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This article investigates the effects of slip condition on free convection flow of 
viscous incompressible fluid past an oscillating vertical plate with Newtonian 
heating and constant mass diffusion. The governing equations together with im-
posed initial and boundary conditions are solved using the Laplace transform 
technique. The results for velocity, temperature, and concentration are obtained 
and plotted for the embedded parameters. The results for skin friction, Nusselt 
number, and Sherwood number are computed in table. It is investigated that the 
presence of slip parameter reduces the fluid velocity.  
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Introduction 

The free convection flows together with heat and mass transfer are of great im-
portance in geophysics, aeronautics, and engineering. In several process such as drying, evap-
oration of water at body surface, energy transfer in a wet cooling tower, and flow in a desert 
cooler, heat and mass transfer occurs simultaneously. Soundalgekar et al. [1, 2] for instance, 
have studied the mass transfer effects on the flow past an oscillating vertical plate with con-
stant heat flux and variable temperature, respectively. Asogwa et al. [3] investigated heat and 
mass transfer past a vertical plate with periodic suction, and heat sink using perturbation tech-
nique. In addition, the interest of researchers to study the interaction of convection phenome-
non with thermal radiation has been increased greatly during the last few decades due to its 
importance in many practical involvements. The advancement of space technology and in 
processes involving high thermal radiation effects play an important role. Recent develop-
ments in industrial technology have focused attention on thermal radiation as a mode of ener-
gy transfer, and emphasize the need for improved understanding of radiative transfer in these 
processes [4-6]. Radiation effects on free convection flow over a vertical plate with mass 
transfer were presented by Chamkha et al. [7]. Chandrakala and Bhaskar [8] also considered 
the radiation effects with uniform heat flux and mass diffusion. Recently, Abid et al. [9] stud-
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ied the MHD free convection flow with Newtonian heating condition in the presence of radia-
tion and porosity effects. 

Usually, the problems of free convection flows are modeled under the assumptions 
of constant surface temperature, ramped wall temperature or constant surface heat flux  
[10-12]. However, in many practical situations where the heat transfer from the surface is tak-
en to be proportional to the local surface temperature, the previous assumptions fail to work. 
Such type of flows are termed as conjugate convective flows and the proportionally condition 
of the heat transfer to the local surface temperature is termed as Newtonian heating. This 
work was pioneered by Merkin [13] for the free convection boundary layer flow over a verti-
cal flat plate immersed in a viscous fluid. However, due to numerous practical applications in 
many important engineering devices, several other researchers are getting interested to con-
sider the Newtonian heating condition in their problems. Few of these applications are found 
in heat exchanger, heat management in electrical appliances (such as computer power supplies 
or substation transformer), and engine cooling (such as thin fins in car radiator). Literature 
survey shows that much attention to the problems of free convection flow with Newtonian 
heating is given by numerical solvers, as we can see [14-17], and the references therein. How-
ever, the exact solutions of these problems are very few [18-23]. 

In all these studies, the concept of slip condition is not taken into account. Recent in-
terest in the study of vibrating flow with slip condition has been mainly motivated by its im-
portance in microchannels or nanochannels. It is also known that slip can occur if the working 
fluid contains concentrated suspensions [24]. Seddeek and Abdelmeguid [25] studied effects 
of slip condition on magneto-micropolar fluid with combined forced and free convection in 
boundary layer flow over a horizontal plate. Under the influence of slip effects, Hayat et al. 
[26] studied oscillatory flow in a porous medium. In the same year, Hamza et al. [27] investi-
gated the problem of unsteady heat transfer of an oscillatory flow through a porous medium 
under the slip boundary condition. Farhad et al. [28] analysed the influence of slip condition 
on unsteady MHD flow of Newtonian fluid induced by an accelerated plate. Recently, in an-
other paper, Farhad et al. [29] developed exact solution for the hydromagnetic rotating flow 
of viscous fluid through a porous space under the influence of slip condition and Hall current. 
To the best of authors' knowledge, so far no study has been reported in the literature which 
investigates the slip effects on unsteady free convection flow of an incompressible viscous 
fluid past an oscillating vertical plate with Newtonian heating and constant mass diffusion. 
The present study is an attempt in this direction to fill this space.  

Mathematical formulation 

Let us consider unsteady free convection flow of an incompressible viscous fluid 
past an oscillating vertical plate with Newtonian heating and constant mass diffusion. The 
flow is assumed to be in the x′-direction which is taken along the plate in the vertical upward 
direction and the y′-axis is chosen normal to the plate. As the plate is considered infinite in  
x′-axis, therefore all physical variables are independent of x′ and are functions of y′ and t′. Ini-
tially, for time t′ ≤ 0, both the plate and fluid are at stationary condition with the constant 
temperature T∞  and concentration .C∞  After time t′ > 0, the plate starts oscillatory motion in 
its plane with the velocity, 0 cos( ),U tω′ ′  against the gravitational field. At the same time, the 
heat transfer from the plate to the fluid is proportional to the local surface temperature, T ′, and 
the concentration level near the plate is raised from C∞  to w .C  Under the Boussinesq ap-
proximation, the flow is governed by the following partial differential equations [21, 23]: 
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The radiation heat flux under Rosseland approximation [30] is given by:  
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It is also assumed that the difference between fluid temperature, ,′T  and ambient 
temperature, ,∞T  is sufficiently small so that 4T ′  may be expressed as a linear function of the 
temperature. Expanding 4T ′  in a Taylor series about T∞  which after neglecting the second 
and higher order terms takes the form: 

 4 3 44 3T T T T∞ ∞′ ′≅ −  (8) 

In view of eqs. (7) and (8), eq. (2) reduces to: 
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To reduce the previous equations into their non-dimensional forms, we introduce the 
following non-dimensional quantities: 

 
2

0 0
2

0 w 0
, , , , ,y U t U T T C Cuy t u C

U T C C U
ω νθ ω

ν ν
∞ ∞

∞ ∞

′ ′ ′ ′′ ′− −
= = = = = =

−
  (10) 

Substituting eq. (10) into eqs. (1), (3), and (9), we obtain the following non-dimen-
sional partial differential equation: 
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The corresponding initial and boundary conditions in non-dimensional forms are: 
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Method of solution 

In order to obtain the exact solution of the present problem given by eqs. (11)-(16), 
we use the Laplace transform technique and obtain: 
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where 
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is the effective Prandtl number defined by Magyari and Pantokratoras [30]. The inverse La-
place transform of eqs. (17)-(19) yields: 
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– Case 3. When 1 0γ =  and Sc 1:=   
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where v and α are dummy variable and 
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Similarly for Nusselt and Sherwood numbers we write: 
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Graphical results and discussion 

We have solved the problem of unsteady free convection flow of viscous incom-
pressible fluid past an oscillating plate with Newtonian heating and constant mass diffusion in 
the presence of slip effects. Now it is important to study the effects of all parameters involved 
in the problem such as Prandtl number, radiation parameter, R, Grashof number, modified 
Grashof number, Gm, Schmidt number, dimensionless slip parameter, γ1, Newtonian heating 
parameter, γ,  time, t, and phase angle, ωt. Numerical results for velocity, temperature, and 
concentration are graphically shown in figs. 1-16, whereas results for skin friction, Nusselt 
and Sherwood numbers are shown in tab. 1. 

The effect of Prandtl number on the velocity field is shown in fig. 1. Four physical 
values of the Prandtl number, Pr = 0.71 (air), Pr = 1.0 (electrolytic solution), Pr = 7.0 (water), 
and Pr = 100 (engine oil), are chosen. It is observed that velocity decreases with increasing 
Prandtl number. Physically, it meets the logic that fluids with large Prandtl number have high 
viscosity and small thermal conductivity, which makes the fluid thick, and hence causes a de-
crease in the velocity of the fluid. The effect of the radiation parameter, R, on the velocity 
field is shown in fig. 2. It is observed that velocity increases for large values of the radiation 
parameter. Such a variation in velocity with R is physically acceptable because higher radia-
tion occurs when temperature is high and eventually velocity rises. This figure also 
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Table 1. Numerical results for skin friction, Nusselt and Sherwood number 

shows the comparison of pure convection (R = 0) and radiation. It is found that in case of pure 
convection the velocity is minimum.  

 
Figure 1. Velocity profiles for different values of 
Pr, when  t = 0.2, R = 3, Gr = 5, Gm = 2, Sc = 0.78,  
γ1 = 0.5, γ = 1, and ω = π/2 

 
Figure 2. Velocity profiles for different values 
of R, when  t = 0.2, Gr = 5, Gm = 2, Pr = 0.71,  
Sc = 0.78, γ1 = 0.5, γ = 1, and ω = π/2 

Grashof number, is the characteristic dimensionless group which approximates the 
ratio of the buoyancy to viscous force acting on a fluid. It frequently arises in the study of sit-
uations involving natural convection. The influence of Grashof number on velocity profiles is 
shown in fig. 3. It is found that the velocity profiles increase with increasing values of 
Grashof number. Physically, it is due to the fact that as we increase Grashof number it gives 
rise to the thermal buoyancy effects which gives rise to an increase in the induced flow. On 
the other hand, the modified Grashof  number, Gm, is found to have similar effects on ve-
locity profiles as observed for the Grashof number. This fact is shown in fig. 4. Further, from 
these figures (figs. 3 and 4), it is noticed that Grashof number and modified Grashof number 
numbers do not have any influence as the fluid move away from the bounding surface. 

The velocity profiles for different values of Schmidt number, are shown in fig. 5. 
Four different values of Schmidt number, Sc = 0.22, 0.62, 0.78, and 0.94, are chosen. They 
physically correspond to hydrogen, water vapour, ammonia, and CO2, respectively. It is clear  

t R Pr Gr Gm Sc γ γ1 ωt τ Nu Sh 

0.1 0.5 1 3 2 0.22 1 0.5 π/2 0.7140 2.5496 0.8368 

0.2 0.5 1 3 2 0.22 1 0.5 π/2 0.0752 1.9027 0.5917 

0.1 1.0 1 3 2 0.22 1 0.5 π/2 0.6288 2.2515 – 

0.1 0.5 7 3 2 0.22 1 0.5 π/2 0.9231 6.8785 – 

0.1 0.5 1 5 2 0.22 1 0.5 π/2 0.6538 – – 

0.1 0.5 1 3 4 0.22 1 0.5 π/2 0.5321 – – 

0.1 0.5 1 3 2 0.62 1 0.5 π/2 0.7464 – 1.4048 

0.1 0.5 1 3 2 0.22 2 0.5 π/2 0.5403 2.9318 – 

0.1 0.5 1 3 2 0.22 1 1.0 π/2 0.4885 – – 

0.1 0.5 1 3 2 0.22 1 0.5 π 0.5016 – – 
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that the velocity decreases as the Schmidt number increases. Further, it is clear from this fig-
ure that velocity for hydrogen is maximum and CO2 carries the minimum velocity. Further, 
the effects of slip parameter, γ1, on the velocity field are shown in fig. 6. It is observed from 
this figure that velocity decreases with increasing values of γ1. Note that the variations in ve-
locity due to slip parameter are identical to the published work of Farhad et al. [28, 29], see 
figs. 1 and 7(a). The velocity profiles for different values of the Newtonian heating parameter, 

 
Figure 3. Velocity profiles for different values of 
Gr, when t = 0.2, R = 3, Gm = 2, Pr = 0.71,  
Sc = 0,78, γ1 = 0.5, γ = 1, and ω = π/2 

 
Figure 4. Velocity profiles for different values 
of Gm, when t = 0.2, R = 3, Gr = 5, Pr = 0.71,  
Sc = 0.78,  γ1 = 0.5, γ = 1, and ω = π/2 

 
Figure 5. Velocity profiles for different values  
of Sc, when t = 0.2, R = 3, Gr = 5, Pr = 0.71, Gm = 2, 
γ1 = 1, γ = 0.1, and ω = π/2 

 
Figure 6. Velocity profiles for different values 
of γ1, when t = 0.2, R = 3, Gr = 5, Gm = 2,  
Pr = 0.71, Sc = 0.78,  γ = 1, and ω = π/2 

 
Figure 7. Velocity profiles for different values  
of γ, when  t = 0.2, R = 3, Gr = 5, Gm = 2, Pr = 0.71, 
Sc = 0.78, γ1 = 1, and ω = π/2 

 
Figure 8. Velocity profiles for different values 
of t, when R = 3, Gr = 5, Gm = 3, Pr = 0.71,  
Sc = 0.78, γ1 = 0.5, γ = 1, and ω = π/2 
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γ, are presented in fig. 7. It is found that as the Newtonian heating parameter increases, the 
density of the fluid decreases and the momentum boundary layer thickness increases and as a 
result, the velocity increases within the boundary layer. Further, it is observed from fig. 8 that 
the fluid velocity increases with an increase in time, t. The velocity profiles for different val-
ues of phase angle, ωt, are shown in fig. 9. It is observed that velocity shows an oscillatory 
behavior. The velocity near the plate is maximum and decreasing with increasing distance 
from the plate, finally approaches to zero as y → ∞. Further, the velocity profiles are shown in 
Fig. 10 for two different values of Schmidt number in the presence of slip parameter (γ1 ≠ 0), 
as well as in the absence of slip parameter (γ1 = 0). It is found that in the absence of slip pa-
rameter when Sc < 1, the velocity has its maximum values. However, velocity is found to de-
crease when Schmidt number increases from 0.72 to 1. The velocity is further decreased in the 
presence of slip parameter for the unit value of the Schmidt number by keeping other parame-
ters fixed.  

 
Figure 9. Velocity profiles for different values  
of ωt, when t = 0.4, R = 3, Gr = 5, Gm = 2,  
Sc = 0.78, γ1 = 0.5 and  γ = 1  

 
Figure 10. Velocity profiles for different values 
of γ1 and Sc, when t = 0.2, R = 3, Pr = 0.71,  
Gr = 5, Gm = 3, γ = 1, and ω = 0  

On the other hand, the effects of Prandtl number on the temperature are shown in 
fig. 11. It is observed that the temperature decreases with the increase of Prandtl number. 
Physically, it is due to the fact that with increasing Prandtl number, thermal conductivity of 
fluid decreases and viscosity of the fluids increases and as a result the thermal boundary layer 
decreases with increasing Prandtl number. On the other hand, the buoyancy that results from 
the thermal expansion of fluid adjacent to the surface is the cause for the development of a ris-
ing boundary layer. Consequently, it is found from the comparison of figs. 1 and 11 that the 
velocity boundary layer is thicker than the thermal boundary layer because the buoyant fluid 
layer causes macroscopic motion in a thicker fluid layer due to the strong viscosity. 

The effects of radiation parameter, R, on the temperature are shown in fig. 12, where 
R = 0 indicates to the case of no thermal radiation. It is observed that the temperature increas-
es with an increasing R. Physically it is due to the fact that the job of thermal radiation is to 
increase the thermal boundary layer thickness. It is found from fig. 13 that the effects of time, 
t, on the temperature are quite identical to that on the velocity profiles. Further, it is found 
from fig. 14 that an increase in the Newtonian heating parameter increases the thermal bound-
ary layer thickness and as a result the surface temperature of the plate increases. Finally, it is 
observed from all the temperature profiles that the temperature is maximum near the plate and 
decreases away from the plate and finally asymptotically approaches to zero in the free stream 
region. It is found from fig. 15 that the influence of time, t, on concentration profiles is similar 
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to velocity and temperature profiles given in figs. 8 and 13. The effects of Schmidt number on 
the concentration profiles are shown in fig. 16. It is seen from this figure that an increase in 
value of Schmidt number makes the concentration boundary layer thin and hence the concen-
tration profiles decrease. 

 
Figure 11. Temperature profiles for different 
values of Pr, when t = 2, R = 5, and γ = 0.01 

 
Figure 12. Temperature profiles for different 
values of R, when t = 0.2, Pr = 0.71, and γ = 1 

 
Figure 13. Temperature profiles for different 
values of t, when R = 2, Pr = 0.71, and γ = 1 

 
Figure 14. Temperature profiles for different 
values of γ, when t = 0.2, R = 0.5, and Pr = 0.71 

 
Figure 15. Concentration profiles for different 
values of t, when Sc = 0.22 

 
Figure 16. Concentration profiles for different 
values of Sc, when t = 0.2 

The numerical results for skin friction, Nusselt and Sherwood numbers for different 
parameters are presented in tab. 1. It is found from this table that skin friction decreases with 
increasing values of radiation parameter, R, Grashof number, modified Grashof number, Gm, 
Newtonian heating parameter, γ, slip parameter, γ1, time, t, and phase angle, ωt, while it in-
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creases as Prandtl and Schmidt numbers are increased. The Nusselt number is found to in-
crease with increasing values of Prandtl number and Newtonian heating parameter, γ, but de-
creases when radiation R and t are increased. Further, it is observed that the Sherwood number 
increases with increasing Schmidt number, while reverse effect is observed for t. 

Conclusion 

The work considered here provides an exact analysis of unsteady free convective 
heat and mass transfer flow of a viscous incompressible past an oscillating vertical plate with 
Newtonian heating in the presence of radiation and slip effects. The results obtained show that 
the velocity increases with increasing values of the radiation parameter, Grashof number, 
modified Grashof number, Newtonian heating parameter, and time. However, the skin friction 
is decreased when these parameters are increased. The Nusselt number increases with the in-
creasing values of Newtonian heating parameter as well as with Prandtl number. The Sher-
wood number decreases with increasing values of time but increases with increasing the val-
ues of Schmidt number. Moreover, the exact solutions obtained in this study are significant 
not only because they are solutions of some fundamental flows, but also serve as accuracy 
standards for approximate methods. 
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Nomenclature 
C’ – species concentration in the fluid [molm–3] 
C¥ – species concentration in the fluid  

far away from the plate [molm–3] 
cp – heat capacity at constant pressure [Jkg–1K–1] 
Cw – species concentration near the plate [molm–3] 
D – mass diffusivity [m2s–1] 
Gm – modified Grashof number 
Gr – thermal Grashof number 
g – acceleration due to gravity [ms2] 
hs – heat transfer coefficient 
k – thermal conductivity [Wm–1K–1] 
k* – mean absorption coefficient 
Pr – Prandtl number 
q – Laplace transform parameter 
qr – radiative heat flux in the y′-direction [Wm–2] 
R – radiation parameter 
Sc – Schmidt number 
T′ – temperature of the fluid [K] 
T¥ – ambient temperature [K] 
t′ – dimensionless time [s] 

u′ – velocity of the fluid in the x′-direction [ms–1] 
U0 – amplitude of oscillation [m] 

Greek symbols 

β – volumetric coefficient of thermal  
expansion [K–1] 

β* – volumetric coefficient of mass  
expansion [K–1] 

γ – Newtonian heating parameter 
γ1 – dimensionless slip parameter  
θ – dimensionless temperature 
l – slip parameter 
μ – dynamic viscosity, [kgm–1s–1] 
v – kinematic viscosity [m2s–1]  
r – fluid density [kgm–3] 
s* – Stefan-Boltzmann constant [Wm–2K–4] 
t – dimensionless skin friction 
t′ – skin friction 
ω′ – frequency of oscillation 
ωt – phase angle 
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