumed that the sets of parameter values resulting
in minimum error have no significant change in respective
parameters. Then, the top three values of parameters pre-
dicted for each calibration point are selected with respect to
the minimum error which are weighted average on the basis
of error [31], and the resulting values of weighted average are
characterized as the parameters of the endurance function at
the respective calibration point. Table 4 shows the parameters
at the calibration points determined using the GA.

5. Results and Discussion

The parameters for all the calibration points calculated using
the GA, as shown in Table 4 for both materials and their
respective load sets, are used to determine values for other
loading conditions in Table 1 by interpolation between the
parameter values at calibration points; fatigue life is then
estimated using the endurance function model. The predicted
fatigue life is reported in Table 5. The first thing to notice
from the fatigue life prediction results is that the fatigue life
values calculated at the calibration points themselves are not
the same as the experimental life (Tables 1, 4, and 5), which
should theoretically be the same, as these points are used to
calculate the coefficients for the endurance function model.
The reason lies in the fact that the parameters calculated
at each calibration point are the weighted average of top
three values predicted by GA, which in turn allowed the
estimation of fatigue life at the calibration point to deviate
from the experimental life at that point. But the author
suggests that this weighted average should nevertheless be
used rather than just relying on one set with minimum error,
so as to better capture the trend of the coefficients from
the three sets from which the weighted average is being
taken. The interpolation of the coefficients of the endurance
function for load conditions other than calibration points is
introduced, where parameter values are interpolated between
the two calibration points parameter values with respect to
applied load and calibration point load values, which is a
better approximation for estimating the fatigue life than the
proposed method of calculating only one set of coefficients
[8]. Also, the idea of using the weighted average of the
coefficients calculated from different load values in turn
creates a bias on the basis of error towards the coefficients
with minimum error, which should not be there, as all
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TABLE 5: Predicted fatigue life of EN3B and C40 steel using
endurance function model.

Load (MPa) ticted cuel
Predicted cycles to
g\(/;g:)al stress @ Shear stress 7 (MPa) failure ( NP)Y % 10°
EN3B

For R = —1 and phase = 0"
275 158.8 0.042
259.6 155.9 0.068
230 132.8 0.18
200 115.5 0.59
190 109.7 0.99
180 103.9 1.83

For R = —1 and phase = 90°
285 164.5 0.032
270 155.9 0.054
260 150.1 0.076
250 144.3 0.11
230 132.8 0.24
200 115.5 0.97

C40

For R = —1 and phase = 0"
200 200 0.027
179 179 0.032
160 160 0.045
129.75 129.75 0.11
118.8 118.8 0.18
101 101 1.75

For R = -1 and phase = 90°
199.7 199.7 0.0092
180 180 0.014
160.25 160.25 0.023
140 140 0.051
129.65 129.65 0.069
119.5 119.5 0.14
109.3 109.3 0.31
99.6 99.6 1.2

For R = 0 and phase = 0°

158 158 0.025
138.5 138.5 0.048
119 119 0.1
99.55 99.55 0.23
89.4 89.4 0.38
79.72 79.72 0.65
67.9 67.9 0.14

For R = 0 and phase = 90°
158 158 0.02
138.75 138.75 0.035
119.3 119.3 0.066
99.25 99.25 0.14
89.55 89.55 0.21
66.8 66.8 0.85
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Get principal stresses 0}, 05, 03
for applied loading condition

Calculate stress invariants
(11, Iz, 13, ]2, }3)

For fatigue life

For calibration

Interpolate parameters with respect
to loading condition and insert
in model equations

Insert stress invariants in
calibrated model

Insert stress invariants and known
fatigue life in GA algorithm

Weighted average of top three

parameter values
(ay, ay, as, ay, as, 0y, A, and B)

Calculate fatigue life

End

FIGURE 3: Flow chart of fatigue estimation process.

the calibration load points are experimental values and have
equal weight.

This also proves the applicability of interpolation between
the coeflicients, as this keeps the weight of the coefficients
at calibration load points the same, with estimates at other
points following the trend of changing the coefficients with
the load values as shown in Figure 4. The stress life curves
from the predicted and experimental life data for EN3B are
shown in Figure 6 and for C40 steel in Figure 7. From the
results, it can be seen that the endurance function with the
proposed application methodology shows good agreement
with experimental data for both materials in the case of in-
phase loading. Brighenti et al. [32] also reported that for
different materials the endurance function model behaves
close to the experimental results, with loading conditions
having R = -1, which conforms with the results reported in
this paper in similar loading conditions. In the out of phase

case for both materials, the results are in good agreement in
the low cycle region but become more conservative as we
move towards the high cycle region. One reason for this is
that a greater number of experimental data points are in the
low cycle region, which causes the calibration of the model to
be biased towards the low cycle region. Also, there is scatter in
the experimental data [9, 13], as is visible in Figures 5(b) and
6(b), which can lead to error in the prediction of fatigue life.

One simple solution to improve the prediction accuracy
is to increase the number of calibration points, which will
lead to better capture of the change in the experimental S-N
curve trend, as shown in Figure 7. Here, one more calibration
point is included with loading condition normal stress o,
and shear stress 7, = 140 MPa with R = —1 and phase =
90° for C40 specimen (Table 1), which clearly resulted in
improved agreement with the experimental S-N curve. So,
it can be deduced from this that the data set required for
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FIGURE 4: Trend of coefficients for calibration points for EN3B R = —1 phase = 0°.

the endurance model to work properly should have more
data points and in both the low and high cycle regions, so
that more calibration points can be used to fit the endurance
model with the experimental data. The data set used in this
study is small in size, which is why only one extra calibration
point is included to check this hypothesis, and the results
show that the idea of more calibration points will indeed
work well. So, from these results, we can conclude that the
methodology defined in this study can lead us to a model
which works well in both the low and high cycle regions.

6. Conclusion

A methodology has been proposed to apply the endurance
function model with a GA to estimate fatigue life. The
proposed methodology included application of FEA, which
in turn simplified the endurance function model by reducing
one coefficient for the notch gradient correction factor.

Also, application of FEA resulted in a simplified method for
determining the stress tensor and deviatoric stress invariants.
An interpolation technique is introduced in the proposed
methodology to estimate the coefficients at each load point
using calibration point coefficients, which resulted in better
representation of the fatigue behavior from the endurance
function model. The results show that the endurance function
model is in good agreement with experimental fatigue life
data for in-phase loading and also to some extent for out of
phase loading, but, due to having fewer data points in the
experimental data, the high cycle region is not accurately
predicted. The scheme to use more than two calibration
points for one data set shows improved prediction of the
fatigue life. From the study, it is concluded that the proposed
methodology for the endurance function model resulted
in accurate prediction of fatigue life for the stable fatigue
life behavior of the material. However, further develop-
ment is needed to accommodate the nonlinear behavior of
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FIGURE 5: S-N curve and experimental versus predicted life for EN3B steel.

the material in order to extend the application region of the
endurance function model with the proposed methodology
to include variable amplitude and random loading cases.

Nomenclature

D: Fatigue damage

E: Endurance function parameter

dD: Damage increment

0, Normal stress amplitude at net
area (MPa)

T, Shear stress amplitude at net area
(MPa)

R: Min stress/max stress = stress ratio

Ny Number of cycles to failure

(experimentally)

ay, 4y, ds, 4y, As,

00, A, B, V,C, h:

dE:
G:

Y-

dSb:

e:

1,5, L
01,0,,03:

]2a]3:

Number of cycles to failure
(predicted)

Stress tensor (MPa)

Effective deviatoric stress tensor =
S-S,

Applied deviatoric stress tensor
Back stress tensor

Material constant parameters

Endurance function increment
Notch gradient correction factor
Stress field parameter
Increment in back stress

Error of predicted damage D
Stress tensor invariants
Principal stresses

Deviatoric stress invariants.
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FIGURE 6: S-N curve and experimental versus predicted life for C40 steel.
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