MATHEMATICAL MODELING FOR THE CONVECTION BOUNDARY LAYER
FLOW IN A VISCOUS FLUID WITH NEWTONIAN HEATING AND
CONVECTIVE BOUNDARY CONDITIONS

MUHAMMAD KHAIRUL ANUAR BIN MOHAMED

Thesis submitted in fulfilment of the requirements
for the award of the degree of
Master of Sciencein Mathematics

Faculty of Industrial Sciences and Technology
UNIVERSITI MALAY SIA PAHANG

DECEMBER 2013



Vi

ABSTRACT

Problems of convection boundary layer flow are important in engineering and industrial
activities. Such flows are applied to manage the thermal effects in many industrial
outputs for example in electronic devices, computer power supply and aso in engine
cooling system such as cooling fins in a car radiator. In modeling the convective
boundary layer flow problems, there are four common boundary conditions considered
namely as the constant or prescribe wall temperature, constant or prescribe surface heat
flux, Newtonian heating and conjugate or convective boundary conditions. Generally,
the boundary conditions that are usually applied are the constant/prescribe wall
temperature or constant/prescribe surface heat flux. In this study, the boundary
condition considered are the Newtonian heating and convective boundary conditions.
The Newtonian heating is the heat transfer from the surface is taken to be proportional
to the local surface temperature and which is usually termed conjugate convective flow
and convective boundary conditions is where heat is supplied through a bounding
surface of finite thickness and finite heat capacity. The interface temperature is not
known a priori but depends on the intrinsic properties of the system, namely the thermal
conductivity of the fluid or solid. The mathematica modeling for the convection
boundary layer flow in aviscous fluid is investigated. Three problem have been studied,
there are forced convection on a stagnation point flow over a stretching sheet, the
extended from the first problem by considering the effects of magnetohydrodynamic in
a presence of thermal radiation and the mixed convection on a stagnation point flow
past a stretching vertical surface. All of the governing equations which is in the form of
non linear partial differential equation from each problem are reduced to ordinary
differential equations by using similarity transformation before being solved
numerically by using the implicit finite difference scheme known as the Keller-box
method. The numerical codes in the form of computer programmes are developed by
using the MATLAB software. Six parameter which is the Prandtl number, stretching
parameter, conjugate parameter, magnetic parameter, thermal radiation parameter and
buoyancy parameter are considered. The features of the flow and heat transfer
characteristics for various values of these parameter are analyzed and discussed. It is
found that, the increase of Prandtl number, stretching parameter, thermal radiation
parameter and buoyancy parameter in an assisting buoyant flow results a decrease in
surface temperature. Meanwhile, the trend goes opposite with magnetic parameter,
conjugate parameter and buoyancy parameter in an opposite buoyant flow. Futhermore,
it is found that the trends for skin friction coefficient, temperature and velocity profiles
for convective boundary conditions is quite similar to the Newtonian heating case. On
the other hand for heat transfer profiles, it is found that the trends is contrary for all
parameters considered except the conjugate parameter.
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CHAPTER 1

PRELIMINARIES

1.1 INTRODUCTION

When there is a temperature difference between matters, the therma
transportation (heat transfer) will occur. Basically, the thermal transportation may occur
in three conditions which are conduction, radiation and convection. Conduction is the
transfer of energy through matter from one particle to the another particle. It is the heat
energy transfer and distribution from atom to atom within a medium. Radiation involve
the heat transfer from electromagnetic waves come in contact with an object.
Meanwhile, the convection is the transfer of heat by the phsysically or actual movement
of matter. According to Baehr and Stephen (2006) and Lienhard 1V and Lienhard V
(2006), heat transfer by conduction and radiation from a solid surface to a fluid named
as the convective heat transfer process. In this study, only the convection flow will be

considered.

1.1.1 Convective Heat Transfer Process

The word convection refers to heat transfer that occurs between a surface with a
moving fluid when both are at a different temperature (Incropera et a., 2006).
Generally, convection formed by two mechanisms, namely convection caused by the
random motion of molecules (diffusion) and also the energy transferred by the
movement of the fluid. The convection heat transfer is a complicated processwhich it is
an actually a surface phenomena. With that, the condition and geometry of surfaces will

influence the convection heat transfer process (Darus, 1995).



Convection can be divided into two types which are the forced convection and
the free convection (aso known as natural convection) (Burmeister, 1983; Pop and
Ingham, 2001; Bgan and Kraus, 2003; Kreith et a., 2010). The forced convection
occurs when the fluid motion is generated mechanically through the use of a fan,
blower, nozzle, jet, etc. Fluid motion relative to a surface can also obtained by moving
an object, such as a missile through a fluid. On the other hand, the free convection
occurs when the fluid motion is generated by gravitational field. However, the presence
of a gravitational field is not sufficient to set a fluid in motion. Fluid density change is
also required for free convection to occur. In free convection, density variation is
primarily due to temperature changes.

Furthermore, the combination of the free and forced convection is caled the
mixed convection. The buoyancy parameter | = % take part as scalar to measure an
e

influence of forced and free convection in a flow with Re as a Reynold’s number, Gr

as Grashof number and (n > 0) as a constant. The forced convection is dominant when

= % —0, while free convection take part as | = % — oo (Pop and Ingham, 2001,
= e

Kreith et a., 2010).
1.1.2 Viscous Fluid

The fluid flow on a flat plate as in Figures 1.1 and 1.2, where u is a fluid
velocity in a boundary layer, U_ is a stream velocity (free flow outside of boundary
layer) and X,y is Cartesian coordinate is considered. The introduction to boundary

layer will be discussed later in Section 1.2.



Figure 1.2: Laminar velocity profile on aflat plate.

Fluids can be classifies into Newtonian fluid (viscous fluid) and non-Newtonian

fluid. For the Newtonian fluid, the frictional force per unit area, denoted by t frictional

shear stressis linearly proportional to velocity gradient (;_u which
y

t =m—, 1.0

where m is a coefficient of dynamic viscosity (Schlichting, 1979; Kreith et al., 2010;

Rathore, 2011; Favre-Marinet and Tardu, 2013). The examples of Newtonian fluid are
air, water, oil and electrolyte. If the fluids like polimer and paint did not satisfy the Eq.
(1.1), then it is classified as non-Newtonian fluid.



Furthermore, fluid flow where the viscosity is neglected is call inviscid flow and

m in Eq. (1.1) is assumed to be zero. But, in real day life, the inviscid flow with zero

viscosity is not exist.

The word viscous originated from latin word, viscum which mean gum. Other
word related to it is viscin which used to explain about a sticky material. Other than

that, viscid (friction) also has been used in order to describe about viscid flow.

1.2 BOUNDARY LAYER THEORY

Boundary layer theory was first introduced by Ludwig Prandtl (1875-1953) on
8" August 1904 in Heidelberg, Germany. The idea is an existence of a thin layer
(region) sticks to a surface that are embedded in fluid motion field (Anderson, 2005).
Thisregion (thin layer) near surfaceis called the boundary layer.

In introducing the concept of the boundary layer theory, the fluid flow on a flat
plate as in Figure 1.3 is considered. Boundary layer is thin layer near the flat plate
surface where its viscosity should not be neglected. Also, in boundary layer, the
frictional force must be considered while outside the boundary layer, the frictional force
istoo small and can be neglected (Schlichting, 1979).

T L
; ._...
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> y g :
» » 'y o ]
= e e e Wy
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— —»

Figure 1.3: Velocity and thermal boundary layer

Boundary layer equations can be derived by setting a few assumptions on the

boundary layer flow which are (i) the viscous effects are limited in a boundary layer



only. The viscous effects outside of boundary layer are not important; (ii) the boundary
layer is smaller than the flat plate surface. If d is aboundary layer thicknessand L is
flat plate surface, hence d /L <1. Also, Xx=0(L) and y=0(d); (iii) the fluid obey
the no dip condition on plate surface while free stream velocity at the outside of
boundary, which u(x,0) =0, v(x,0) =0, u(x,0)=U_ and V(X,0)=0 where u and v
are velocity component in x and Yy direction, respectively, aso U_ is free stream
velocity; (iv) in the boundary layer, let u=0(U ) (Schlichting, 1979; Ishak, 2008;
Ahmad, 2009).

1.21 Typeof Boundary Layer

The boundary layer can be divided into two which are the velocity boundary
layer and thermal boundary layer. By referring to Figure 1.3, it is found that when the
fluid molecule attached to the flat surface, we assume that the velocity of the molecule
IS zero. This zero velocity molecule then delays the movement of other fluid molecule

in layer next to it. This process continues until the distance y=d, from the flat surface
and after that, this effect can be neglected. By increasing of distance from surfacein vy,
fluid velocity in x component also increases tends the free stream velocity U outside
the boundary layer. This quantity d, is called boundary layer thickness, and usualy is
defined by y with u=0.99U _ . Besides, the velocity profile is changed with respect to
the boundary layer (Incroperaet a., 2006; Kreith et a., 2010).

Therma boundary layer is formed when the temperature of the free flow is
different with the plate surface temperature. Also, from Figure 1.3, it is found that there
is an existence of a region where the temperature change from T(y) a y=0to T,
which is at a free flow outside the boundary layer. The quantity d, is represented the

therma boundary layer thickness. Also, this region can be characterized by the
temperature of gradient and heat transfer (Incroperaet al., 2006; Kreith et a., 2010).



13 DIMENSIONLESS NUMBER
This section will discuss the dimensionless numbers that involve in this study.

1.3.1 ReynoldsNumber, Re

Reynolds number Re is a dimensionless number which represent the ratio of

inertiato viscous forces. Reynolds number can be defined as

Re—UwL_ U?/L inertiaforce
n nU_/L* viscousforce'

where U_ is a free stream velocity, is L length of surface plate and n as a fluid

kinematic viscosity (Rathore, 2011).

Reynolds number used as a criteria for determining the exchanged of the laminar
flow to the turbulent flow. If , Re > Re, where Re. is a critical value for Reynolds
number, then the field flow is considered in a turbulent flow (Darus, 1995). For the flat

plate flow, Reynolds number are in between 10° to 3x10°, depending on the surface
roughness and the turbulence level in the free stream. The Laminar flow occurs when
the Reynolds number is small where the viscous forces are dominant while turbulence
flow occurs when the Reynolds value is large where the inertia forces are dominant
(Incroperaet al., 2006).

1.3.2 Grashof Number, Gr

Grashof number is a dimensionless number which defined as

_ gbATL®

n? '

Gr




where g isgravity acceleration, L asalength of plate surface, N isthe fluid kinematic

viscosity, AT is difference in temperature in the boundary layer and b = —%[Z—_rl_} is
thermal expansion coefficient. In free convection, Grashof number plays the same role

as Reynolds number in forced convection. In free convection, the exchange laminar

flow to turbulence flow occurs when, Gr > Gr, where Gr, is a critical value for

Grashof number. For vertical flat plate case, the value of Gr isin between 10° to 10°
(Bgan, 1984, Ozisik, 1985).

1.3.3 Prandtl Number, Pr

Prandtl number is dimensionless number which represents the ratio of

momentum diffusivity to thermal diffusivity. It is defined as

Pr = nC, m n _ momentumdiffusivity
k kr/C, a thermal diffusivity

where m is a dynamic viscosity, C, as specific heat, k isathermal conductivity, r

represent the fluid density, n - M 25 the kinematic viscosity and a =% is the
r r
p

thermal diffusivity coefficient (Cebeci and Bradshaw, 1988; Darus, 1995).

Physically, a small value of Prandtl number (Pr<1) represent liquid metal
which have a high thermal conductivity but low in viscosity, while Prandtl number with
higher values (Pr>1) usualy represent oil which have low thermal conductivity but
high in viscosity. Specificaly, air, eectrolyte and water have Prandtl number
Pr=0.72,1,7, respectively (Chaudhary and Jain, 2007).

Prandtl number influenced the velocity and thermal boundary layer thickness.

For Pr<1, it is found that d; is bigger than d, while for Pr>1, the opposite trend

occurs. Furthermore, for Pr=1, the value of d; is seems to be equa to d, (Bejan,



